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KEY   TO   STANDARD  ALGEBRA  —  REVISED  .         .        .     433-644 

NoTB.  —  When  a  problem  in  the  **  Standard  Algebra  —  Revised  '*  is  the 
same  as  one  in  the  "  Standard  Algebra,"  the  solution  is  not  repeated, 
but  reference  is  made  to  the  page  of  the  Key  where  the  solution  is  given 
for  the  **  Standard  Algebra." 

Thus,  to  find  the  solution  to  examples  on  p.  20  of  *'  Standard  Algebra 
—  Revised,"  turn  first  to  the  "Key  to  Standard  Algebra  —  Revised" 
(pp.  433-544).  On  p.  433  where  **Page  20"  appears  as  a  center  head- 
ing, the  reference  under  2-17  and  19-30  shows  that  these  examples  are 
solved  on  p.  3  of  the  Key.  As  Ex.  64,  p.  21,  of  **  Standard  Algebra — 
Revised"  does  not  appear  in  the  *^ Standard  Algebra,"  the  solution  is 
given  in  full  on  p.  433  of  the  Key. 
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DEFINITIONS  AND  NOTATION 


Page  20 


2. 

3. 

4. 

5. 
10. 
11. 
12. 
13. 
14. 
16. 
17. 
19. 
20. 
21. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 


6.  5m2  =  5.4.4  =  80. 

7.  2a2&  =  2.6.6.3  =  150. 

8.  3&m8=8.  3.4.4.4  =  576. 

9.  4  a8&  =  4  .  6  .  6  .  5  .  3  =  1600. 


10  a  =  10  .  5  =  60. 
2a6  =  2.6.3  =  30. 
3  cm  =  3  .  10  .  4  =  120. 

6  6c  =  6  .  3  .  10  =  180. 
am*  =  6  .  4 .  4  .  4  .  4  =  1280. 

(a6)2  =  (ab)(ab)  =  (5  .  3)(6  . 3)  =  15  •  16  =  225. 

a262  -  aabb  =  5.6.3.8  =  226. 

a»c  =  68 .  10  =  6  .  6  .  5  .  10  =  1260. 

i  afta  =  J  .  5  .  3  . 3  =  15.  15.    J  &m  =  I  •  3  -4  =  6 

ia6c  =  i.6.3.10  =  30. 

3  b^crn^  =  8.3.3.10.4.4=  4320. 

y/2ab  =  V2  .  4  .  2  =  vTTl  =  4. 

7  62r  =  7.2.2.0  =  0. 

Va^  =  V4  .  6  .  5  =  V2  .  2  .  5  .  5  =  VloTlO  =  10. 
Vfl^  =  V7  . 0  .  0  .  0  .  6  =  \/0=0. 
3«*&«  =  3.62.2*  =  3.6.6.2.2.2.2  =  1200. 
Wab=  \/8.4.2  =  v'2.2.2x2.2.2=2  x  2  =  4. 


3  a  VP«*  =  3.4  V226*  =  12  v'2 . 2  X  5 . 6  X  6 . 6  =  12(2  X  5  X  6)  =  600. 

I  a»6«  =  J  .  4  .  4  .  4  .  2  .  6  =  240. 

.8  8  y/c?b*  =  .8.6  V4.4.2.2.2.2=  4  (4  •  2  .  2)  =  64! 

6i  V«26^=  62  V6a72*  =  6-6  V6. 6x2- 2x2- 2  =  6  •  6(6  •  2  . 2)  =  720. 

2«  1^8'^  =  2*  .  28  .  62  .  0*  =  0. 

\/9^r^=  v/9* .  06  .  2«  =  v^=0. 


81. 


83. 


3q2&^3.4.4,2. 
8b  6.2" 

6  a-ft*     6  .  46  .  2* 


10" 


Page  21 

:9i.       32. 
6.4.4.4 


bs^r  _ 
abs 
.4.4. 


2.6.66.6.0^  0^_Q 


4.2.6 
•2.2.2 


62.a4 


210 .  4* 


2.22.2.2.2.22.2 
3 


40 

3 

8* 


.2.4.4.4.4 
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^     24  qft6".'<«  ^24.43.26.6^^24.4.4.2.2»2-2.2.6.6.6.5^oQ 
Ga868«8       6.48.28.68  6.4.4.4.2.2.2.6.6.6 

36.  a2^.  52  ==5.  5 +  3.  3  =  26 +  9  =  84.       ^^    m  4- 2n  _4  +  2_6_  3 

37.  (a  +  6)'2=(6+8)2  =  82  =  8.8=64.  *   m-2n     4-2     2        ' 
39.   (n  -  1)6  =(1  -  1)6  =  06  =  0.             40.   n6 -  1  =  1^  -  1  =  1  -  1  =  0. 

41.   m+     ^^      =4+— ^  =  4-f-  =  6. 
wi-2n  4-2  2 

42.   «*«-«»  =  46-8  =42  =16.  43.  (6m)«-«'  =  (3.4)6-8  =  122  =  144. 

q3  _  ft3  ^  58  _  38  _  5 . 5  .  5  _  3  .  3  . 3  _  125  -  27  _  98  ^  ^^^ 
a- 6'       6-3  2  2  2 

46.   aft  -  6n  +  mft^  ^  3  mn^  =  5. 3- 3- 1+4- 3.. S -5-3- 4- LI 

=  16  -  3  +  36  -^  12  =  16  -  3  +  3  =  15. 

46.  (a6-6M  + tw62)^3mn2=(6.3-3.1  4-4.3.3)-^3.4.1.1 

=  (16  -  3  +  36)^  12  =  48  H-  12  =  4. 

47.  2°  w27i2  _  a5i»;i  --  4  671  -  mSn^  =  26 .  42 . 1-^-5  •  8  •  4  •  1  ^4 . 3  •  l-4« .  V 

=  612  -  60  -^  12  -  64  =  612  -  6  -  04  =  443. 

48.  im  +  3a26-}62m2-8a  =  i.4+8.6.5.3-}.8.3.4.4-8.6 

=  2  +  225  -  96  -  40  =  91. 

49.  f  a2^  ^  j,„2;i  _  ja2,8  _  „4  =  8 .  62 . 4  ^.  1 .  42. 1  _  2  .  5  .  38  _  14 

=  60  +  8-30-1  =  37. 

50.  am6n2-t&2r»+fw2n8-iw8  =  5.4.3.12-}.32.4+4.4a.l8-l.4« 

=  60-27  +  10-12|  =  30i. 

51.  Whena;  =  2,  2x  + 8x  =2.2 +  3-2  =4  +  6  =  10, 
and  6a;  =  6.2  =  10; 

hence,  2«  +  3a;  =  6x. 

When  x  =  S,  2x+3x  =  2. 3+8. 3  =  6  +  9  =  15, 

and  6  X  =  6 . 3  =  16 ; 

hence,  2x  +  8x  =  6x. 

52.  When  w  =  6,  a  =  4,  6  =  3, 

m(^a  +  6)  =  6(4  +3)=  6. 7  =36, 
and         •  ma  +  t?»6  =  6 . 4  +  5 . 3  =  20  +  16  =  85 ; 

hence,  m(^a -{■  b)  =  ma  +  mb. 

53.  When  a  =  3  and  &  =  2, 

(a  +  &)2=(3  +  2)2  =  62  =  25, 
and  a2+2a6  +  62  =  82  4.2.3.2  +  22  =  9  +  12+4  =  26; 

hence,  (a  +  6)2=  a^  +  2  a&  +  fts. 

Page  22 

55.  rx  +  2/«  +  r«  —  X2!  =  2  •  6  +  3  . 0  +  2  .  10  —  6  .  0=12+0+20—0=32. 

56.  «x2  -  r2s  +  x|/2  -  xy2  =  10 .  62  -  22 .  10  +  6  .  3 .  0  -  6 .  32 

=  360  -  40  +  0  -  64  =  266. 

57.  12^8  +  rV  +  6xy  -^  3s  =  12  .03  +  28  .  32  +  6  .6  .  3  -r-  3  .  10 

=  0  +  72  ^-  90  ^  30  =  72  +  3  =  76. 

58.  i  xr2  -  i  y*2  +  f  s2  =  J .  6  .  22  -  i  .  3*  .  0  +  1 .  102  =  8  -  0  +  60  =  68. 
69.   4's.v2  H-  |x2r2  -  Ux8y2g  ^  42  .  10  •  32  h-  |  •  82  .  22  -  JU .  68 .  32  -0 

=  1440  -^  90  -  0  =  16. 
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60.  bxy^^y  Vr^  +  i  xs0  =  6  •  6  •  3*  -  3  V^TW  +  4.6.10.0 

=  2430  -  3(2  .  10)  +  0  =  2430  -  60  =  2370. 

61.  «a+y2^-52-2  xy+2  xz-2  ^2=62+32+02-2  .6.3+2.6.0-2.3.0 

=  36  +  9+0-36  +  0-0  =  9. 

63.    (x-y)2  +  2(x-y)(r  +  s)  +  (r  +  s)2 

=  (6  -  3)2+2(6-  3)(2  +  10)  + (2  +  10)2 
=  32  +  2  .  3  .  12  +  122  =  9  +  72  +  144  =  226. 

68.  6x  +  3rsH-2x  X  7y +  14x''+ V^  

=  6.6+3.2.10-2.6  X  7  .  3  +  14  .  62  +  V6  .  3  .  0 
=  30  +  60  ^  12  X  21  +  504  +  0  =  30  +  6  X  21  +  604 
=  30  +  106  +  604=639. 


1.  s  =  r«  =  48  .  30  =  1440,  the  number  of  feet. 

2.  «  =  i?«  =  8.2  .  11  =  90.2,  the  number  of  miles. 

3.  s  =  t?«  =  44  .  76  =  3300,  the  number  of  feet. 

4.  8  =  igt^  =  i'  32.16  .  62  =  402,  the  number  of  feet. 

6.  8  =  igt^  =  i'  32. 16  .  42  =  257.28,  the  number  of  feet. 

=  i  .  9.8  .  42  =  78.4,  the  number  of  meters. 

6.  «  =  i  gre2  =  J  .  9.8  .  32  =  44. 1,  the  number  of  meters. 

SUBTRACTION 
Page  38 

18.  4  a  +  6  -  (a;  +  4  a  +  6  -  2  y  -  (x  +  y)} 
=  4a  +  6  —  {«  +  4a+6— 2y  —  x  —  y} 
=  4a  +  &-{4a  +  &-3|/} 

=  4a  +  &-4a-6  +  3y  =  3y. 

19.  rt6  —  la&  +  ac  —  a  —  (2  a  —  ac)  +  (2  a  —  2  ac)} 
=  a6  —  jab  +  ac  —  a  —  2a  +  ac+2a  —  2  ac] 

:=  ab  —  [ab  —  a] 
=  ab  —  ab  +  a  =  a. 

20.  a  +  [y  -  1 6  +  4  a  -  (6  2/  +  3)>  -  (7  y  -  4  a  -  1)] 
=  «+ry-l5  +  4a-6y-8}-7y+4a  +  l] 

=  «+[-6y-{2  +  4a-6y}  +  4a  +  l] 
=  a+r-6y-2-4a+6y  +  4a  +  l] 
=  a  + [-  l]=a-l. 

21.  4w-  [jt)  +  3n-(m  +  n)  +  3  — (6/)— 3w-6w)'l 
=  4m— [p  +  3n  — r#*  — n+8-6|>+3n  +  6w] 

=  4  w  —  [—  6p  +  6  »  +  4  ?»  +  3j 

=  4w  +  6p  —  674  —  4m  —  3  =  5p— 6n— 3. 


22. 


a  +  26+(14a-56)-{6a  +  66-(6a-4a-46)} 
=  o  +  26  + 14  a-56- {6  a+66- (6  a-4a  +  4&)} 
=  15  a  -  3  6  -  {6  a  +  6  ft  -  (a  +  4  6)} 
=  16a-36-{6a  +  6ft-a-4  6} 
=  15a-36-{5a  +  2  6} 
=  15a-36-5a-26=10a-56. 
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88. 


24. 


25. 


12o-{[4~3  6-(6&+8c)]4-&-8-(6a-2&-6)} 
=  12a.-{[4-36-66-3c]4-6-8-5a  +  26+6} 
=  12a~{4-3&-66-3c+6-8-6a  +  2&  +  6} 
=  12a-{2-66-3c-6a} 
=  12a-2  +  66+3c  +  6a 
=  17a  +  66  +  3c-2. 

a-f  6-{-[a  +  6-(c  +  a;)]-[3a-(c-a;  +  a)-6]  +  4a} 


=  a  +  6-- {—  a  —  ft  +  c +aj  —  2a  +  c  —  X  +  & 

=  a  +  6  — {a  +  2c} 

=  a-i-6  —  a  —  2c  =  &  —  2  c 


27. 


28. 


80. 


81. 


=  a  +  6-{-[a4-6-c-x]-[3a  —  c  +  a;-a-6]  +  4a} 

««-[rK2-(l-x)]-{l+[«2-(i-a;)+x«]} 
=  aj8 _  aj2  +  (i  «a;)- 1 -raj2 -(1  - x)  + JB*] 
=  a:8_a;-2-fl-a;-l-a:2  +  (l-aj)-jB8 
=  -2a;2-x+(l-a;) 
=  -2x2-x+l-g  =  l-2a;-2  x^.       

4-{[6y-(3-2x-2)]-[x  +  (5y-x  +  3)]} 
=  4~[6y-(3-2x-2)]  +  [x-f(5y-x  +  3)] 
=  4->6yH-(3--2x-2)-fx-f(5y-g  +  3) 
=  4-6y  +  3-2x-2  +  x  +  5y-x  +  3 
=  7-2x— 2  +  x  — X4-3 
=  7-2x  +  2  +  x-x  — 3  =  6  — 2x. 

a&  -  (5  +  X  -  (6  +  c  -  a6  +  x)}  +  [x  -(&  -  c  -  7)] 
=  a6--{6+x  —  &  —  c+a&  —  x}+[x-6+c  +  7] 
=  a6-6  +  6  +  c-a6  +  x-6  +  c+7=2  +  2c  +  x. 

-{3ax-  [6xy-32]  +  2-  (4xy  4-  [60  +  7ax]  +  30)} 
=  — |3ax  — 6xy  +  3^  +  0—  (4xy  +62:  +  7ax  +  30)} 
=  —  |3ax--5xy  +  45?— 4xy  —  9^  —  7  ax} 
=  —  {— 4ax  —  9xy  —  5^}  =  4ax  +  9xy  +  60. 

_  a;  -  {1  -  X  -  [1  -  X  -  (1  -  x)  -  (X  -  1)]  -  X  +  1} 
-X  —  (1  —  X—  fl  —  X—  1+x  —  x+1]— x  +  1} 
.  — X— h  — X—  [— x  +  1]— x  +  1} 
.  —  X— |l  —  x  +  x  —  1— x  +  1} 

—  X  — {-x+l}  =  l  — x+x  — 1=0. 
-x-h-  [x-  1  +  (x-l)-(l-x)-x]  +  l  — x} 

.  —  X  —  {l-[x— 1+x— 1  —  l  +  x-x]  +  l-x} 

—  X  — (1  --  2x  H-  3  +  1  -x} 
-x-6  -f  3x  =  2x-  4. 

a  -  (6  -  c)  -  [a  -  {6  -  c  —  (6  +  c  -  a)  +  (a  -  5)  +  (c  -  a)}] 
=  a— 6+c  —  [a  —  {6  —  c— 6  —  c  +  a  +  a  —  6+c  —  a}] 
=  a— 6  +  c—  [a-fT 


6  +  c—  aj=a  —  6  +  c— 6  —  c  =  a  —  2&. 
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18.   Let  X  =  number  of  dollars  brown  skin  cost. 

Then,  3  x  =  number  of  dollars  dark  skin  cost. 

.-.  3x-x  =  400. 

Solving,  X  =  200, 

and  3  X  =  600. 

Hence,  the  brown  skin  cost  $  200  and  the  dark  skin  $  600. 
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14.  Let  X  =  number  of  feet  above  ground. 

Then,  172  —  x  =  number  of  feet  below  ground. 

/.a;  =  16(172 -SB) +  2. 
Solving,  X  =  162,  the  number  of  feet  above  ground. 


15.   Let  X  =  number  of  pounds  wagon  weighs. 

Then,        4200  —  a:  =  number  of  pounds  coal  weighs. 
But  1800  +  x  =  number  of  pounds  coal  weighs. 

.-.  1800 +  «  =  4200 -X. 
Solving,  X  =  1200, 

and  4200  —  x  =  3000. 

Hence,  the  wagon  weighs  1200  pounds  and  the  coal  3000  pounds. 


16.  Let  X  =  number  of  cents  it  costs  to  mine  ton^of  coal. 

Then,  190  —  x  =  number  of  cents  it  costs  to  ship  ton  of  coal. 

But  X  +  10  =  number  of  cents  it  costs  to  ship  ton  of  coaL 

.-.  X  +  10  =  190  -  X. 
Solving,  X  =  90. 

Hence,  it  costs  $  .90  per  ton  to  mine  coal. 


17.  Let  X  =  number  of  cents  in  profit  per  ton. 

Then,  528  —  x  =  number  of  cents  each  ton  cost. 

But  22  4-  X  =  number  of  cents  each  ton  cost. 

.-.  22  +  X  =  528  -  X. 
Solving,  X  =  253,  number  of  cents,  profit  per  ton. 

Hence,  the  profit  per  ton  is  '$2.53. 


X  =  number  of  steamers. 
1025  —  X  =  number  of  sailing  vessels. 

Jx  +  26  =  i       

.-.  Jx  +  25  = 


18.   Let 

Then, 

But  1 X  +  26  =  number  of  sailing  vessels. 

;  1026  -  X. 
Solving,     '  X  =  800, 

and  1025  —  x  =  225. 

Hence,  there  were  800  steamers  and  225  sailing  vessels. 


19.  Let  X  =  number  of  feet  in  width  of  steamship. 

Then,  9 x  —  2  =  number  of  feet  in  length  of  steamship. 

But  790  =  number  of  feet  in  length  of  steamship. 

.-.  9x-2  =  790. 
Solving,  X  =  88,  number  of  feet  in  width  of  vessel. 
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90.  Let  X  =  number  of  feet  in  height  of  American  falls. 

Then,         8  +  |J  x  =  number  of  feet  in  height  of  Canadian  falls. 
But  158  =  number  of  feet  in  height  of  Canadian  falls. 

...  8+^x  =  158. 
Solving,  X  =  165,  number  of  feet  in  height  of  American  falls. 
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21.   Let  X  =  number  of  feet  in  length  of  bridge. 

Then,       fa—  180  =  number  of  feet  in  width  of  river. 
But  1800  =  number  of  feet  in  width  of  river. 

...  ^  X  -  180  =  1800. 
Solving,  X  =  3300,  number  of  feet  in  length  of  bridge. 


22.   Let  X  =  number  of  boxes  of  apples. 

Then,     24,470  —  x  =  number  of  barrels. 
But         15  X  —  170  =  number  of  barrels. 

.-.  16x -170  =  24,470 -x. 
Solving,  x  =  1640, 

and  24,470  -x  =  22,930. 

Hence,  there  were  22,930  barrels  and  1540  boxes. 


23.   Let  X  =  number  of  16-candle  power  lamps. 

Then,  2x  =  number  of  20-candle  power  lamps. 

.-.  16ic-f  40ic  =  224. 
Solving,  a;  =  4, 

and  2  X  =  8. 

Hence,  there  were  4  16-candle  power  and  8  20-candle  power. 


24.  Let        x  =  number  of  bales  India  produced. 

Then,  60,000  -I-  Jsc  =  number  of  bales  United  States  produced. 

But  16,700,000  —  x  =  number  of  bales  United  States  produced. 
.-.  50,000  -f  i  «  =  16,700,000  -  x. 

Solving,  X  =  3,700,000, 

and  50,000  +  |  x  =  13,000,000. 

Hence,  India  produced  3,700,000  bales,  and  United  States  13,000,000 
bales. 


25.  Let  X  =  number  of  gallons  per  minute  small  pump  delivered. 
Then,            4  x  =  number  of  gallons  per  minute  large  pump  delivered. 

.-.  4x  +  8x  =  4800. 
Solving,  X  =  400, 

and  4x=1600. 

Hence,  small  pump  delivered  400  gallons,  large  pump  1600  gallons. 

26.  Let  X  =  number  of  dollars  1  mile  of  macadam  road  cost. 
Then,             ^x  =  number  of  dollars  1  mile  of  gravel  road  cost. 

...4x-JjAx  =  2400. 

Solving,  X  =  3000, 

and  I  X  =  1200. 

Hence,  macadam  road  cost  $  3000  and  gravel  road  $  1200  per  mile. 
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87.  Let  X  =  number  of  dollars  for  duty  on  figs. 

Then,  }  x  =  number  of  dollars  for  duty  on  raisins, 

and  ^  X  =  number  of  dollars  for  di;ty  on  dates. 

.\x  =  50- Jx  — Jx. 
Solving,  z  =  20, 

•Jx=26, 
and  ^  X  =  5. 

Hence,  duty  on  figs  was  $20,  on  raisins  was  $26,  and  on  dates  $5. 


REVIEW 
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14.   a  -  (c  +  6)  -  (c  4-  d)  -  («  -  (?  -f  6  +  c) 

=  l-(6  +  2)-(8+4)-(6-4  +  2  +  3)  =  l-7-7-6=-19. 
16.       8  a&2  -  2  &c8  -  (d<=««  -  ac^)  +  8  be^ 

=  8  . 1  .  22  _  2  .  2  .  38  -  (48  .  6  -  1 .  82)  +  8  .  2  .  6» 

=  12  -  108  -  811  +  400  =  -  7. 

16.  6ac  +  b  ^/d  -h  a  +  2  (b  ~  a)(e  -  d)  +  bee 

=  6.1.8  +  2V4+l  +  2(2-l)(6-4)+2.8.6 
=  16  +  4-*-l4-2  +  80  =  15  +  4  +  2+80  =  61. 

17.  y/2  edb  +  ^~e  —  ■\/9a''c^  -  2  c^d  -  (abe  —  abcde) 
=  V2. 6. 4. 2  +  4. 6-  v^9  .  18  .  8*  -  2  .  82  .  4 

-(1.2. 6-1. 2. 3. 4.  6) 

=  V80  +  20-  \^8.8x8.8x3.3-72-(-  110) 
=  10  -  3  .  8  -  72  +  110  =  10  -  9  -  72  +  110  =  89. 
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8.  -2(x2y-xy2)_5(ary2_a;2y) 

=  -2  x2y  +  2xy^  -  6 xy2  +  5x2y  =  3x2y -  3xy2. 

9.  (3a-2)(2a-3)-6(a-2)(a-l) 

=  6a2-  13a +  6 -6a2+  18a- 12  =  6a -6. 

10.  8x«-(4x2-2xy  +  y2)(2a;  +  y)=8x8-C8x8  +  y8) 

=  8x8-8x8-y8-_2,8. 

11.  (3 m  - 1) (m  +  2)-  3 m(m  +  3)  +  2(m  +  1) 

=  3m2  +  6m-2-8w2-9m  +  2m4-2=-2m. 

13.  (a  -  6)2  -  2(a2-  b^)-2 a(-  a'-'b)-4.b^ 

=  a2-2a&+62_2a2  +  2&2  +  2a2+2a6-462  =  a2-62. 
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18.  4(ax  —  6ic  -f  ex  —  dx)  —  S(ax  +  6jc  —  ex  —  dx) 

=  4aa;  —  4  6x  +  4cx  —  4<to  —  Saa;  —  86a5  +  8cx+8(ift 
=  ax  —  7bx-^7cx  —  dx. 

14.  (a;  +  l)(a;H-2)-2(x-l)(a:-2)4-4(a;  +  2)(aj+3) 

=  X24. 3x  +  2  -  2x2  ^- 6x -♦  4  +  4x2  4- 20x  +  24 
=  3x2  +  29X  +  22. 

16.  (x2  +  2xy  +  2/2)(a;2_  2x2/  +  y^)-(.x^  +  y^)(x^-hy^) 

=  X*  -  2  x'Y  +  y*  -  X*  -  2  X V  -  y*  =  -  4  x2y2. 

16.  6*  +(a2-a6H-  62)(flf2  +  62)_(^8  _  58)(fl{  4.  26) 

=  6*  +  a*  -  «»&  +  2  a-^ft^'  -  aft^  +  ft*  -  o*  +  o&»  -  2  a^b  +  2  6* 
=  4&*-3a86  +  2a2ft2. 

17.  y8  -[2x8-xy(x  -  y)-y«]+  2(x  -  y)(x2  +  xy  +  y^) 

=  y8  _  [2  x8  -  a;2y  +  xy2  _  y8]  ^  2  x8  -  2  y« 

=  y8  _  2  x8  +  x2y  -  xy2  +  y8  ^  2  x8  -  2  y8  =  x2y  -  xy2. 

2.  m(x-y)  +  02  3=6(8 +  4)+ 0  =  42. 

3.  ;5  +  ^2  -  (ys  -  1)  =  0  +  36  -  (-  64  -  1)=  36  +  65  =  101. 

4.  x^-y^-m^-\-n^  =  32 -(-4)2- 62  +  22  =  9  -  16  -  36  +  4  =-  89. 
6.  (x4-y)(w- w)+3«  =  (3-4)(6-2)+0=-4. 

6.  (m  +  x)2_(n  -  y)2-y4  =(6  4-  8)2  -(2  +  4)2  _(-  4)* 

=  81-36-266  =  -211. 

7.  xy«-  w(x-  m)8  -(nx)«  =  3(~  4)0  -  2(8  -  6)8  -(2  •  8)« 

=  0+54-216  =-162. 

8.  3m(m  —  n)+4n(y  —  x)— 7(2/  +  «) 

=  3. 6(6  -  2)  +  4. 2(- 4  -  3)- 7(- 4+0)=  72 -56 +  28  =44. 

9.  i(y-.2n)-i(n-2y)(3y-4w)  =  }(-4-4)-J(2+8)(-12-8) 

=  -4+150  =  146. 

10.  x2y2(in  -  n)2(m  +  n)+  (w  +  n)%m  -  n) 

=  9  .  16(6  -  2)2(6  +  2)  +  (6  +  2)2(6  -  2)  =  18,432  +  256  =  18,688. 

11.  (x  -  y)2  -  xy(x  -  y)  (X  +  y)  (x2  +  y^) 

=  (3  +  4)2-.3(-4)(3+4)(3-4)(9  +  16)=49-2100=-2061. 

12.  3 m(x  —  y  —  w)2  —  (y  —  n  —  x)(n  —  X  —  y) 

=  18(3  +  4- 2)2 -(-4-2-  3)(2  -  3  +  4)  =  450  +  27  =  477. 

13.  (2x  +  y)»  -(x2  _  2y)«  -(m  +  n)2(x  +  y  +  2)8 

=  (6-4)2  -(9  4.  8)8  _(6  +  2)2(3  -  4  +  0)8  =4-  4913  +  64  =  -  4846. 

14.  (x  +  y  +  «)2  — xy(y +  0-x)(x  +  0  — y)-«(x  +  y  — «) 

=  (3^44.0)2_3(-4)(-4  +  0-8)(3  +  0+4)-0(3-4-0) 
=:l«588-0  =  -587. 

15.  (m  +  n  +  x)*»  —  (wi  +  n  —  x)«  —  (m  —  n  +  x)*»  (—  w  +  w  +  x)* 

=  (6  +  2  +  3)2  -  (6  +  2  -  3)2  -  (6  -  2  +  3)2  (  -  6  +  2  +  3)2 
=  121-26-49  =  47. 
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16.  (a-6  +  c)a=(l-2  +  8)a  =  4. 

«2  +  62  4.  c2  _  2  a6  +  2  ac  -  2  6c  =  1  +  22  H-  32  -  2 . 1 . 2  +  2 . 1 .  3  -  2  . 2  .  3 

=  1+4+9-44-6- 12  =  4. 
.-.(a  -  6  +  c)2  =  a2  +  62  +  c2  -  2  a&  +  2  ac  -  2  6c. 
(a  -  6  -f  c)2  =  (4  -  2  -  1)2  =  1. 
a2  +  62  +  c2  -  2  a6  +  2  ac  -  2  6c 

=  42  4.  22  +(-  i)2_  2.4.2+2. 4(-  1)-  2  . 2(-.  1) 
=  16 +  4  +  1- 16 -8  +  4  =  1. 
.'.  (a  -  &  +  c)2  =  a2  +  62  +  c2  -  2  a6  +  2  ac  -  2  6c. 

17.  Let  a  =  1,  6  =  2,  c  =  4. 

(a  +  b)(b  +  c)(c  +  a)  +  a6c  =  (1  +  2)(2  +  4)(4  +  1)  +  1  •  2  •  4  =  98. 
(a  +  6  +  c)(a6  +  6c  +  ac)  =  (1  +  2  +  4)(1  -2  +  2. 4+1. 4)  =98. 
.'.  (a  +  6)(6  +  c)(c  +  a)  +  a&c  =  (a  +  6  +  c)(a6  +  6c  +  ac). 
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21.  (-  6  n  -  6)(-  6  n  +-6)  =  (-  6  n)2  -  (6)2  =  26  li^  -  62. 

23.  (-  4  +  3  a)(-  4  -  3  a)  =  (-  4)2  -  (3  a)2  =  16  -  9  a2. 

24.  (a;"»-i  +  2r+i)(x— 1  -  y«+i)  =  (x— 1)2  -  (2/»+i)2  =  x2m-a  _  ya»+a. 
26.  (3a:'»  +  7y«)(3a;»»-7jr)  =  (3  a:«»)2  -  (7  y)2  =  9  a;2«.  _  49  y2». 
26.  (5  a»62  +  2  «•)  (6  a^b^  -  2  x*)  =  (5  0^62)2  _  (2  x')^  =  26  a«6*  -  4  a;2.. 

(a  +  «  -  y)(a -X  +  y)  =  [a  +  (a;  -  y)][a  -  (x-  y)] 

=  a2  -  (a;  -  y)2  =  «»  -  aj2  +  2  a;y  -  y2. 
29.   (a;  +  c  -  (i)(x  -  c  +  d)  =  [aj  +  (c  -  d)][a;  -  (c  -  d)] 

=  a;2  -  (c  -  d)2  =  x2  -  c2  +  2  cd  -  d2. 

80.  (r +  p  -  q)(r-p  +  5)  =  [r  +  (p  -  g)][r  -(p  -  (?)] 

=  r2  -  (p  -  5)2  =  r2  -|?2  ^.  2p5  _  g2. 

81.  (r  +p  +  q)(r  _p  -  5)  =  [r  +  (p  +  g)][r  -  (p  +  5)] 

=  r2  -  (p  +  (?)  2  =  r2  -  p2  _  2  pg  -  g2. 

82.  (x  +  6  +  n)(x  -  6  -  n)  =  [x  +  (6  +  n)][x  -  (6  +  n)] 

=x2  _  (6  +  n)2  =  x2-  62  -  2  6n  -  n2. 
88.   (y  +  c  +  d)(y  +  c  -  d)  =  [(y  +  c)  +  d][(y  +  c)  -  d] 

=  (y  +  C)2  -  d2  =r  y2  +  2  Cy  +  C2  -  d^. 

84.    (a  +  X  +  y)(a  +  X  -  y)  =  [(a  +  x)  +  yl[(a  +  x)  -  y] 

=  (a  +  x)2  -  y2  =  c2  +  2  ox  +  x2  -  y2. 

36.    (x2  +  2  X  +  1)  (x2  +  2  X  -  1)  =  [ (x2  +  2  X)  +  1]  [(x2  +  2  x)  -  1] 

=  (X2+2X)2-12  =  X*+4X8  +  4X2-1. 

36.  (x2+2x-l)(x2-2x+l)  =  [x2+  (2x-l)][x2-  (2x-l)] 

=  (x2)2 -(2x  -  1)2  =  X* -(4  x2- 4  X  +  1)  =  x*  -  4  x2 +  4x  -  1. 

37.  (x2  +  3x-2)(x2-3x  +  2)  =  [x2+  (3x-2)][x2-  (3x-2)] 

=  (x2)2-(3x-2)2  =  x*-(9x2-12x  +  4)=x*-9x2  +  12x-4. 

88.  (w*  -  2  w2+l)(m*  +  2  m2+l)  =[(m*  +  l)-2  w2][(m*  +  l)+2  m^] 

=  (w*  +  1)2  -  (2  m2)2  =  m8  +  2  m*  +  1  -  4  m*  =  m8  -  2  m*  +  1. 

89.  (2 x+3 y-4  z)(2 x+3 y+  4 «)  =  [(2 x+3 y)-4 «] [(2 x+3  y)  +  4 «] 

=  (2x  +  3y)2-  (4^)2  =  4x2+  12 xy  +  9y2-.  16«2. 

40.    (2x2-xy  +  3y2)(2x2  +  xy-3y2) 

=  [2x2-  (xy-3y2)][2x2  +  (xy-  3y2)]  =  (2x2)2  -  (xy-3y2)2 
=  4  X*  -  (x2y2  _  6  xy»  +  9  y*)  =  4  X*  -  x2y2  +  6  xy*  -  9  y*. 
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=  (a;2  +  y^yi  -  (a;y)2  =  x*  +  2  x'^a  ^.  y4  _  35^  =  ^4  +  x^ya  4.  yi. 
[(a  +  6)  +  (c  +  d)][(a+6)-(c  +  d)]  =  (a+6y^-(c  +  d)-i 

=  a2  +  2  aft  +  62  -  c^.-  2  cd  -  (P. 

48.    (a  +  6  +  x  +  y)(a  +  6-x-y)  =  (.a  +  6)2 - (x  +  y)2 

=  a2  +  2 a6  +  62-  x2- 2  xy  -  y2. 

44.   (a  +  6+ w-n)(a  +  6-w  +  n)  =  (a  +  6)2-(m-n)2 

=  a2  +  2  aft  +  62  _  ^i  +  2  mn  -  n2 . 

46.    (x  — w  +  y  —  n)(x  — w  — y  +  n)  =  (x—  w)2— (y  —  n)2 

=x2  -  2  wx  +  w2  -  y2  4. 2  ny  -  n2. 

46.  (p-g  +  r  +  «)(p-g-r-«)    =(p- g)2-(r  4- «)2 

=p^  -  2  pg  +  g2  _  y2  _  2  r«  -  s2. 

47.  (a  — w  —  6  — n)(a+  w  — 6  +  n)  =  (a  — 6  —  w  — n)(a  — 6  +  w+n) 

=  (a-6)2-(m+  n)2 

=  a2  -  2  a6  +  62  -  w2-  2  w»«  —  n2. 
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89.  (x  +  y-l)(x  +  y +2)   =(x+y)2  +  l(x  +  y)-2 

=x2  +  2xy  +  y2  +  x  +  y-2. 

80.  (x-y-2)(x-y-8)    =(x  -  y)2  -  10(x  -  y)+ 16 

=x2-2xy  +  y2«.ioa;  +  10y+ 16. 

81.  (x2  +  X- l)(aJ2  -t-  X  +  3)  =  (x2  +  x)2  +  2(x2  +.x)-8 

=  x*  +  2x8  +  x2  +  2x2  +  2x-3 
=  x*  +  2x8  +  3x2  +  2x-3. 
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19.  Let  X  =  number  of  bunches  exported  to  United  States. 

Then,  16,000,000  —  x  =  number  of  bunches  exported  to  other  countries. 

X  -  600,000  =  10(16,000,000  -  x). 
Solving,  X  =  14,600,000. 

Hence,  there  were  14,600,000  bunches  exported  to  United  States. 

90.  Let  X  =  number  of  cents  fuel  cost  per  dollar  of  income. 
Then,              60  —  x  =  number  of  cents  expended  for  other  things. 

f(60  —  x)  —  6  =  number  of  cents  fuel  cost  per  dollar  of  income. 
(60 -x)  -6=x. 
Solving,  x  =  llj. 

Hence,  fuel  cost  11^^  per  dollar  of  income. 

91.  Let  X  =  number  of  dollars  devoted  to  education. 
Then,    x— 6,600,000  =  number  of  dollars  devoted  to  police  protection. 

98,100,000  =  3(x  +  X  -  6,600,000)  +  6,600,000. 

Solving,  X  =  18,600,000, 

and  X  -  6,500,000  =  12,000,000. 

Hence,  $18,500,000  was  devoted  to  education,  and  $12,000,000  was  de- 
voted to  police  protection. 
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22.  Let  X  =  number  of  cents  cherries  cost  per  pound 

in  8-Ib.  boxes. 
Then,  x—2  —  number  of  cents  cherries  cost  per  pound 

in  6-lb.  boxes. 
.'.  8  aj  =  number  of  cents  paid  for  an  8-lb.  box, 
and  b(x  —  2)  =  number  of  cents  paid  for  a  5-lb.  box. 

But  4  a;  —  2  =  number  of  cents  paid  for  a  6-lb.  box. 

.-.  6(x-2)=4a:-2. 
Solving,  X  =  8, 

and  X  -  2  =  6. 

Hence,  cherries  in  8-lb.  boxes  were  8  ^  per  pound, 

and  cherries  in  6-lb.  boxes  were  6  f  per  pound. 

23.  Let  X  =  number  of  feet  in  width  of  floor. 
Then,                             a;  +  4  =  number  of  feet  in  length  of  floor. 

x(x  +  4)  =  number  of  square  feet  in  area  of  floor. 
x(x  +  4)  —  112  =  number  of  square  feet  in  area  of  rug. 
(a  -  4)  (x  +  4  —  4)  =  number  of  square  feet  in  area  of  rug. 
. ..  (X  _  4) (X  +  4  -  4)  =  x(x  +  4) -  112. 
Solving,  X  =  14. 

Then,  x(x  +  4)=262, 

and  x(x+4)-112  =  140. 

Hence,  area  of  rug  is  140  sq.  ft.,  and  area  of  floor  is  262  sq.  ft. 

24.  Let  X  =  number  of  hundred  violets  sold  in  December. 
Then,       240  —  x  =  number  of  hundred  violets  sold  in  January. 

2x  =  number  of  dollars  received  for  violets  in  December. 
Then,     406  —  2  x  =  number  of  dollars  received  for  violets  in  January. 
But      i(240  —  x)  =  number  of  dollars  received  for  violets  in  January. 

.-.  405 -2x=  1(240 -X). 
Solving,  X  =  90, 

and  240  -  X  =  150. 

Hence,  90  hundred  violets  were  sold  in  Dec.  and  160  hundred  in  Jan. 

25.  Let  X  =  number  of  cents  paid  for  second  class  ticket. 
Then,                  416  -\-x  =  number  of  cents  paid  for  first  class  ticket. 

8  X  =  number  of  cents  paid  for  eight  second  class. 
3(416  +  x)  =  number  of  cents  paid  for  three  first  class. 
But  2[3(416  +  x)]  —  570  =  number  of  cents  paid  for  eight  second  class. 

.-.  8x  =  2[3(416  +  x)]-  670. 
Solving,  X  =  960, 

and  416  + x  =  1376. 

Hence,  price  of  second  class  ticket  is  $  9.60, 

and  price  of  first  class  ticket  is     $  13.76. 

26.  Let  X  =  number  of  tons  put  on  board  per  hour. 
By  1st  condition,  ^^(x— 63)=  number  of  tons  put  on  board. 

By  2d  condition,  10(x— 13)  =  number  of  tons  put  on  board. 

...  ;%f(x-63)=10(x-  13). 
Solving,  X  =  263,  n  um  ber  of  .tons  put  on  board  per  hour. 
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18. 


-a2a;2 

-  6x2  ^  53 
-6x2 

- 

-  aW           +  62 

-  a2x2  +  abx 

-  a6x  +  62 

-  a6x  +  62 

ax—b 
x^—ax—b 


Tbst.  —  Let  a  =  1,  6  =  1,  X  =  6.  Then,  the  dividend  becomes  125  —  25 
—  26  +  1,  or  76 ;  the  divisor  5  —  1,  or  4 ;  and  the  quotient  25  —  6  —  1,  or  19. 
Since  76  -5-  4  =  19,  it  may  be  assumed  that  the  quotient  is  correct. 


a2-2ax  +  a;^ 


o2  -  2  ox  +  g2 


30.  a*  -  4  a8x  +  6  a2x2  -  4  ax8  +  X* 

q*  -  2  gSx  -f     a^x^ 

-2a8x  +  5o2x2-4ax8 
-2€fix  +  iaH^-2aofi 

a2x2  -  2  ax8  +  X* 
a2x2  -  2  ax8  +  X* 
Test.  —Let  a  =  1,  x  =  10.     Then,  the  dividend  becomes  1  —  40  +  600 
—  4000  +  10,000,  or  6561 ;  the  divisor  1  —  20  +  100,  or  81 ;  and  the  quo^ 
tient  also  81.    Since  6561  -=-  81  =  81,  it  may  be  assumed  that  the  quotient 
is  correct. 


28. 


x*  +  81 
x*-3x8 
8x8 


Page  79 
x-8 


x8  +  3x2  +  9x  +  27  + 


162 
x-8 


8x8-9x2 


9x2 
9x2- 27 X 


94. 


x5+32 
xM.2x* 


27X  +  81 

27X-81 

162 

x  +  2 

x*-2x8  +  4x2-8x  +  16 


-2x* 
^^2x*-4x8 


4x8 

4x8  +  8x2 


-8x2 
-8x2- 16x 


16X  +  32 
16X  +  82 
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DIVISION 


^'  +  y'  .21/6 


16 


x2y4  +  J/6 


26. 


a7  +  67 

a  +  6 

of  +  a66 

ej6  _  aSft  ^.  ^452  _ 

-a66 

-a66- 

-0652 

0^62 

a662  +  a4ft8 

-a*68 

-  a*68  -.  0854 

a^h^-\-a%^'-ah^  +  }fi 


a86* 

g864  ^  ^255 

-a266 

—  ^255  _  a6« 


a66  ^.  57 
q6«  4-  &^ 


27. 


w6-n6 

'^^^                                                0    c 

m*  -  mH  +  m2n2  —  ww^  +  n*  +  — ^-^ 

—  w*w  —  m^n^ 


»n*n2  +  mH^ 


—  w2/i8  —  mn^ 


-2n6 


28. 


m  +  n 


m*^  —  mhi  +  ^2/^2  _  yny^a  ^  ,^4 


Wl8/l2 
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6a6 

6  a«  -  6  a* 


9^=±  10 


6  a*  -    a8 
6a* -6  a* 


6a8 
6a8-6aa 


6  a2  +  2  a 
5  a2  -  6  a 


7a  +  3 

7a-7 

10 


80.   a;T^.2jB6-2a^  +  2a;a-l  |a;+  1 


x^  ^ofi 


|ggH-a^-ag*~x8  +  gg  +  a;-l 


JB^  +  X* 


-  a* 

-  X*- 


a:«H-2a;3 
ic8+    a:2 


^2 
gg  +  g 


-x-l 
-x~l 


81.  2  a* -x7_j_jc5  +  2x*-x3  +  6 
2x8  +  2x7 

-3x7-3x8 


X41 


2a;'-3x«+3x6-2x*+4x8 

-4x2  +  3x-3  +  -^ 
X  +  1 


8x8+     x» 
3x8  -|,3a^ 


-  2  x6  +  2  X* 
-2x6-2x* 


4x* 

4x*  +  4x8 

-4x8- 
-4x8- 

X2 

4x2 

3x2 

3  x2  +  8  X 


-3x  +6 
-  3  X  -  3 
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88. 


84. 


85. 


y6  +  3y*  +  6y»+3y2  +  3y+6 

?/  +  l 

2^+    y* 

y*  +  2y»  +  3y2  +  8+     ^ 

2y*+  5y« 

»4-l 

2y*  +  2y« 

3y8  +  3y2 

3y8  +  3y« 

3y  +  6 

3y  +  3 

2 

2n6-4n*-3n8+7n2-3n4-2|n-2 

2  n6  -  4  n* 

2w4-3na  +  n-l 

-  3  n8  +  7  n2 

-  3  n8  +  6  n2 

w=«-3n 

n2-2n 

~     n  +  2 

-     n  +  2 

1                    1  +x 

l+a;             l-a;  +  a;2-a8  +  a:* 

—  a; 

-x-x^ 

x^ 

a;2  +  x8 

-x8 

-ic8_a^ 

a^ 

iC*  +  x6 

Remainder,                                      _  a^ 

1                    l-» 

^-a^             l+a:  +  a2  +  x8  +  x* 

X 

X  — a;2 

X2 

x2-a* 

X8 

x8-a:* 

X* 

X*-X6 

Remainder,                                         a^s 

STAND.  ALO.  KBT  —  2 
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36. 


a8  -  6  aa  +  12  a  -  8  -  6» 
a«  -  2  a2  -  a% 


a-2-6 


q2--4a-f4  +  a6-2d  +  6a 


-4a2+12a  +  a26-8 

—  4q2  4-8a  +  4q6 

4  a  -  8  +  a26  -  4  a6 

4a-8-46 


a26  -  4  a6  +  4  6 
ggft  -  2  q6  -  ah^ 

-  2  a6  +  4  6  +  afta 
-2 a6  4-46  +  2 6^ 

a62  _  2  62  -  6« 
aja  _  2  62  _  ft8 


y  +  2a: 


37.   y6  +  32jK6 

i/6~2gy*.f4a;V~8g8y2+16g*y 

2ocy^  -  4iB2y8  +  8a8y2  -  16  x*y  +  32 a:^ 
2xy*-4a;2y8  +  8g»y2,  I6g*y  +  32g6 

88.  x'  —  3  ays?  +  y*  +  «*       \x-{-y  -{-  z 

a;8  +  a;2y  4-  x'^z \x^  —  xy  —xz -^^  —  yz  -\-  z^ 

—  x2y  —  a:22?  —  3  xy« 

—  x2y  -  xyg  -      xyg 

—  a;22?  +  xy2  __  2  xya: 

—  X2g  _    ^^2  —  xz^ 


V*~2  gy8+4  x2y2~8  g^y+lQa^ 


Xy2  _      xyZ  +  a;2f2  4.  y8 


a;y2 


+  y22:  +  y« 


—    xyz  +  auj2  _  ySgj 
^    xyg —  -^z  —  1 


+  y2f2  +  ^58 

+  yg2  -f  g» 


39.   w8  +  3w2n  +  3ww2  +  n8  +  a:« 

m^  +         m2yt  4.         |n2j; 

2  »n2w  4-  3  ww2  —  m2x  4-  w^ 
2  m2n  4-  2  mn2  4-  2  wnx 


m  4-  w  4-  x 

?n2  4-  2  mn  4-  ^2  --  wx  - 


•wx  +  x' 


»nn2 
ww2 

4-n8 
4-n8 

—  m2x  — 
4-w2x 

2  mnx 

-  m2x  — 
-m2x- 

2mnx- 
mnx- 

nH 
■mx2 

— 

mnx  - 
mnx- 

w2x  4-  mx2 
•  n2x  -  nx2 

wx2  4-  nx2  4-  x^ 
mx2  4-  nx'-^  4-  x' 
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40. 


a*  -  2  a^c  +  4  ac'^  _  oai^  —  4  c^x  +  2  cx^ 


41. 


44. 


45. 


g"'^  4-  qg  —  2  gc  —  2  ca;  4-  4  c-^ 


-ga;2 


-  2  g2c  H-  4  gc2 

—  2  g^c  +  2  acx 


-4c2a; 


-  2  gcx  +  4  gc2  -  4  c2a;  +  2  caj2 

—  2gca; -f  2cx^ 

4  gc2  -  4  cH 
4  gc2  —  4  c2a; 

g8  +  3  rtftc  -  6»  +  c8 

g8  +  g26-- g2c  +  afe^  +  ^ftc  +  ac^ 


|g2  +  aft  —  gc  +  62  ■!■  5c  +  c2 

a  —  6  +  c 


-  g26  4-  cC^c  —  g62  ^.  2  ^ftc  -  ac2  —  fts  ^  ^8 

-  g26  -  gft2  4.     qftc  -  68  -  62c  -  6c2 


g2c 
g2c 


g6c  —  gc2  +  62c  +  6c2  4-  c^ 
g6c  —  gc2  4-  62c  4-  6c2  4-  c^ 


42.    T\w*-}m«- Jw24- }w4- V- 

~fw8-im2  +  |w 
-fw^4-|w2  4-j^m 

-  w24-tw»  +  ¥ 

-  m24-|m4-y 


f  m2  —  w  —  I 


43.   f«*~iga8  4-ig2x2_  Ja4 
|g^-|ga^4-|g^2 


}  g2  -  ^  aa;  4. 1  qg 


-  }  gaj8  -  f  g* 

-  i  gx8  4-  i  g2x2  -  1  gSa; 

-ig2x2  4- Jg8a;-ig* 
--^g2g2-}-^a8a._  |q4 


4  a;2  -  ax  -  i^  gg 


\y?^\xyz-\--^y^'\-  ^ 
ia;^4-Ax2y4-  j  x2g 


-  i  x^z-^-^xy^^ixyz 


ia;4-iy4-g 


ix2  -  jxy  -  jxz  4-  jy^  -  jyg  +  g2 


-  ix^z 


—  J  xy^f  —  J  X2:2 
^xy2  -\xyz-\-  ix«2  4.  ^y8 
a.frM2  4-iy^g4-Ay^ 


•h^y^ 


—  ixyz  +  ixz^  —  iy^z 


ixz^ 
ixz^ 


4-iyg2  4-g« 


»^"  4- 11  r"  4- 30 

5r«4-30 
6r»4-30 


r"4-6 


r«4-  6 
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46. 


^-8  ^  3pa«-2y«+l 
—  a;2n-2yM+l 


gi>-l  -f  yiM-1 


a.2»-2  _  3B*-iy«+i  4-  y«>»+a 


a.n-ly2n+2  ^.  y8ii+8 


47. 


iC  +  y 


a.«-2y2 


a-n-i  __  x»-2y  +  a;"-»y2  _  x«-^^  +  x^-fiy* 


«»- V  +  X*-8y8 


Remainder, 


-  x*-*^  4-  y* 


48.  2-3»«+ 13n2»+23»8«-lln**  +  6nfi* 

2  +  3n« 

•-6n*H-13n2» 
—  6n*-   9n2« 


2  +  3  »« 


l-3?i*+lln««-6n»*+2n*» 


22  h2»  +  23  n^ 
22  n2»  +  33  n«« 


-10n«*-lln** 
-  10  n**  -  16  w** 


4  n**  +  6  n^ 


49. 


gp+l  +  gP  +  gP-l 


a^  —  g  +  1 


aJ»+8  +  gp+i  +  gp-i 

gjM-8  ^.  qy+2  4.  gp+l 

_  gjH-2  _  (np+1  _  flji» 

glH-1  -}-  gp  +  gP-1 
gP+1  +  01'  +  aP"^ 


50. 


a;2r+ly2i  .},      a;2r+3y2»+l 

a;2/-+3y2«+l  ^  2c2''+5y2»+2 
a;2r+3y2i+l  4.  a;2/-+5y2»+2 


x^y-1 4-  g^'+V 


ger-Hy»4-l  4.  a;r+8y-H 
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61.  6 a*»+6 a**-i— 10 a2«-24-20 a^^^—lQ a^~* 
•  —  4a2»-i4.  2a2'»-2+20a^-* 

8  a2— H 12  a2'«-8- 16  a^-* 
8  a*'"-*^  12  a»»-8- 16  a^^-* 


2q*»+3a'— i-4a«*~g 
3  a**-.2  q"*-^+4  q"*-' 
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63.    1  +  0  +  0  +  0  +  0  +  0  +  0  +  8  +  7 
1  +  2  +  1 
-2-1 
-2-4-2 
3  +  2 
3  +  6  +  3 
-4-8 
-4-8-   4 
6+  4 
6  +  10+   5 

-6-6+8 
-  6-12-  6 


1+2  +  1 

1-2+3-4+6-6+7 
=««-2a6+3«*-4x8+6a;2-6a:+7 


7  +  14  +  7 
7  +  14  +  7 


64. 


1+0+0+0+0+ 

1  +  2 

-2 

-2- 

-4 

4 

4  +  8 
-8 

-8- 

-16 

J +  12 


1  +  2 


1-2  +  4-8  +  16  +  6 


=  a6-2a*  +  4a8-8a2+16a  +  6 


16  +  38 
16  +  32 


6  +  12 
6  +  12 


66. 


1+0  +  0  +  0- 

1  +  2 
-2 

-2-4 
4 
4  +  8 


19-6 


1  +  2 


1-2+4-8-3 


=m*-2w8  +  4w2-8w-3 


-8- 
-8- 

19 
16 

^^ 

8- 
3- 

-6 
-6 
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56.   1+0  +  0+0  +  0  +  0-64 
1-2 


1-2 


1  +  2  +  4  +  8  +  16  +  : 


=  2*  +  2«*  +  4«8  +  8«2  4- 16 ^  +  sa* 


4 

4-8 


8 
8-16 


16 
16 -J 


J-64 
S-64 


67.    14-0  +  0+0  +  0+243 
1+3 
-3 

-3-9 
9 
9  +  27 


1+3 


1  -  3  4-  9  -  27  +  81 


-  3  n*  +  9  n2  -  27  n  +  81. 


-27 

-  27  -  81 


81  +  243 

81  +  243 


58. 


1  +  0  +  0  +  0-256 
1  +  4 

-4 

-4-16 


1+4 


1-4  +  16-64 


=  a*  -  4  a^  +  l(>  a  -  64. 


16 

16  +  64 

-64-256 

-  64  -  256 

59.   Rearranging  terms,  divisor  =  a^  _  3  ^f  +  5. 


1  +  0  +  0  +  0  +  27-9-10 
1-3  +  6 

3-5 

3-9+15 


1-3  +  5 


1+3+4-3-2 


=  a*  +  3  ««  +  4  a^  -  3  a  -  2. 


4- 

4- 

-15  +  27 
-12  +  20 

- 

-  3+    7- 

-  3+    9- 

9 

16 

-  2  + 

-  2  + 

6- 
6- 

-10 
-10 
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60. 


63. 


DIVISION 

Rearranging  terms,  dividend  =  21  a:*  -  29  x^  -  8  «a  +  6  a;  +  4. 

21-29-8  +  6  +  4 

3-2 

21-14 

7-6-6-2 

-15-8 

=  7x8-6x2-6x-2. 

-15  +  10 

-18+6 

-18  +  12 

-    6  +  4 

-  .6+4 

Rearranging  terms,  dividend  =  2x*  —  llx8  +  16a;2_i2x  +  9. 

2-11  +  16-12  +  9      2-3 

2-3                                1-4+2-3 

-    8+16                =a:8-4a;2  +2a;-3. 

-   8  +  12 

4-12 

4-   6 

-    6  +  9 

-    6  +  9 

Rearranging  terms,  dividend  =  30  a:*  -  62  a?  +  60  x^  -  36  x  +  8. 

30-62  +  60-36  +  8      5-2 

30-12                                6-10  +  8-4 

-60  +  60                   =6x8-10x2  +  8x-4. 

-50  +  20 

40-36 

40-16 

-20  +  8 

-20  +  8 

1+0-2  +  0-1  +  0-10-36      1-2 

1-2                                                       1  +  2  +  2  +  4  +  7  +  14  +  18 

2-2                                    =:a^+2x6+2x*+4x8+7x2+14x+] 

2-4 

2 

2-4 

4-1 

4-8 

7 

7-14 

14-10 

14-28 

18-36 

18-36 

28 
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M.   Rearranging  terms,  dividend  =  y*  —  y"  —  10  y^  +  7  y  +  16. 


1  ->  1  _  10  4-  7  +  16 
1-2-   3 

1  -7+7 

1-2-3 


1  -2-3 


1  +  1-6 


=  y^  +  y  -  6. 


-6  +  10  +  16 
-6  +  10+16 

65.   Rearranging  terms,  dividend  =  2  x*  +  7  a^  —  27  x^  —  8  x  +  16. 


2+    7-27-8  +  16 
2+10-   8 

-  3-19-    8 

-  3-16  +  12 


1+6-4 


2-8-4 


=  2x2-3x-4. 


-  4-20  +  16 

-  4-20  +  16 

66.  Rearranging  terms,  divisor  =4x?  +  2x  +  2. 


4  +  2  +  2 


7-2-1 


=  7x2-2x-l. 


28+   6+    6-6-2 
28  +  14  +  14 

-  8-8-6 

-  8-4-4 

-4-2-1 
-4-2-! 


67.  Rearranging  terms,  dividend  =  3  w*  —  20  ©s  +  26  w^  +  16  ©  —  6. 


3-20  +  26  +  16-6 

3-   8+    2 
-  12  +  23  +  16 
-12  +  32-    8 


3-8  +  2 


3 


=  i?2  -  4 1?  -  3. 


68. 


-  9  +  24-6 

-  9  +  24-6 

Rearranging  terms,  dividend  =  6  x*  —  23  x^  +  3( 
6-23  +  30-18  +  4  I  2-6  +  2 
6-16  + 


a;2  «.  18  jc  +  4. 


_6 

-  8  +  24-18 

-  8  +  20-    8 


13-4+2 

=  3  x2  -  4  X  +  2. 


4-10  +  4 
4-10  +  4 

Rearranging  terms,  dividend  =  24  x*  +  32  x*  —  16  x^  —  26  x  —  4. 
24  +  32-16-26-4  |  6-1-4 
24-    4-16 


36+    0-26 
36-   6-24 


I  4  +  6  +  1 

=  4x2+6x  +  l. 


6- 
6- 


1-4 
1-4 
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70. 


71. 


72. 


DIVISION 

l-2  +  A  +  «  +  A  +  i 

i-j 

1-1 

l-4-»-«-» 

-\t^ 

=  «*-i«'-*<»-»<-f 

-m 

-m 

-=m 

i-i+jf-ij+«-i|i-* 

i-i 

i-i+«-i+t 

=  o«-io«+ia»-Ja+l. 

--m 

!;» 

-  l  +  i 
-1  +  4 

'  ^  ; 

l-l  +  t-H  +  «-iJ  +  A    1-1  +  4 

l-«  +  i                                l  +  i  +  i-i  +  TV 

i+       -H                                        =«4+J^.+  j«2_J«  +  ^ 

:^t? 

=!t^-Ji 

S-S:S 

26 
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28.  Since  a«  +  6«  =  (a^)'  +  (6«)8,  it  is  divisible  by  a^  +  6*  (Prin.  4). 

24.  x''  +  a^  is  divisible  by  a;  +  a  (Prin.  4). 

25.  Since  a»o  +  ftio  =  (a^)*  +  (62)6,  it  is  divisible  by  a^  +  62  (Prin.  4). 

26.  Since  a^^-\-  b'^  =  (a^y  +  6^,  it  is  divisible  by  o2  +  5  (Prin.  4). 

27.  Since  a^^  +  6^2  =  (a*)8  +  (6*)»,  it  is  divisible  by  a*  -f  6*  (Prin.  4). 

28.  Since  a»  -  27  =  «»  -  S',  it  is  divisible  by  a  -  8  (Prin.  1). 

29.  Since  cfi-21  =  (o2)8  _  38^  it  ig  divisible  by  a^  -  8  (Prin.  1). 

30.  As  the  difference  of  the' same  powers  of  a  and  6,  and  also  of  a^  and 
62,  a*  -  6*  is  divisible  by  a  -  6  and  by  a^  -  62  (Prin.  1). 

As  the  difference  of  the  same  even  powers  of  a  and  6,  and  also  of  a^  and 
62,  a*  -  6*  is  divisible  by  a  +  6  and  by  a^  +  62  (Prin.  2). 
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81.  cfi—liB  divisible  by  a  -  1  (Prin.  1)  and  by  a  +  1  (Prin.  2). 
Since  a«  -  1  =  {a^y  -  1^  a«  -  1  is  divisible  by  a2  -  1  (Prin.  1). 
*     Since  a«  —  1  =  (o*)^  —  1^  a»  —  1  is  divisible  by  a*  —  1  (Prin.  1). 
Since  a*  -  1  =  (a^)^  -  1^  a^  -  1  is  divisible  by  o«  +  1  (Prin.  2). 

88.  a^  —  68  is  divisible  by  a  -  6  (Prin.  1)  and  by  a  +  6  (Prin.  2). 

Since  a^  -  68  =  (a"^)*  -  (62)*,  a^  -  &«  is  divisible  by  a^  -  b^  (Prin.  1\ 
and  by  a-2  + 62  (Prin.  2). 

Since  a^  -  6^  =  (a*)2  -  (6*)2,  a^  -  6^  is  divisible  by  a*  -  6*  (Prin.  1\ 
and  by  a*  +  6*  (Prin.  2). 

88.   aio  -  610  is  divisible  by  a  -  6  (Prin.  1)  and  by  a  +  6  (Prin.  2). 
Since  a^  -  6^0  =  (a^y  -  (62)6,  qjIo  _  j^io  ig  divisible  by  a^  -  b^  (Prin.  1). 
Since  a^^  -  6^0  =  (a^y  -  (6^)2,  a^o  _  510  jg  divisible  by  «&  -  66(Prin.  1) 
andby  0^+6^  (Prin.  2). 

84.  a'»  -  618  is  divisible  by  a  —  6  (Prin.  1)  and  by  a  +  6  (Prin.  2). 
Since  o^  -  6i«  =  (a^y  -  (62)8,  a^  -  6^  is  divisible  by  a^  -  62  (Prin.  1) 

and  by  a2^.  52  (prin.  2). 

Since  a^  _  516  =  (^4)4  _  (54)4^  ^w  _  516  ig  divisible  by  a*  -  6*  (Prin.'l) 
and  by  a*  +  6*  (Prin.  2). 

Since  a^^  -  6^  =  (a8)2  -  (68)2,  a^  -  6^  is  divisible  by  «»  -  &»  (Prin.  1) 
and  by  a8  4.68  (Prin.  2). 

85.  d^  —  612  ig  divisible  by  a  -  6  (Prin.  1)  and  by  a  +  6  (Prin.  2). 
Since  ai2  -  6^2  =  (^2)6  _  (52^6^  ^12  _  512  ig  divisible  by  a2  -  62  (Prin.  1) 

and  by  a2  +  62  (Prin.  2). 

Since  ai2  __  512  =  («8)4  _  (6«)4^  ^12  _  512  ig  divisible  by  a^  -  6»  (Prin.  1) 
and  by  a^  +  6^  (Prin.  2). 

Since  ai2  -  612  =  (a*)*  -  (64)8,  ^fia  _  ^^12  ig  divisible  by  a*  -  6*  (Prin.  1). 

Since  ai2  -  612  =  {a^y  -  (6^)2,  ai2  -  612  is  divisible  by  a*  -  6^  (Prin.  1) 
and  by  a«  +  6«  (Prin.  2). 
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18.  Let  2x  =  number  of  votes  A  received. 
Then,  x  +  500  =  number  of  votes  B  received. 
By  the  Ist  condition,  2  a;  +  (a  +  600)  =  8000 ; 

.-.  X  =  2600, 
whence,  2x  =  6000, 

and  a;  +  500  =  3000. 

Hence,  A  received  6000  votes  and  B  3000  votes. 

Verification.  —1st  condition  :  5000  +  3000  =  8000. 

2d  condition :  3000  is  600  more  than  J  of  5000. 

19.  Let  3  X  =  number  of  dollars  A  had. 
Then,  x  +  10  =  number  of  dollars  B  had. 
By  the  1st  condition,    3  x  -  (x  +  10)  =  40. 

3  X  -  X  -  10  =  40  ; 

.-.  X  =  25, 

3x  =  76, 

and  X  +  10  =  36. 

Hence,  A  had  $76  and  B  $.35. 

Verification.  — Ist  condition :  $75  is  $40  more  than  $35. 
2d  condition  :  $35  is  $10  more  than  J  of  $76. 


Digitized  by  VjOOQIC 


86, 87]  DIVISION  27 

20.  Let  X  =  number  of  years  in  A^s  age. 
Then,                                a;  +  2  =  2  (a;  -  2). 

5c  +  2  =  2a;-4; 
.•.a;  =  6. 
Hence,  A  is  6  years  old. 
Verification.      (6  +  2)  years  =  2  times  (6  —  2)  years. 

21.  Let       V  =  number  of  hours  occupied  in  making  the  trip. 
Then,    a;  —  3  =  number  of  hours  the  first  rode, 

and  «  —  1  =  number  of  hours  the  second  rode. 

Since  the  first  wheelman  rode  10  miles  an  hour,  the  number  of  miles 
from  A  to  B  may  be  expressed  by  10  (x  —  3)  ;   since  the  second  rode 
8  miles  an  hour,  the  distance  may  be  expressed  also  by  8  (x  —  1).     Equat- 
ing these  two  expressions,    10  (x  —  3)  =  8  (x  —  1), 
or  10x-30  =  8a;- 8;. 

.'. «  =  11,  the  number  of  hours, 
whence,  10  (a;  —  3)  =  80,  the  number  of  miles. 

Verification.  — 1st  condition  :  The  first  wheelman  makes  the  trip  of 
80  miles  by  riding  10  miles  an  hour  for  8  hours  and  resting  3  hours. 

2d  condition  :  The  second  wheelman  makes  the  trip  of  80  miles  by  rid- 
ing 8  miles  an  hour  for  10  hours  and  resting  1  hour. 

3d  condition :  They  make  the  trip  in  equal  times,  the  first  in  (8  +  3) 
hours,  the  second  in  (10  +  1)  hours. 

Page  87 

23.  Let  X  =  number  of  words  in  the  message. 
Then,                       a;  —  10  =  number  of  words  in  excess  of  10  words. 

.-.  25  +  2(x  -  10)  =  76. 
Solving,  x  =  35,  the  number  of  words. 

Verification.     25^  for  10  words  -f-  50^  for  25  additional  words  =  75^. 

24.  Let  X  =  number  of  minutes  conversation  lasted. 
Then,                         x  —  3  =  number  of  minutes  in  excess  of  3  minutes. 

.•.50-f-16(a-3)  =125. 
Solving,  X  =  8,  number  of  minutes  conversation  lasted. 

Verification.     50^  for  3  minutes + 75 ^  for  5  additional  minutes = $  1 .25. 

25.  Let  X  =  number  of  words  in  the  message. 
Then,                        x  —  10  =  number  of  words  in  excess  of  10  words. 

60  -f-  4(x  —  10)  =  number  of  cents  message  costs  at  day  rate. 
40  +  3(x  —  10)  =  number  of  cents  message  costs  at  night  rate. 
.-.  60  -f-  4(x  -  10)  =  40  +  3(x  -  10)  +  25. 
Solving,  X  =  15,  number  of  words  in  the  message. 

Verification. —  1st  condition  :  60^  +  20^  =  80^  cost  of  message  at  day 
rate. 
2d  condition :  40^-f-16^  =  55^  cost  of  message  at  night  rate. 
3d  condition  :  55^  is  25^  less  than  80,^. 

26.  Let  X  =  number  representing  first  part. 
Then,                        24  —  x  =  number  representing  second  part. 
By  condition,             x  +  3  =  2(24  —  x). 

Solving,  X  =r  15,  and  24  —  x  =  9. 

Verification.      15  is  3  less  than  twice  9. 
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27.  Let  X  —  number  representing  first  part. 
Then,                                      62  —  x  =  number  representing  second  part. 
By  condition,                                2  a;  =  3(52  -  x)  +  4. 

Solving,  X  -  32, 

and  52  -  a;  =  20. 

Verification.      2  times  32  is  4  greater  than  3  times  20. 

28.  Let  X  =  number  of  apples  at  5  cents  each. 
Then,  17  —  «  =  number  of  apples  at  3  cents  each. 
By  the  1st  condition,  6a;  +  3(17—  x)  =  61, 

6x  +  61-3x  =  61; 
.  •.  X  =  5, 
and  17  —  X  =  12. 

Hence,  Mary  bought  5  apples  at  5  cents  each  and  12  apples  at  3  cents  each. 
Verification.  —  1st  condition  :  5  apples  +  12  apples  =  17  apples. 
2d  condition :  6  times  5  cents  -f  12  times  3  cents  =  61  cents. 

29.  Let  X  =  number  of  years  in  son's  age. 
Then,                                             2  x  =  number  of  years  in  father's  age. 
By  the  2d  condition,          3(x  —  a)=2x  —  a, 

or  3x— 3a  =  2x  —  a; 

.'.x  =  2a, 
and  2  X  =  4  a. 

Hence,  George  is  2  a  years  old  and  his  father  4  a  years  old. 

Verification.  —  1st  condition :  2  a  years  is  ^  of  4  a  years. 

2d  condition :  (2  a  —  a)  years  is  J  of  (4  a  —  a)  years. 

80.   Let  X  =  number  of  feet  in  width  of  rug. 

Then,  x  +  3  =  number  of  feet  in  length  of  rug, 

X  +  4  =  number  of  feet  in  width  of  floor, 
and  X  -f  7  =  number  of  feet  in  length  of  floor. 

By  the  3d  condition, 

(x  +  4)  (X  +  7)  -  x(x  +  3)  =  172. 
x2  4- 11  X  H-  28  -  x-2  -  8  X  =  172; 
.-.  x  =  18, 
whence,  x  +  4  =  22, 

and  X  +  7  =  25. 

Hence,  the  floor  is  25  feet  long  and  22  feet  wide. 

Verification.  —  1st  condition :  The  rug  is  21  feet  long  and  18  feet  wide. 

2d  condition :  The  floor  is  25  feet  long  and  22  feet  wide. 

3d' condition :  (26  x  22)  sq.  ft.  -  (21  x  18)  sq.  ft.  =  172  sq.  ft. 
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x6  —  (x5  -  6  x*y  +  10  xV  _  10  x^'^  H-  5  xy*  -  yS) 
=  x^  —  xs  +  5  x*y  -  10  xy  4-  10 x^y^  -  6  xy*  +  y^ 
=  5  x*y  -  10  x3y2  4.  10  a:2y8  _  5  a;y4  -f-  j^. 

Ja-|x-(irt-ix)-(8  6-:»^x-|a)  +  ia 

=  A  a  +  H  «  -  3  6. 
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7.  x^'-(2xy-'y^)-  (x^+xy-^y^)  -x^ -2xy -y^  +  6y^ 

=  a;2  -  2a:y  +  y2  -  a;2  -  xy  +  ya  -  ics  -  2  jcw  +  y^  4-  6t/2 
= -«2-5ay  +  8y2. 

B.  t»  +  2{2w- [n  +  Si?-  (4i)-3n)-6n  +  2w]  -To} 

=  w  +  2|2m-  [?i  +  3>7-4;)  +  3n-6n  +  2t»]  -7j[?} 
=  m  +  2(2TO  — n— 3p  +  4p  —  3n  +  6n  -  2  w  —  Tp} 
=  w  +  4w-2n-6i)  +  8p-6n+10n-4t»-.  14p 
=  m  +  2  n  —  12p. 
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20.   Rearranging  terms,  dividend  =  x'»  —  2a5*  +  2a;8  +  12x2  —  x  —  8. 

1-2  +  24-12-1  --8|1+1 

1+1 


-3  +  2 
-3-3 


11-8  +  6  +  7-8 
=  a^-3a:8  +  6a;'-«  +  7x-8 


6  +  12 
6+  6 


7-1 

7  +  7 


-8-8 
-8-8 


21.   Rearranging  terms,  dividend  =x^  —  4xfi-^6x^  — 4x4-1:  divisor 
=  x2-3x+l. 

1-4+6-4+1     I     1-3+1 
1-3+1  


-1+4-4 
-1+3-1 


1-1  +  1 
=  «■•*  -  X  +  1. 


1-3+1 
1-3  +  1 


22.   Rearranging  terms,  divisor  =  a**  —  2  a^  +  4  o  —  3. 


1  +  0  +  0  +  0  +  0-12-1  +  12 
1^,2  +  4-3 


2-4+3+ 
2-4+8- 


1 -2+4-3 


14-2  +  0^5-4 


=  a*  +  2  a8  -  6  a  -  4. 


-6+    6-12-    1 
-6  +  10-20+  15 


-  4  + 

-  4  + 


8  -  16  +  12 
8-16  +  12 


23.  1  -  (1  _  [x2  -  3  -  (2  X  -  4)2  +  3  x^  +  1]  -  (x  -  4)2}  -  1 

=  l-(l-[x2-3-4x2  +  16x-16  +  3x2  +  l]-x2  +  8x-16}-l 
=  1  -{l-x2  +  3  +  4x2-16x+16-3x2-  1  -x2  +  8x-  16}-1 
=  1-1  +x2-3-4x2+16x-16  +  3x2+  1 +x2-8x  +  16  -  l=x2+8x-3. 

24.  x-{5x-[6x-  (7x-8x-9x)  -lOx]  +llx}  +  9x 

=  x-{6x—  [6x—  (7x  +  x)  -lOx]  +  llx}  +  9x 

=  10x-{16x-  [6x-8x-10x]} 

=  10x-{16x  +  12x}  =  10x-28x=- 18x. 
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26.   1  _  (  -  [-  (1  -  X)  -  1]  -  J  }  -  {X  -  (6  -  8  «)  -  7  +  «} 

=  l_(_[l_l4.x-l]_l}-{2x-7-6  +  3x} 
=  l-{l-x+l-l}-6x  +  12 
=  13  -  1  +  X  -  5  X  =  12  -  4  X. 

83.    (a  -  6)(a  +  6)(a2  +  6^)  =  (a2 _  yi)(^a^  +  52)  =  ^^4  _  2^4. 

34.    (1  -  x)(l  +  x)(l  +  «2)(l  +  X*)  =  (1  -  x2)(l  +  x2)(l  +  X*) 

=  (l-x*)(l+x*)  =l-x8. 

36.    (1  -  x)(l  +  x)(l  -  X)(l  +  X)  =  (1  -  x2)(l  -  x2)  =  1  -  2  X2  +  X*. 

36.  (a8  +  3  a2y  +  3  ay^)  (a2  -  2  ay  +  y^) 

=  a6  -  2  a*y  +  a8y2  +  3  a*2^  -  6  aV  +  3  a2y8  +  3  a8y2-  6  a^y-^  +  3  ay* 
=  a6  +  a*y  -  2  a8y2  _  3  a2y8  +  3  ay». 

37.  (a2«  +  2  x"2r  +  y^")  (a*^  -  2  x-jT  +  y2") 

=  (a;2n  +  y2«  ^  2  X»y»)  (x2»  +  y2n  _  2  X'^JTO  =  (x2«  +  y2n)2  _  (2  X»y")2 
=  X*»  +  2  X2"y2n  _|.  yin  _  4  a;2ny2n  =  x*"  —  2  x2"y2u  ^  yin, 

38.  ax2  +  ixy  +  4y2)(ja;2-Jxy+;y2) 

=  aa;2  +  iy2  +  ja;2,)(j 3,2 ^.  I  2,2.^3,2,)  =  (J a-2  +  iy2)2-Qxy)2 
=  TV«'  +  A«V  +  iVy*-ia;2y2  =  ^,a:4_^ajV^4.^yi. 

89.  .2  -  .8  +  1.6 

.1  +  .4+    .8 


.02 -.08 +  .16 

.08 -.32 +.64 

.16-  .64  +  1.28 

.02  1.28 

=  .02  a*  +  1.28. 
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46. 


68  -  10  62 
68-    2  67 

_66  +  4       6^-262  +  36-1 

+  366-65     65  +  26*  +  68-362-76-4 

2  67 

2  67 

-  3  66  +  65 

-  4  6«  +  6  65  -  2  6* 

68 

56  _  5  55  4.  2  6* 
2>6  _  2  ft5  4.  3  54  _ 

_  3  66  _     54  4. 
-  3  65  +  6  6*  - 

68- 
9  63  + 

10  62 
3  62 

-  7  6*  +  10  68  - 

-  7  6*  +  14  68  - 

-  4  68  + 

-  4  6^  + 

13  62  - 

2162  + 

8  62- 

8  62- 

5  6 
76 

12  6  +  4 
126+4 

Test.  —  Let  6  =  1.     Then,   the  dividend  becomes  1  —  10—5+4,  or 

—  10 ;  the  divisor  1  —  2  +  3—  1,  or  1;  and  the  quotient  1  +  2+1  —  3—7 

—  4,  or  —  10.     Since  —  10  -?- 1  =  —  10,  it  may  be  assumed  that  the  quo- 
tient is  correct. 
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46.   mw-6m8  +  5m  - 

R] 

2 
2m« 

EVIEW                                             81 

m*H-2m«-3m-2 

mio  +  2  m»  -  3  m^  - 

m«  -  2  m^  +  4m*-6  m^  +  Qm^—  4m-f  1 

-  2  m®  +  3  m7  + 

-  2  m*  -  4  m8  + 
4m8  +  3m7- 
4  m8  +  8  m7 

2m8 

Qm^+   4m6 
4m«-   4m6 

-12m6-   8m* 

-  6  m^  - 
-6m7- 

4m8+   8m6+   8m*-  6m« 
10m«               +16m*+10m8 

6m8+   8m6-   7m*-16m« 

6  m«  +  12  m6               -  18  m«-12  m^ 

-  4m6-    7m*+  2m«+12m2+6m 

-  4m6-    8m*              -fl2m2+8m 

m*+  2m8              -3m-2 
m*+  2m8              -3m-2 

Test.  — Let  m  =  1.  Then,  the  dividend  becomes  1  —  6-|-6  —  2,  or- 2; 
the  divisor  1  +  2  —  3  —  2,  or  —  2;  and  the  quotient  1-2  +  4-5  +  6-4 
+  1,  or  1.  Since  — 2-* —  2  =  1,  it  may  be  assumed  that  the  quotient  is 
con'ect. 


47.  a^  -  160  a*  +  127  «»  -  100  a^  -  20  a  +  16 

gT—      6cfi+      SqS-     4  a* 

6a0-    5a6-i56a*  +  127a8 
6a6-36a5+    30q*-    24a8 

31  a^  -  186  a*  +  151 ««  -  100  a^ 
31  gs  -  186  g*  +  155  ««  -  124  gg 


g8-6gg+  5g  -4 


g*+6g«+31g2-4 


-  4g8  + 

-  4g«  + 


24  g2  -  20  g  +  16 
24g2-20g  +  16 


Test.  —  Let  g  =  1.  Then,  the  dividend  becomes  1  —  160  +  127  -  100 
—  20  +  16,  or  —  136 ;  the  divisor  1— 6  +  5  —  4,  or  —  4;  and  the  quotient 
1  +  6  +  31  —  4,  or  34.  Since  —  136  -f-  —  4  =  34,  it  may  be  assumed  that 
the  quotient  is  correct. 

48. 


610+29  6*- 170  68-61  62+210  6-22 

64+2  62_5  5_n 

510+  2  68-     5  6''-116« 

66__2  6*+6  68+16  62-20  6+2 

-  2  68+     5  67+1166+  29  6* 

-  2  68-     4  68+10  65+  22  6* 

5  6''+   16  68-10  66+     7  6*-170  6« 
5  67               +10  66-  25  6*-  55  68 

16  66-20  66+  32  6*- 116  68-  61  6^ 
15  68             +  30  6*-  75  68-165  62 

-20  66+     2  6*-  40  63+104  62+210  6 
-20  66              -  40  68+100  62+220  6 

2  6* 
.2  6* 

+     4  62-  10  6-22 
+     4  62-   10  6-22 

Test.  —  Let  6  =  1.  Then,  the  dividend  becomes  1  +  29  —  170  —  61 
+  210  —  22,  or  —  13  ;  the  divisor  1  +  2  —  6  —  11,  or  —  13  ;  and  the  quo- 
tient 1  —  2  +  5  +  15  —  20  +  2,  or  1.  Since  -  13  4-  -  13  =  1,  it  may  be 
assumed  that  the  quotient  is  correct. 
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82  KEY  TO  STANDARD  ALGEBRA  [90,91 

49.        a  -  (2  6  H-  6  a)  (6  6  -  3  a)  -  2  6  -  6[3  a*  -  4  a6  -  2  62] 
=  a  -  (12  62  +  24  a6  -  15  a2)  _  2  6  -  18  a^  -f  24  a6  +  12  62 
=  a  -  12  62  -  24  a6  +  15  a2  -  2  6  -  18  a2  +  24  a6  +  12  62 
=  o-.3a2--2  6. 

60.  a;-{3y  +  [4a;-2(y-|-8a;)-8yl2-(5y  +  2ar)2-.8y} 

=  a;-{3y  +  [4a;-2y-6a;-8yp-(26y2^_20xy  +  4a;2)-8y} 
=  a;-|j5y  +  4a;2  4.20  3cy  +  26y2_26y2-20a^-4a;2-8y} 
=  a  -  8  y  -  4  a;2  _  20  iti/  -  26  y2  +  25  j/a  +  20  icy  +  4  x2  +  8y 
=  a;  +  5  y. 

61.  (a2  +  ah-  62)2  _  (^a  -  a6  -  62)2  _  4  ^6(02  -  6*) 
=  a*  +  a262  4.  6*  +  2  asft  _  2  a262  -  2  a68  -  (a*  +  0*62 

+  6*  -  2  a86  -  2  a262  4.  2  06*)  -  4  a«6  +  4  a6« 
=  a*  +  0^62  +  6*  -h  2  a«6  -  2  a262  -  2  a68  -  a*  -  a262  -  6*  +  2  a«6 
+  2  a262  -  2  a68  -  4  a«6  H-  4  a68  =  0. 


52.        a2  „  [•_  52  4.  5(5  5  _  3  a)  -  {-  8  a6  +  a2  -  6(a  -  2  a  H-  2  6)}] 
=  rt'i  _  [-  52  +  5  52  _  3  aft  _  f     3  a5  _  cj2  -  6(a  -  2  a  -  2  6)}] 
=  a2  -  [-  62  +  6  62  -  3  a6  -  (-  3  a6  -  a2  _  aft  ^.  2  a6  +  2  62}] 
=  a2  -  [-  62  +  5  62  _  3  a6  +  3  a6  +  a2  +  a6  -  2  a6  -  2  62] 
=  a2  +  6^  -  6  62  +  3  a6  -  3  a6  -  a2  -  a6  +  2  a6  +  2  62  =  a6  -  262. 


68.   By  notation, 
and 

a^  =  a  *  a  '  a  '  a  '  a^ 
a^  =  a  'O  '  a'  a  'G'  a; 
.'.  a^ '  a^  =  {a  '  a  '  a  '  a '  d){a  '  a  '  a  *  a '  a  '  a) 

by  notation, 

By  notation, 
and 

^a-a^a'a-a-a-a'a-a-a'a 

=  «!». 

a^^  =  a'a'a'a'a'a'a'a'a-a*aj 
cfi  =a  '  a  -a  'G  -a  '  a; 

.  a^^__a'a'a-a'a'a'a'a'a'a»a 

Then, 
by  notation, 

a}^-r-  cfi  r=  a*  a  -a-  a-  a, 
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78.  (X  -f  y)(a;  -  j/)(x2  +  y^)(ot^  4-  y*)(a^  +  y*) 

=  C»^  -  y*)  («^  +  2/2)  (X4  4.  j^)  (a;8  4.  y8) 

=  (x*-y*)(x4+y*)(x8  +  y8) 
=  (a*-y8)(x8  +  y«) 

79.  (m*  +  1) (m*  +  1) (m^  +  1) (w  +  l)(fii  -  1) 
=  (m8  +  l)(m*  +  l)(m2  +  l)(r»2-l) 

=  (w8-f  l)(m*  +  l)(m*~l) 
=  (?»8  +  i)(r»8_i) 

=  wW  -  1. 


80. 


=  Trt*"  —   1. 

(16a^  +  l)(4x2+ i)(2a;  +  l)(2x  -  1) 
=  (16  5r*  +  l)(4a;2+l)(4«2«i) 
=  (l«.T*  +  l)(16x*-l) 
=  256x8-1. 
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91,  94] 


FACTORING 


h2  ^  gg+lyg  —  x«+lg<»-i 

—  2  flc«+V  —  2 y2a  4-  x«+i2;«  1  +  3  y«ar«-i  -  z'^- 


33 

x<M-i  4-  y«  -  g«-^ 
X«+i  -2jr+g^-l 


ga+lgg-l^.      yggg-l  _  g2a-2 


6qT+  8a«y  -  }  aV»+  f  a^y» 

-  3  a«y  +  i  aV''  -  f  a V 

-  3  ggy  -  I  gSyg  +  j  a^y^  -  |  a  V 


6  a*  -  3  a«y  +  3  a  V  -  3  ay»  -f  V  y* 


3  a  V^  - 
3       " 


q  V  +  I  q  V  -  I  « V  -f  I  q  V 


-  3  aV  +  f  qV  +  H«V  -  *|ay* 

-  3  g  V  -    I  fl8y4  +    I  q2y6         "        - 


yqy  +  fjqy  -  Hqy«  +  ijy^ 

M.   Divisor,  oc  —  ft^  +  cd  -  (P  Quotient,  a-b-c 

a^-ah^-^acd--acP--abc  +  b^--bcd-^bd^-'a<^  +  cb^  -d^d  +  ccP 
a^  —  q&g  +  qcd  -  qd^ 

—  abc  +  6«  —  6cd  +  6(P 

-  q(^  +  c52  -  c^d  4-  c<P 


FACTORING 
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4.  q»»  —  qn  +  WM5  —  na;  =  q(w  -  n)  4-  a;(m  —  n)  =  (q  4-  «)(wi  —  «). 

5.  6c  -  6d  -f  ex  —  dx  =  6(c  -  d)  +  x(c  —  d)  =  (6  +  x)  (c  -  d). 

6.  pq  - px-  rq  -^  rx=p(q  -X)-  r{q  -x)  =  ip-  r)(q  -  X). 

7.  qy-  6y-q6  +  62  =  y(o_6)_6(o_6)  =  (y-6)(a-6). 

8.  x2  —  xy  —  5  X  +  6  y  =  x(x  —  y)  —  5(x  —  y)  =  (x  —  6)(x  —  y). 

9.  &2  _  2>c  +  q6  -  qc  =  6(6  -  c)  +  a(6  -  c)  =  (6  +  q)(6  -  c).  • 

10.  x^  +  xy  —  ax  —  ay=  x(x  +  y) -  q(«  +  y)  =  («  +  y)(a;  —  q). 

11.  c2  -  4c  +  qc  -  4a  =  c(c-  4)+  a(c  -  4)=(c  +  q)(c  -  4). 

12.  2x-y  +  4x2-2xy=(2x-y)+2x(2x-y)  =  (2x-y)(l-f2x). 

13.  l-m+n-mn  =(1  —  w)+ n(l  —  w)  =  (l  +  w)(l  —  m). 

14.  2p  +  q  +  Qp^  +  Spq  =  (2p  +  g)  +  3p(2p  +  g)  =  (1  4. 3i)) (2p  +  q). 

15.  qr  —  r8  —  a6  4-  68  =  r(q  —  8)  —  6(q  -  8)  =  (r  —  6)(q  —  8). 

16.  x84-a;24.x  +  l  =x2Cx4-l)  +  (x4-l)  =  (x4-l)(x24-l). 

17.  y8  4-y«-3y-3=y2(y4-l)-3(y4-l)  =  (y2-3)(y+l). 

18.  flfS  4-a^  4-a;2y  4.  y  =x8(x2  +  1)4.  y(x2  +  l)  =  (x8  +  y)(x2  4- 1). 

19.  2  -  2  n  -  n2  4-  n*  =  2(1  -  n)  -  n^(l  -  n)  =  (2  -  n^)  (1  -  n). 
80.  aj2  —  x  —  q  +  qjc  =  x2  —  x4-qa;  —  q 

=  x(x  -  1)4- q(x  -  l)  =  (a;  +  q)(a;  -  1). 

STAND.  ALO.  KBT  —  3 
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34  KEY  TO   STANDARD  ALGEBRA         [94,96,97 

21.  3a:»-16jc  +  10y-2a;V  =  3xS-15«-2a;2y-f  lOy 

=  3a:(a;2-5)-2y(X'»-6)  =  (3a;-2y)(a;2-6) 

22.  12a8  -  8a6  -  3 a*  +  2a26  =  4a(3a2  -  2  6)-  a^{S a^-2b) 

=  (4a-a-^)(3a2_26) 
=  a(4-a)(3a2-26). 

28.  3  m^n  -  9  win*  +  aw»  -  3  an  =  3  mn(m  -  3  n)  +  a(m  -  3  n) 

=  (3m?i  +  «)(»»  — 3  n). 

24.        16a62-962c  -  35a6  +  21  be  =  Sb^{5a -Sc)-7b(6a  -  3c) 

=  (3&2_75)(5a_3c) 
=  6(36-7)(5a-3c). 

26.  16aa;  +  12 ay  -  8 6a;  -  6  6y  =  4  a(4a;  +  3y) -  2  6(4x  +  3y) 

=  (4a-26)(4x  +  3y) 
=  2(2a-6)C4a;  +  3y). 

26.  ax^  —  ax  —  axy  -\-ay  +  x  —  l  =  ax(x  —  1)—  ay{x  —  1)  +  (x  —  1) 

=  (aa;-ay  +  l)(x-l). 

27.  xy  +  x-3y2-.3y-4y-4  =  a;(y +  l)-3y(y+l)-4(y  +  l) 

=  (x-3y-4)(y  +  l). 

28.  ax  —  a  —  6x  +  6  —  ex  +  c  =  a(x  ~  1)  —  6Cx  —  1)  —  c(x  —  1) 

=  (a-6-c)(x-l). 

29.  mx  —  nx  —  X  —  wiy  +  wy  +  y  =  x(wi  —  n  —  1)—  y(w  —  n  —  1) 

=  (x-y)(m-n  — 1). 

80.  6x2  —  6  —  xy  —  y  +  yx2  —  6x  =  ^352  ^yx^  —  bx  — xy  —  b  —  y 

=  x2  (6  +  y)  -  X  (6  +  y)  -  (6  +  y) 
=  (x2  -  x  -  1)  (6  +  y). 

81.  m*  4-  wn  +  mn  +  n^  +  w  +  n  =  wi  (w  +  n)  +  n  (m  +  w)  +  (m  +  n) 

=  (w  +  n  +  1)  (wi  +  n). 
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81.  x2  +  2  X  (X  -  y)  +  (X  -  y)2  =  (X  +  X  -  y)  (x  +  X  -  y) 

=  (2x-y)(2x-y). 

82.  «2  -  4  « («  -  1)  +  4  («  -  1)2  =  [^  -  2  (« -  1)]  [«  -  2  (^  -  1)] 

=  (e-2«-|-2)(«-2«  +  2) 
=  (2-0(2-0. 
88.  (r  +  8)2  -  4  (r  +  s)  4-  4  =  [ (r  +  «)  -  2]  [(r  +  s)  -  2] 

=  (r  +  s-.2)(r  +  «-2). 

c2  -  6  c  (a  -  c)  +  9  (a  -  c)2  =  [c  -  3  (a  -  c)][c  -  3  (a  -  c)] 
=  [c-3a  +  3c][c-3aH-3c] 
=  (4c-3a)(4c-3a). 


84 
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86.  16  -  24  (« -  0  +  9  («  -  0^  =  [4  -  3  (^  -  0]  [4  -  3  («  -  Z)] 

=  (4  _  3  e  +  3  0  (4  -  3  «  +  3  0- 

86.  14  (x  -  y)  4-  (X  -  y)2  +  49  =  (x  -  y)2  +  14  (x  -  y)  +  49 

=  («-y  +  7)(x-y  +  7). 
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97, 98]  FACTORING 


10.   x<  -  81  =  (a;2  +  9)  {x^  -  9)  =  {x^  +  9)  (x  -f  3)  (a;  -  3). 

12.   ai6  -  Jf)8  =  (a8  ^  54)  (^s  _  54)  =  (^s  +  6*)  (a*  4-  6^)  (a*  -  ft^) 

=  (««  +  6*)  (a*  +  62)  (a2  +  6)  (a^  -  h). 
15.   m*  -  16  n*  =  (m2  +  4  n^)  (w^  -  4  n^) 

=  (m2  4-  4  n2)  (m  +  2  n)  (to  -  2  n). 

18.  36  a*  -  225  =  9(2  o^  +  5)  (2  a^  -  5). 

19.  121  62  -  aV  =(116  4-  ac)  (11  6  -  ac), 
21.  64a;2-625y2=(8a;4-26y)(8x-26y). 
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23.  400x2  -  36y2  =  4(10  x  +  3  y)(10x  -  3  y). 

24.  144w2-16n2=16(9TO2-n2)  =  16(3TO+n)(3TO-n). 
26.  x*y*  -  256  =  (x2y2  4.  iq)  (a;2y2  _  16) 

=  (x2y2  4. 16)  {xy  +  4)  (xy  -  4) . 

26.  2  a8  -  2  68  =  2(a8  -  ftS)  =  2(a*  +  6^)  (a*  -  6*) 

=  2(a*  +  6*)(a2  +  62)(a2-62) 

=  2(rt*  +  6*)(a2  +  62) (a  +  6) (a-  6). 

27.  4  m*  -  4  6*  =  4(m*  -  6*)  =  4(w2  +  62)  (m2  -  62) 

=  4(m2  +  62)(m  +  6)(m  -  6). 

28.  3x*-3y«  =  3(x*-y«)  =  3(x2  +  y^)(x2- yS). 

29.  5x8-  5  =5(x8  -  1)  =  5(x*  +  l)(x*  -  1) 

=  6(x*  +  l)(x2+l)(a;2-l) 

=  6(x*  +  1)  (x2  +  1)  (X  +  1)  (X  -  1). 
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80.  8a6-3a  =  3a(a*-l)  =  3a(o2  +  l)(a2-l) 

=  3a(a2  +  l)(a  +  l)(o-l). 
31.  a*-ary2  =  3c(x2-|^)  =  a;(a;  +  y)(a;-y). 

82.  x'^  -  .01  =  (a;  +  .l)(x  -  .1). 

38.        a*-T»j=(a2  +  i)(a»-i)  =  (a2+iX«  +  D(«-i)- 

85.  a;2«-2  _  y4»  =  (a.»-i  +  y2"»)  (x^-i  -  y^). 

86.  «*»+!  —  Xy2n  -  a;(a;2n  _  y2»)  _  2.(3.11  _^  yn)  (a-n  _  yi»). 

88.  a^  -(6  4-  c)2  =(a  +  6  +  c)(a  -  6-  c). 

89.  62  _  (2  a  4.  5)3  =  (6  +  2  a  +  6) (ft  -  2  a  -  6) 

=  (2 a  +  2  6)(-  2  a)  =-  4  a(a  +  6). 

40.  a2  -  (a  +  6)2  =  (a  +  a  +  6)  (a  -  a  -  6) 

=  (2a  +  6)(-  6)  =  -6(2a  +  6). 

41.  4c2-(6  +  c)2  =  (2  c  +  6  +  c)(2  c  -  6  -  c) 

=  (3c  +  6)(c-6). 

42.  9  62  -  (a  -  a;)2  =  (3  6  +  a  -  X)  (3  6  -  a  +  a:) . 
48.                        9a2-(2a-6)2  =  (3a+2a-5)(3a-2a4-6) 

=  (6«  -  ry){a  +  5)=  6(a-  l)(a+  5). 

44.  x*-(3x2-2y)2=(x2  +  3a;2_2j,)(a;2-3a;2  +  2y) 

=  2(2a;2_y).2(y-x2) 

=  4(2x2_.y)(y_x2). 

45.  49  a2  -  (6  a  -  4  6)2  =  (7  a  +  5  a  -  4  6)  (7  a  -  6  a  +  4  6) 

=  4(3a-6).2(a  +  2  6) 
=  8(3  a -6)  (a  4  2  6). 

47.  (2  a  +  3  6)2  -  (a  +  6)2  =  (2  a  +  3  6  +  a  4-  6)  (2  a+3  6-a-6) 

=  (3a  +  4  6)(a  +  2  6). 

48.  (5rt- 3  6)2-(a-6)2=(5a-36  +  a-6)(5a-3  6-rt  +  6) 

=  2(3a-  2  6)  .2(2  a -6) 
=  4(3a-2  6)(2a-6). 

49.  (2a;  +  6)2-(6-3x)2=(2rK  +  6  +  6~3a;)(2x  +  5-5  +  33c) 

=  (10  -  x)(6x)=  6a;(10  -a-). 

50.  (a  -  2  6)2-(a  -  5)2  =(a-  2  6  +  a  -  6)(a  -  2  6  -  a  +  5) 

=  (2a-26-5)(6-26). 
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61.  (2x-Syy-(Sy  +  zy 

=  (2x-3y  +  3y  +  2?)(2a;-3y-3y-«) 
=  (2x  +  2?)(2x  -6y-z), 

62.  (66-4c)2-(3a-2c)2 

=  (5  6-4c  +  3a-2c)(5  6-4c-3a  +  2c) 
=  (66-6c  +  3a)(5  6-2c-3a). 

68.  (4x-3y)2-(2x-3rt)2 

=  (4x-3y  +  2x--3a)(4x-3y-2x  +  3a) 
=  3(2  X  -  y  -  a) (2  X  -  3  y  +  3  a). 

54.  (9x  +  6y)2-(4x- 32^)2 

=  (9x+6y  +  4x-3y)(yx  +  6y-4x  +  3  2/) 
=  (13x  +  3y)(5x  +  9y). 
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65.  (a;«  +  a:2)2_(2a;  +  2)a 

=  (ofi  +  x^  -^  2  X  +  2)('j^  +  x^ -  2  X  -  2) 

=  lx'\x  +  1)+  2(a;  +  l)][«2(a;  +  1)-  2(x  +  1)] 

=  (a:2  +  2)(x+l)(«2-.2)(x+l). 

66.  (a  +  6  +  c)2-(a  -  6  -  c)2 

=  la  -^  b  -h  c  +  a  —  h  —  c)(a  +  b  +  c  —  a  +  b  +  c) 
=  2a-2(6  +  c)  =  4a(6  +  c). 
69.   a2  __  2  ax  +  a;2  _  n'2  =  (a  —  a:)2  —  n2  =  (a  —  a;  +  n)(a  —  ic  —  n). 

60.  62  +  2  6y  +  y2  -  «2  =  (6  +  y)2  _  ^2  =  (5  +  y  4  w)  (ft  +  y  _  w) . 

61.  1  -  4  g  H-  4  g2_  a^  =  (1  -  2  g)2  -  a2  =  (1  _  2  gr  +  a) (1  -  2  g  -  a). 

62.  r2  -  2  rx  +  x2-  16  «2  =  (r  _  x)2  _  (4  0^  =  (r-  x  +  4 <)(r-x-40. 

63.  9  a'^6  -  6  ab^  +  b^  -  46c2  =  6  (9  a^-  6 a6  4-  6^  _4  c^) 

=  6[(3a-6)2-  (2c)2]=6(3a-&  +  2c)(3  a  -  6-2  c). 

64.  c2  -  aa  -  62  _  2  a6  =  c2  -  (a2  +  2  a6  +  62)  =  c2  -  (a  +  6)2 
=  (c  +  a  +  6)(c  —  a  —  6). 

66.       62_a.2-y2  +  2xy  =  62-  (x2- 2xy  +  y2)  =  62_  (x-y)2 
=  (6  +  a;  — y)(6  — x  +  y). 

66.  4  c2  -  x2  -  y2  _  2  xy  =  4  c2  —  (x2  +  2  xy  +  2/2) 
=  (2  c)2  -  (X  H-  2/)2  =  (2  c  +  X  +  y)  (2  c  -  X  -  y). 

67.  9c2-x2-y2  4.2a^  =  9c2-  (x2-2xy  +  y2)  =  (3 c)2- (x - y)2 
=  (3c  +  x-y)(3c-xH-y). 

68.  x^-  a2x  -  4  62x  -  4  a6x  =  x(x2-  a2  -  4  a6  -  4  62) 
=  x[x2-  (a  +  2  6)2]  =  x(x  +  a  +  2  6)(x  -  a-  2  6). 

69.  6c2  -  9a26  -  6^  -  6a62  =  6(c2  -  9a2  -.6  ab  -  62) 
=  6[c2-  (3 a +  6)2]  =6(c  +  3a  +  6)(c-3a-6). 

70.  a62  -  4  «»  -  12  a2c  -  9  ac^  =  a  (62  -  4  a2  _  12  ac  -  9  c^) 
=  a[62-(2a  +  3c)2]  =a(6 +2  a  +  3  c)(6- 2a- 3  c). 

71.  a2  -  2  rt6  +  62  -  c2  +  2  c(Z  -  (i2  =  (a  -  6)2  -  (c  -  d)2 
=  (a  —  6  +  c  — d)(a—  6  —  c  +  d). 

72.  x2  -  2  xy  +  y2_  w2  +  10  m  -  25  =  («-  y)2  -  (w  -  6)2 
=  (x  —  y  +  wi  —  5)  (x  —  y  —  m  +  6). 

78.       4x2  +  9-12x  +  10wn-7»2_25n2 

=  4  x2  -  12  X  +  9  -  wi2  +  10  7»»-  25  «2  =  (2  a;  _  3)2  -  (m  -  6  n)2 

=  (2x-3  +  m-6n)(2x-3- w+  5n). 
74.       x2-  a2  +  y2  _  ^2  4  2xy  -  2  a6  =  x2  +  2  xy  +  y2  _  ^2  _  2  a6  -  62 

=  (x+i/)2-(a+6)2=  (a;4.y  +  a+  6)(x  +  y-a-6). 
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16.  +6a2  =  (+2a)  X  (+3a)and  +5a  =  (+2a)  +  (+3  a); 
.-.  x2  +  5  ax  +  6  a2  =  (x  +  2  a)  (X  +  3  a). 

17.  H-5a2=  (-a)  X  (-5a)  and  (- a) -f  (- 5  a)  =  -  6a; 
.*.  x2  —  6  ax  +  6  a2  =  (x  —  a)  (x  —  6  a). 

18.  -1262=  (+26)  x(- 6  6)  and  -4  6  =  (+2 6)  +  (-66); 
...  y2  _  4  fty  __  12  62  =  (y  4  2  6)  (y  -  6  6). 

19.  -28n2=(+4w)x(-7n)  and  -  3  n  =  (+ 4w)  +  (- 7  w)  ; 
.-.  y2  _  3  „y  _  28  «2  =  (y  +  4  n)  (y  -  7  w). 
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20.  -2aan2=(+anjx(~2an)  and  -  an  =  (+ an)  +  (— 2an)  ; 
/.  z^  —  am  —  2  a^n^  —  {z-^  an)  {z  —  2  an). 

21.  +90c2=  (+9c)x(+10c)  and  +19c=  (+ 9c)  +  (+ 10c)  ; 
.-.  a:*  +  10ca;2  +  90c^=  (x^  +  9  c)  (x^  +  10  c). 

22.  +20a2=(+2a)x(+10a)and  4-  12  a  =  (+ 2  a)  +  (+ 10a)  ; 
.-.  7fi  +  12ax8  +  20a2  =  (xs  +  2  a)(x8  +  10a). 

28.    +246*=(-362)x(-862)  and  -1162=  (-.  3  52)  _^.  /     g  52)  . 
.-.  xio  -  11  62x5  +  24  6*  =  (x6  -  3  62)(a^  -  8  60- 

24.  5 na;2  -  65  na;  +  150  n  =  5  n(ic2  -  11  x  +  30)  =  6  n (x  -  5)(a;-  6). 

25.  3  a26x2  -  3  a26x  -  6  a26  =  3  a26  (x2  -  x  -  2)  =  3  a26  (x  +  1)  (x  -  2) . 

26.  4ax4-2ax2-48a  =  2a(x2  +  2x-24)  =2  a(x+ 6)(x  -  4). 

27.  lla2x-55ax  +  66x  =  llx(a2-5a  +  6)=ll«(a-2)(^i-3). 

28.  20  6x+  10  62_630  x2  =  10(62  ^  2  6x-  63x2)  =  10(6+9x)(6-7x). 

29.  x2-(c  +  d)x  +  cd  =  x2  +  (-c-d)x+(-c)(-d)  =  (x-c)(x-d). 

80.  x2-(a-d)x-ad  =  x2  +  (-a  +  d)x  +  (-a)(d)  =  (x-a)(x  +  d). 

81.  x2  -  2  (a  -  n)x -  4  an  =  x2  +  ( -  2  a  +  2  n)  x  +  (-  2  a) (2  n) 

=  (x-2a)(x  +  2n). 
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2.  First  factor,  try  5x  +  2,  5x-2,  5xH-l,  5x-l. 
Second  factor,  try  x—l,  x+li  x  — 2,  x  +  2. 
Products,  2d  tenns,            —  3  x,           +  3  x,          —  9  x,           +  9  x. 

. •.  6  x2  +  9  X  -  2  =  (6  X  -  1) (X  -f  2). 

3.  First  factor,  try  2x+4,  2x— 4,  2x+6,  2x-6,  2x— 3,  2x+3,  ... 
Second  factor,  try  x— 3,  x+3,  x— 2,  x+2,  x+4,  x— 4,  ..» 
Products,  2d  terms,       — 2x,        2x,        2x,     — 2x,         5x,     ~6x,  ... 

...  2  x2  -  6 X  -  12  =  (2  X  +  3) (X  -  4) . 

4.  First  factor,  try  3  x  -  1,  3  x  ~  2,  ... 
Second  factor,  try  x— 10,  x  —  6,  ... 
Products,  2d  terras,                —  31  x,           —  17  x,  ... 

.  •.  3  x2  -  17  X  +  10  =  (3  X  -  2)  (x  -  5). 

6.   First  factor,  try        3x  +  2,     3x  — 2,  3x-3,  3x  +  3,  ... 

Second  factor,  try              x  — 3,       x  +  3,  x+  2,  x—  2,  ... 

Products,  2d  terms,            —  7  x,       +  7  x,  +  3  x,  —  3  x,  ... 
.-.  3x2-7x-6  =  (3x  +  2)(x-3). 

6.  First  factor,  try  6x  — 3,  6x-2,  3x-3,  3x— 2. 
Second  factor,  try  x  —  2,  x  —  3,  2x  —  2,  2x  —  3. 
Products,  2d  terms,       -  15  x,           -  20  x,  -  12  x,  -  13  x. 

.  • .  6  x2  -  13  X  +  6  =  (3  X  -  2)  (2  X  -  3) . 

7.  First  factor,  try  6 X  +  5,  6x  — 5,  6x  +  7,  6x  — 7,  3x  +  5,  ... 
Second  factor,  try  x  —  7,  x  +  7,  x  ~  5,  x  4-  5,  2x—  7,  ... 
Products,  2d  terms,     -  37  x,       +  37  x,      -  23  x,      +  23  x,     -  11  x. 

.-.  6x2-llx-35=(3x  +  5)(2x-7). 
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11.  First  factor,  try  2  SB  +  1,  2a;-  1,  2x+S,  2x-3,  2x+6,  2x-6, 
Second  factor,  try  x— 16,  x+ 15,  g— 6,  x-h^,  x— 3,  x+S. 
Products,  2d  terms,    —  29x,      +  29  a,     —  7  x,     +  7  x,       —  x,       +  «. 

.-.  2x2  +  x-16=(2x-6)(x  +  3). 

12.  9x2 -  42x  +  40  =(3x)2  -  14(3x)  +  40 
Put  m  for  3  X,  =  m^  -  14  m  +  40 

=  (w-4)(m-10) 
Put3xforw,  =(3x-4)(3x-10). 

13.  First  factor,  try  5x  +  1,  5x  +  2,  5x4-3,... 
Second  factor,  try  x  4- 6,  x  +  3,  x  +  2,  . .  . 
Products,  2d  terms,             4-  31  x,      4- 17  x,      4- 13  x,  . . . 

.-.  6x2  4-  13x  4-  6  =(6 X  4-  3)(x  4-  2). 

14.  26x2  4-  15x  4-  2  =  (5x)2  4.  3  (5x)  4-  2 
Put  w  for  5  X,  =  w2  4-  3  w  4-  2 


=  (m4-l)(w4-2) 
=  (6         --  ~ 


Put  5x  form,  =  (5x  4- 1)(5  x  4- 2). 

15.  16x2  4-  20x  -  66  =  (4 x)2  4-  5  (4x)  -  66 
Put  m  for  4  X,  =  m2  4-  6  m  —  66 

=  (m-6)(m4-ll) 
Put  4 X  for  m,  =  (4 x -  6)(4 x  4-  H) 

=  2(2x-3)(4x4-ll). 

16.  36x«-48x-20  =  4(9x2-12x~  5) 
Put  w  for  3  X,  =  4  Cm2  -  4  w  -  5) 

=  4(m4-l)(r»-5) 
Put3xform,  =  4(3x  4- l)(3x  -  5). 

17.  Since  V9x2^  or  3 x,  is  not  exactly  contained  in  43 x,  the  factors  of 
9  x2  are  not  3  x  and  3  x,  and  hence  are  9  x  and  x. 

First  factor,  try  9  x  —    1,     9  x  -  2,  .  .  . 

Second  factor,  try  x  4-  10,        x  4-  5,  .  .  . 

Products,  2d  terms,  4-  89  x,     4-  43  x,    .  .  . 

.-.  9x2  4-43x-10=  (9x-2)(x4-5). 

18.  25x24- 25x-24=  (5  x)2  4- 6  (5  x)  -  24 
Put  w  for  6  X,  =  w2  4-  5  m  —  24 

=  (m4-8)(??i-3) 
Put  6 X  for  m,  =  (6 x  4-  8)(6 x  -  3). 

19.  49x2  -  42x  -  55  =  (7  x)2  _  6 (7  x)  -  55 
Put  w  for  7  X,  =  w2  —  6  w  —  55 

=  (w4-5)(m-ll) 
Put  7  X  for  w,  =(7x4-  5)(7  x  - 11). 

20.  16x2  4-50x-21=^^^'  +  ^^-^^  =  (^^)'  +  ^^(^^)-^ 

4  4 


=  (8^  +  28K8^-8)  =  (2a;  +  7)(8x-8). 
4 
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81.    ff^      lo^t.      ig_81a^-90a;«-144_(9x«)«-10(9»»)-144 

9  0 

^  (9 x»  -  18)(9 »'  +  8)  ^  (^ _  2)(3 ^.  ^  g^ 

81   276'      36«      ii-,816*-0fe'-'t2-(9»')'-l(»ft')-42 

O  O 

83.   10a:«-2a^-44=  2(5x«-a*-22). 
Tofactor5««-ie8-22,  try         6a;*- 22,    5x*-ll,  .  .  . 
multiplied  by  x*  +    1,       x^  +    2,  .  .  . 

Products,  2d  terms,  —  17  x*,  —  x*,  .  .  . 

.-.  10x» -2x« -44  =  2(x8  +  2)(6x«- 11). 

24.   First  factor,  try        2x  +  |^,     2x-f2y. 

Second  factor,  try  x  +  2y,  x  +  y. 

Products,  2d  terms,  +  5  xy,        +  4  xy. 

.•.2x2  +  5xy  +  2y2=  (2x  +  y)(x  +  2y). 

S6.   First  factor,  try        2  x  +  y,     2  x  —  y. 
Second  factor,  try  x  —  2y,    x  +  2y. 

Products,  2d  terms,  —  3  xy,     +  3  xy. 

.-.  2x2  +  8xy-2y2=  (2x- y)(x  +  2y). 

86.   First  factor,  try        8  x  —  y,    8  x  —  3  y. 
Second  factor,  try  x  —  3  y,  x  —  y. 

Products,  2d  terms,         —  lOxy,        —  6xy. 
.-.  3 x'^  -  10 xy  +  3  y2  =  (3 X  -  y)(x  -  3  y). 
87      153.2      113;      Q^225xg-210x-120^(16x)«-14C16x)-120 

15  16 

_  (15 X  +  6)(15 X -  20)  _ 3(6  X  -f  2)  .6(3 x -  4) 

16  16 

=  (5x  +  2)(3x-4). 
88.     163;^  I  173;      ^^225x24-255x-60^(16x)a+17(15x)-60 

15  15 

^(16x-3)(15x  +  20)^3(5x-3)»6(3x  +  4) 

15  16 

=  (6x-l)(3x  +  4). 

29.       21a^-a-10  =  ^^^«'-^^^"^^Q=C^^^)'--^(^^^)-^^^ 

21  21 

^  (21  g  +  14)(21  g  -  15)  ^  7(3  g  +  2)  -3  (7  g-  6) 

21  21 

=  (3g  +  2)(7g-6). 

80.     18x«-3x-36=^^^'-^^-^^  =  ^^^)'-^(^^)-^^ 

2  2 

^  (6  X  +  8)  (6  X  -  9)  ^  2  (3  X  +  4)  .  3  (2  X  -  3) 

2  2 

=  3(3x  +  4)(2x-3). 
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9.  «-  X*  =«(!  -  a;8)  =  a;(l  -  x)(l  +  x  +  x^). 

10.  i?''  +  27  V  =  17(176  ^  27)  =  v[(t72)8  4.  (8)8] 

=  t7(t7a  +  3)(t7*-3t;2  4.9). 

11.  a868  -  c8d«  =  (a6  -  cd)(a^b-^  +  abcd  +  >^cP). 

12.  r6  +  64  s8  =  (r2)8  +  (4  8)8  =  {r'i  +  4  s)(r*  -  4  r^s  +  16  82). 

18.   oi^z'^  -  216  =  (xy2«8)8  -  (6)8  =  (^xy^z^  -  6)  (x2y*««  +  6  xy2;58  +  30). 
14.  343  n8  +  1000  =  (7  w)8  +  (10)8  =  (7  n  +  10)  (49  n2  -  70  n  +  100). 
16.   r3»  -  729  83»  =  (r«)8  -  (9  8»)8=  (r«  -  9  8*)  (r^*  +  9  »*s«  +  81  s2.) . 

16.  512  X«»  +  64  y8»  =  64  [(2  x2»)8  +  (y«)8] 

=  64  (2x*»  +  y")(4a:*"  —  2x2»jr  +  y^). 

17.  1  +  (a  -f  &)»  =[1  +  (a  +  6)][1  -  («  +  6)  +  (a  +  6)2] 

=  (1  +  o  +  6)  (1  -  a  -  6  +  a2  H-  2  a6  H-  62) . 

18.  (x-y)8-8=[(x-y)-2][(x-y)2  +  2(x-y)+4] 

=  (x  -  y  -  2)(x2  _  2  icy  +  y2  4.  2  «  -  2  y  +  4). 

19.  8  (w  +  n)8  +  125  718  =  [2Cw  +  w)]«  +  (5  n)8 

=  [2(w  +  7i)  4-6n][4(w  +  n)2-2(m  +  n)(6n)  +  (6n)2] 
=  (2m  +  7n)(4w2  +  8?»w  +  4n2-  10  w»  -  10  n2  +  25  n^) 
=  (2  w  +  7  w)(4  m2  —  2  mn  +  19  n^). 

80.    (x-y)8-(x  +  y)8 

=  [(a;  -  y)-(«  +  y)]  [(X  -  y)^  +  (« -!/)(«  +  y)  +  (x  +  y)2] 

=  (-  2  y)(x2  -2  X2^  +  y2  4.  x2  -  y2  4.  a-a  ^_  o  a-j,  ^  y2) 
=  -2y(3a;2  +  y2). 
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2.  X^-y«=(x8)2-  (2/8)2 

§152,  =(x8  4-y8)(x8-y8) 

§  160,  =  (X  +  y)(x2  -  xy  +  y2)(x-  y)(x2  +  xy  +  y2). 

8.  X8-1  =  (X8)2-  (1)2 

§  162,  =  (X8  +  1)  (X3  -  1),  or  (X8  +  18)  (X8  -  18), 

§  159,  =  (X  +  l)(x2  -  a;  +  l)(x-  l)(x2  H-  X  H- 1). 

4  a8  -  68  =  (a4  ^  ^4)  (^4  _  54) 
§  152,  =  (a*  +  6*)  («2  -f  62)  (a2  -  6^) 

§  152,  =  (a*  +  6*)  (a2  +  62)  («  +  6)  (a  -  6). 

6.  x*-16  =  (x2  +  4)(x2-4) 
§152,  =(x2  +  4)(x+2)(x-2). 

6.  x*-81  =  (x2+9)(x2-9) 

§  162,  =  (x2  +  9)  (X  +  3)  (X  -  3). 

7.  a*  -  625  =  (a2  4.  25)  (a^  -  25) 
§152,  =(a2  +  25)(a+5)(a-5). 

8.  1  -  66  =  (1)2  _  (68)2 

§  162,  =  (1  +  68)(1  -  68),  or  (18  +  68)(18  -  68), 

§  159,  =  (1  +  6)(1  -  6  +  62)(1  _  6)(1  +  6+  &2). 
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9. 

§162, 
§169, 

10. 

§162, 
§162, 


64  -  y6  =  (8)2  -  (y8)2 

=  (8  4-  y«)(8  -  y8),  or  (2»  +  y»)(28  -  y»), 
=  (2  4- !/)  (4  -  2  y  +  y2)  (2  _  y)  (4  4-  2  y  +  8 
l-a:8  =  12-(x*)2 

=  (l+x*)(l-aj*) 

=  (l4-x*)(l+aj')(l-iK^) 

=  (l  +  x*)(l  +  a;^)(l+x)(l-a:).    . 


Substituting  1  for  x, 
and        a;8  _  9  a;2  ^  23  aj  -  15 
§164, 

10. 

Substituting  1  for  a, 
and      5c8  -  13  ic2  4-  47  a  -  86 
§154, 

11. 

Substituting  1  for  x, 
and     a^-14a;24.35x-22 
§154, 

12. 

Substituting  1  for  x, 
and        a^  _  4  x2  -  7  a;  +  10 
§154, 

18. 

Substituting  1  for  x, 
and         a»  -  6  x2  _  9  a;  +  14 
§154, 

14. 

Substituting  1  for  x, 
and     x8  —  12  x2  +  41 X  -  30 
§164, 

15. 

Substituting  1  for  x, 
and      x8  -  11  x2  +  31  X  -  21 
§164, 

16. 

Substituting  1  for  x, 
and     x«- 10x2  +  29x-20 
§  154, 

17. 

Substituting  1  for  x, 
and      x8-16x24-71x-66 
§164, 

18. 

Substituting  1  for  x, 
and  x8  -  67  X  +  56 

§154, 


.  X  —  1  is  a  factor, 


.  X  —  1  is  a  factor. 


It.-- 
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a*-_9x2  +  23x-15 
=  1  -  9  -f  23  —  15  =  0  ;  .*.  x  -  1  is  a  factor, 

=  (x-l)(x2-8x4-15) 

:(X-l)(X-3)(X-6). 

x8-13x2  4-47x-36 
=  1-13  4.47-36  =  0; 
=  (x-l)(x2-12x  +  86) 
:(a:_l)(x-6)(x-7). 

x8-14x2-f  36X-22 
:  1  _  14  -f.  36  -  22  =  0  ; 
:(x-l)(x2- 13x4-22) 
:(a;_l)(x-2)(x-ll). 

x8  -  4  x2  -  7  X  +  10 
:l-4  —  7  +  10  =  0;  .-.  x-lisa  factor, 

(x-l)(x2-3x-10) 

(x-l)(x  +  2)(x-6). 

a;8  _  6  x2  -  9  X  4- 14 

=  1  —  6-94- 14  =  0;  .*.  x— lisa  factor, 
=  (x-l)(x2-6x-14) 
=  (x-l)(x+2)(x-7). 
x8  -  12  x2  4-  41  X  -  30 
=  1  -  12  4-  41  -  30  =  0  ; 
l)(x2-llx  +  30) 
l)(x-6)(x-6). 
Ilx2-f  31X-21 
11  +  31-21  =  0; 
-l)(x2-10x  +  21) 
.l)(x-3)(x-7). 
-10x2  +  29X"20 
10  +  29  -  20  =  0  ;  .'.x  -  1  is  a  factor, 

-  l)(x2-9x  +  20) 
-l)(x-4)(x-6). 

-  16  x2  +  71  X  -  56. 
16+71-66  =  0;- 

-l)(x2-16x  +  66) 
-l)(x-7)(x-8). 

-  57  X  +  66 

-  67  +  66  =  0  ;  .*.  x  —  1  is  a  factor, 
-l)(x2  +  x-56) 
-l)(x-7)(x  +  8). 


V?- 

=  1- 

=  (x- 

=  (x- 

x»- 

=  1- 

=  (x 
=  (x 

3*- 
=  1- 

=  (x 
=  (x 

««■ 
=  1- 

=  (x 


.  X  —  1  is  a  factor, 


.  X  —  1  is  a  factor. 


.  X  --  1  is  a  factor. 
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19.  x»  -  21  xy2  4-  20  y8 

Substituting  y  for  x,  =  v'^  —  21  y*  -f  20  y*  =  0  ;  .*.  x  —  y  is  a  factor, 

and  a»  -  21  a;y2  +  20  y«  =  («  -  y)(x-^  +  xy  -  20  y2) 

=  («  -  y)(«  -  4  y)(ic  4-  6  y). 

20.  a»-31a:y2_30y8 

Substituting  (- y)  for  x,    =  -y8+31  y«-30 y»=0 ;  .'.  (x-\-y)  is  a  factor, 
and  x8  _  31  ajy2  -  30  yS  =  (x  +  y)(x*^  -  xy  -  30  y^) 

=  (x  +  j/)(x  +  6y)(x-6y). 

21.  x8  -  13  xy2  4- 12  y« 

Substituting  y  for  x,  =  y*  — 13  y^  _)_  12  ys  _  q  .   •  jj.  _  ^  is  a  factor, 

and  x8  -  13  xy^  +  12  y*  =  ?x  -  y)(x2  -f  ary  -  12  y2) 

=  («-y)(«-3y)(xH-4y). 

22.  x8  -  7  X  -f  6 

Substituting  1  for  x,  =  1  —  7  4-  6  =  0 ;  .*.  x  —  1  is  a  factor, 

and  5b8  _  7  jc  +  6  =  (X  -  l)(x*^  +  X  -  6) 

§154,  =(aj-l)(x-2)(x  +  3). 

23.  x8-19x+30 

Substituting  2  for  x,  =  8  -  38  +  30  =  0 ;  :.x  -  2  is  a  factor, 

and  x»  -  19  X  +  30  =  (X  -  2)(x2  +  2  x  -  16) 

§164,  .  =  (x-2)(x-3)(x  +  6). 

24.  x8  -  67  X  -  126 

Substituting  -  2  for  x,        =  -  8  +  134  -  126  =  0  ;  .'.  x  +  2  is  a  factor, 
and  a^  -  67  X  -  126  =  (x  +  2)(x2  -  2  x  -  63) 

=  (x  +  2)(x  +  7)(x-9). 

25.  x8-39x-70 

Substituting  -  2  for  x,        =  -  8  +  78  —  70  =  0  ;  .'.  x  +  2  is  a  factor, 
and  x8-39x-70  =  (x  +  2)(x2-2x-35) 

§164,  =(x  +  2)(x  +  6)(x-7). 

26.  flS  +  4  a2  -  11  a  -  30 

Substituting  -  2  for  a,        =  -8  +  16  +  22  —  30  =  0  ;  .-.  a+2  is  a  factor, 
and       a8  4-  4  a2  -  11  a  -  30  =  (a  4-  2)(a2  4.  2  a  -  15) 
§164,  =(a4.2)(a-3)(a4-6). 

27.  a8  4-  9  a2  4-  26  a  4-  24 

Substituting  -  2  for  a,        =  -8  4-  36-52  4-  24=0  ;  .-.  a 4-  2  is  a  factor, 
and      a8  4-  9  a2  4-  26  a  4-  24=  (a  4-  2) (a^  4-  7  a  4-  12) 
§154,  =(a  +  2)(a4-3)(a4-4). 

28.  m8-6m2-m  4- 30 

Substituting  -  2  for  m,   =—  8-244-24- 30  =  0;  .*.  m4-2  isafactor, 
and     m^-6m^-m  4- 30  =(m4- 2)(m2- 8m  4-  15) 
§  154,  =(m4-2)(m-3)(m-6). 

29.  &8- 662 -29ft  4- 106 

Substituting  3  for  6,         =  27  —  45  —  87  4- 105  =  0 ;  .  •.  6  —  3  is  a  factor, 
and  68  -  6  62  -  29  6  4- 105  =  (6  -  3)  (  62  _  2  6  -  35) 
§154,  =(6-3)(6  +  5)(6-7). 

80.  a«4-10a2-17a-66 

Substituting  —  2  for  a,    =  -  8  4-  40  4-  34  -  66  =  0 ;.-.  a  4-  2  is  a  factor, 
and  a8  4-  10a2-  17  a  -  66  =(a  4-  2)(a2  4-  8a-  33) 
§164,  =(a  +  2)Ca-3)(a  +  ll). 
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SI.  m»  +  7w2  +  2wi-40 

Substituting  2  for  m,        =  8  +  28  +  4  -  40  =  0  ;  .•.  w  -  2  is  a  factor, 
and   w»  +  7  ?»2  +  2m  - 40  =  (w-  2)(W'i  +  9m  +  20) 
§164,  =(m-2)(mH-4)(m  +  6). 

8S.  68+1662  +  73  6  +  90 

Substituting  -  2  for  6,    =-  8  +  64  -  146  +  90  =  0  ;*.-.  6+2  is  a  factor, 
and  68  +  1662  +  736  +  90=(6  +  2)(62+146  +  46) 
§164,  =(6  +  2)(6+6)(6  +  9). 

88.  n8  +  12  n2  +  41  n  +  42 

Substituting  —  2  f  orn,        =  —  8  +  48  —  82  +  42  =  0  ;  «  +  2  is  a  factor, 
and     n3+12n2  +  41n  +  42=(n  +  2)(n2+  10»+21) 
§164,  =(n+2)(n  +  3)(n+7). 

34.  x*-16a;2+10a;  +  24 

Substituting  —  1  for  x,        =  1  —  16  —  10  +  24  =  0. 

Substituting  2  for  a,  =  16  -  60  +  20  +  24  =  0. 

Hence,  x  +  1  and  x  —  2  are  factors. 
.  •.  X*  -  16 x2  +  10 a;  +  24  =  (X  +  1)  (x  -  2)  (a;2  +  a;  -  12) 
§164,  =(x  +  l)(x-2)(x-3)(x  +  4>. 

85.  x*-26x2+60x-36 
Substituting  1  f  or  x,             =  1  -  25  +  60  -  36  =  0. 
Substituting  2  for  x,             =  16  -  100  +  120  -  36  =  0. 
Hence,  x  —  1  and  x  —  2  are  factors. 

.•.x*-26x2+60x-36=(x-  l)(x~2)(x2  +  3x-  18) 
§164,  =(x-l)(x-2)(x-3)(x  +  0). 

86.  x*+13x2-64x  +  40 
Substituting  1  f  or  x,             =  1  +  13  -  64  +  40  =  0. 
Substituting  2  for  x,             =  16  +  62  —  108  +  40  =  0. 
Hence,  x  —  1  and  x  —  2  are  factors. 

.-.  x*+  13x2-64x+40=(x-l)(x-2)(x2  +  3x  +  20). 

87.  x4  +  22x2  +  27x-60 
Substituting  1  for  x,             =  1  +  22  +  27  -  60  =  0. 
Substituting  -  2  for  x,        =  16  +  88  -  64  -  60  =  0. 
Hence,  x  —  1  and  x  +  2  are  factors. 

.-.  X*  +  22x2  +  27x  -  60  =(x  -  l)(x  +  2)(x2  -  x  +  26). 

88.  X*  -  9x21/2  _  4xy8  +  12  y* 
Substituting  y  for  x,             =  y*  —  9  y*  —  4  y**  +  12  y*  =  0. 
Substituting  -  2  y  for  x,      =  16  y*  -  36  j/*  +  8  j/*  +  12  y*  =  0. 
Hence,  x  —  y  and  x  +  2  y  are  factors. 

. -.x*- 9x22/2 -4xy8+12y*=(x-j/)(x+ 2 2/)(x2-xy-6y2) 

§  164,  =(x  -  y){x  +  22/)(x  +  22/)(x  -  Sy). 

39.  X*-  9x2j/2  +  12x2/8-42/* 

Substituting  2/ for  X,  =  y* -^  9 y* -\- 12  y*  —  iy^  =  0. 

Substituting  2  2/  for  x,  =  16  2/*  —  36  2/*  +  24  y*  —  4  y*  =  0. 

Hence,  x  —  y  and  x  —  2  2/  are  factors. 
.•.x*-9x22/2+12xy8-_4y*=  (x-y)(x-  2  2/)(x2  +  3xy  -  2y2). 

4Q_  /g4 2p3 'J  x^  ^  X  +  Q 

Substituting  1  for  x,  =1-1-7  +  1+6  =  0. 

Substituting  -Iforx,        =1  +  1  —  7-1  +  6  =  0. 
Hence,  x  —  1  and  x  +  1  are  factors. 
■ .  •.  X*  -  x8  -  7  x2  +  X  +  6  =  (x  -  1)  (x  +  1 )  (x2  -  X  -  6) 
§  164,  =(x  -  l)(a:  +  l)(x  +  2)(x  -  3). 
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41.  «*-9a:8  +  21a;2  +  a;-80 
Substituting  —  1  for  «,        =  1  +  9  +  21  -  1  —  30  =  0. 
Substituting  2  for  a;,            =  16  —  72  -f  84  +  2  -  30  =  0. 
Hence,  a;  -f-  1  and  a;  —  2  are  factors. 

...  aj*-9a^  +  21x2  +  x-  30  =  («  +  l)(a;-  2)(a;2  -  8ar  +  16) 
§  164,  =(x  +  l)(x  -  2)(x  -  3)(x  -  6). 

42.  a;* +8x8+  I4x2_8x-16 
Substituting  -  I  for  x,        =  1  -  8  +  14  +  8  -  16  =  0. 
Substituting  1  for  x,            =  1  -f  8  +  14  —  8  -  16  =  0. 
Hence,  oc  +  1  and  x  —  1  are  factors. 

.-.  x*+8x8+14xa-8x-16  =  (x4-  l)(x  -  l)(a;2  4.  8x  +  16) 
§  164,  =(xH-l)(x-l)(x  +  3)(x  +  6). 

48.  a*  _  4a;4  +  iqx^  -  28x  +  12 

Substituting  1  for  x,  =  1  -  4  -|-  19  -  28  +  12  =  0. 

Substituting  2  for  x,  =  32  -  64  +  76  -  66  -f  12  =  0. 

Hence,  x  —  1  and  x  —  2  are  factors.  Removing  these  factors  by  divi- 
sion, the  quotient  is  x'  —  a;^  _  5  x  -f-  6. 

Substituting  2  for  x,  x^  —  x^  —  5  x  +  6  =  8  -  4  -  10  +  6  =  0. 

Hence,  x  —  2  is  a  factor  of  a;'  —  x^  —  6  x  +  6,  and  the  other  factor  is 
ic*  4.  X  --  3. 

.-.  x6  -  4x*  +  19x2-28 X  +  12  =(x  -  l)(x  -  2)(x-  2)(x2  +  x  -  3). 

44.  x6  -  18x8  +  30x2  -  19x  +  30 
Substituting  2  for  x,             =  32  -  144  +  120  -  38  +  30  =  0. 
Substituting  3  for  x,             =  243  -  486  +  270  -  67  +  30  =  0. 

Hence,  x  ~  2  and  x  —  3  are  factors.  Removing  these  factors  by  divi- 
sion, the  remaining  factor  is  found  to  be  x*  +  6  x^  -f  x  -f  6. 

Substituting  —  6  for  x,  x8  +  6x2  +  x  -f  5  =  -  126  +  125  —  6  +  6  =  0. 

Hence,  x  +  6  is  a  factor,  and  the  other  factor  is  x2  +  1. 
.-.  a*-18a;8+30x2-19x+30=(x-2)(x-3)(x  +  6)(x2+  1). 

45.  a6__  l0x*  +  40x8-80x2  +  80a;-32 
Substituting  2  for  x,             =  32  -  160  +  320  -  320  -I-  160  -  32  =  0. 
Hence,  x  —  2  is  a  factor.    Removing  this  factor  by  division,  the  quotient 

is  X*-8a:8+  24x2-32x  +  16. 

Substituting  2  for  x,  =  16  -  64  +  96  -  64  +  16  =  0. 

Hence,  a;  —  2  is  a  factor.  Removing  this  factor  by  division,  the  quotient 
is  x8-6a;2  +  12x-8. 

Substituting  2  f or  x,  =  8  -  24  +  24  -  8  =  0. 

Hence,  x  —  2  is  a  factor,  and  the  other  factor  is  x2  —  4  x  +  4,  which  is 
equal  to  (x  —  2)  (x  —  2) . 

.•.x6-10x*+40x8-80x2+80x-32  =  (x-2)(x-2)(x-2)(x-2)(x-2). 
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2.  9x2  +  4y2  +  26  ^2  _  12  xy-\-S0xz-20  yz 

Sol.  ex.  1,    =(3x)2  +  (-  2yy+{5zy  +  2(3x)(-  2y)+  2(3x)(6«) 

+  2(-2y)(6^) 
§111,  =(3x-22/-f  5;2)(3x-22/4-5«). 

8.  26  r»2  +  36  n2  +  /)2  -  60  mn  —  10  wp  +  12  np 

Sol.  ex.  1,    =(6w)2  +  (-6n)2  +  (-/>)2-|-2(6m)(-6w)+2(5w)(-p) 

+  2(-6n)(-p) 
§  111,  =(6m  — 6n  -p){6m-  Qn-p). 
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4.  a2_j_  iQx*  +  S6y^  -^  Sax^ -\-  12ay -  48x^ 

Sol.  ex.  1,    =  (a)2  +  (-  4  a;2)2  +  (6  y^  -f  2(a) (-  4  x")  4-  2(a)(6  y) 

+  2(-4x2)(6y) 
§111,  =(a-4x2  +  6j/)(a-4a:2  4.6y). 

5.  x^  +  4  a^  +  b^  +  y^  +  4  ax  -  2hx  -\-  2xy  -  i ab  +  4i ay  —  2by 
Sol.  ex.  1,    =(x)H(2a)2-f  (-&)24-(2/)2+2(a;)(2a)+2(x)(-6)+2(x)(y) 

4-2(2a)(-6)+2(2a)(y)-f2(-6)(j/) 
§  111,  =(x  +  2  a  -  6  4-  2/)(«  +  2  a  -  6  4-  y). 

6.  w2 +  4  »2  _|.a2  4.9_4^„_2  aw  H-6m  +  4  an- 12  n-6a 
Sol.  ex.  1,    =(m)2+(-2n)2  +  (-a)2  +  (3)2  +  2(m)(-2n)  +  2(m)(-a) 

H-2(m)(3)+2(-2n)(-a)  +  2(-2nX3)  +  2(-o)(3) 
§  111,  =(w  -2n-a  +  3)(m-2n-a4-3). 
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4.  «*  +  a2y2  _|.  y4  -  a^  ^.  2  a;2y2  ^.  y4  _  a; V 

=  (a;2  4y2)2_(a;2,)2 

=  {x^  -hxy  +  y2)(x2  _  ary  +  y2). 

6.  a*  +  a*6*  +  68  =  «»  +  2  a*6*  +  68  _  a^ft* 

=  (a*4-6*)2-(a2fe2)2 
=  (a*  +  a252  +  54)  (^^  _  a262  +  64) 
Ex.  1,  =(a2+a6  +  62)(flj^_a6+62)(a4_a252+54). 

6.  9x*  +  20x22/2  +  16y*  =  9x*  -f  24x2y2  +  16  y*  -  4x2y2 

=  (3x2  +  4y2)2_(2xy)2 

=  (3  x2  4-  2  xy  +  4  2/2)  (3  x2  _  2  ay  +  4  2/2) . 

7.  4  a*  +  11  0252  4.  9  54  =  4  a4  -I- 12  a262  +  96*-  0252 

=  (2a2  +  3  62)2_(a6)2 

=  (2  a2  +  ab  +  362)(2  a^  -  ab  4  3  62). 

8.  16  a*  -  17  a2x2  -f  X*  =  16  a*  4-  8  a2x2  4-  «*  -  26  a2x2 

=  (4  a2  _}.  5  aa;  +  x2)(4 a2  -  6  ax  4-  x^) 
=  (4  a  +  x)  (a  -f  x)  (4  a  —  x)  (a  —  x). 

9.  25 X*  -  29x22/2  4-  4  2/*  =  26 x*  4-  20x22/2  +  42/*  -  49 xV 

=  (5  x2  4  7  X2/  4  2  2/2)  (5  x2  -  7  X2/  4-  2  y2) 
=  (6x4  2  2/)(x4  2/)(5x-2  2/)(a;-2/). 

10.  X*  +  X2+1  =X*  +  2X24  1-X2=(x24l)2-X2 

=  (x24x-|-  I)(x2-x4  1). 

11.  n8  4-  n*  4  1  =  w8  4  2  n*  + 1  -  H*  =  (»*  4  1)^  -  (n2)2 

=  (n*4n2+l)(n*-n2H-l) 

=  (w2  +  n  4-  1)  (n2  -  n  +  1)  (w*  -  n2  +  1). 

12.  16  X*  4  4  x22/2  4. 2/*  =  16  X*  4  8x22/2  +  2^  -  4  xhf^ 

=  (4x2  4-2/2)2-(2x2/)2 

=  (4  x2  4  2  xy  -f  2/2)(4x2  -2xy  +  2/2). 

18.  a*6*  -  21  a262  4-  36  =  a*6*  -  12  a262  +  36-9  0252 

=  (a262_6)2-(3a6)2 

=  (a262  4  3  a6  -  6)  (a262  _  3  a6  -  6). 

14.  26  a*  -  14  a26*  +  68  =  25  a*  -  10  a26*  +68-4  a26* 

=  (5a2_54)2_(2a62)2 
=  (5  a2  +  2a62 -  6*)(5  a2  -  2  a62  -  6*). 
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15.  9  a*  +  26  a262  +  26  6*  =  9  a*  +  30  a%'^  +  25  6*  -  4  aV>^ 

=  (3a2+6  52)2_(2a6)2 

=  (3  a2  4-  2  a6  +  6  62)  (3  a2  _  2  a6  +  6  62) . 

16.  6*  +  64  =  6*  + 16  62  4. 64  -  16  62=  (62+8)2-  (4  6)2 

=  (62+45 +8)(62-46  +  8). 

17.  a*  +  4  6*  =  a*  +  4  a262  +  4  6*  -  4  a262 

=  (a2+2  62)2-(2a6)2 

=  (a2  +  2  a6  +  2  62)  (a2  -  2  a6  +  2  62) . 

18.  m*  +  4  =  m8  +  4  m*  +  4  —  4  m* 

=  (m*  +  2)2-(2m2)2 

=  (wi*  +  2  m2  +  2)(m*  -  2r»2  +  2). 

19.  a*  +  824  =  a*  +  36  a2+  324  -36a2 

=  (a2+18)2-(6a)2 

=  (a2  +  6a+  18)(a2-6a  +  18). 

20.  a8-16=(a*  +  4)(a*-4) 

=  (a*  -f  4  a2  +  4  -  4  a2)(a*  -  4) 

=  [  (a2  +  2)2  -  (2  a)2]  (a2  +  2)  {a^  -  2) 

=  (a2+2a+2)(a2_2a+2)(a2+2)(a2-2). 

21.  w^  4-  4  mn*  =  m{m^  +  4  n*) 

=  m(wi*  +  4  m2n2  +  4  n*  -  4  m2n2) 

=  m[ (w2  +  2  n2)2  _  (2  mn)2] 

=  m(m2  +  2  mn  +  2  n2) ^1^-  2  m»+2  n2). 

22.  «*  +  64  y*  =  X*  +  16x2^2  +  64  y*  -  16  a;2y2 

=  (x2  +  8  2/2)2_(4^y)2 

=  (rK2  +  4a;2/  +  8  y2)  (a;2  _  4.^;^  +  8y2). 

28.  4  a*  +  81  =  4  a*  +  36  d^  +  81-36  a'^ 

=  (2aa  +  9)2-(6a)2 
=  (2  a2  +  6  a  +  9)  (2  a2  -  6  a  +  9) . 

24.  a^y2  +  4  a;2^2  =  a;y2(a.4  +  4) 

=  fl;y2(«4  +  4  a;2  +  4  _  4  a;2) 

=  ay2^(a:2  +  2)2-(2a;)2] 

=  xy\oi^  +  2  X  +  2)(x2  -  2 X  +  2). 


2.   a2  +  2  a6  +  62  +  8  ac  +  8  6c  +  15  c2 

=  (a+6)2+8c(a+6)+3c.5c=(a  +  6  +  3c)(a  +  6  4- 5  c). 
8.   x2  -  6  X2/  +  9  2/2  +  6  x2  -  18  2/2  +  6  «2 

=  (a;-3  y)2  +6  5;(x-3  2/)  +  «  •  5 «= (x-3  2/+£;)(x-3  2/+6  2;). 

4.   m2  +  n2  —  2  mn  +  7  mp  -  7  wp  -  30  p2 

=  (m-  n)2  +  7p(m  -  n)  +  (-  3p)(+  10 p) 
=  (m  -  7i -f  10p)(w  —  w  -  3p). 

6.   16  n2  +  65  —  64  n  —  16  m  +  r»2  +  8  mn 

=  m2  +  8  mw  +  16  n2  _  16  m  -  64  n  +  56 

=  (m  +  4w)2-16(m  +  4w)  +  (-5)(-ll) 
=  (m  +  4n  —  5)(m  +  4w—  11). 

6.   9  w*  +  ifc2  -  30  +  39  m2  +  13  A;  +  6  m'^k 

=  9  m*  +  6  m'^lc  +  A:2  +  39  m2  +  13  k  -  30 
=  (3  m2  +  A:)2  +  13  (3  w2  +  A;)  +  (-  2)(+  15) 
=  (3m2  +  A  -  2)(3  w2  +  A;  +  15). 
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7.  25a*H-y2  +  i0a;2H-10ay-35aa; -7xy 

=  26  a2  +  10  ay  +  y2  _  35  ax  -  7  rcy  +  10  x^ 
=  (5  a  +  2/)2- 7  x(6  a  +  y)  +  (- 2a;)(- Sflj) 
=  (5a4-y-  6ar)(6a  +y  -2x). 

8.  a*H-62  +  c2  +  2a6  +  2ac-f2  6c  +  6a  +  66  +  6c  +  6 

=  (a  +  6  +  c)2  -f  5  (a  +  6  4-  c)  +  2  .  3 
=  (a  +  6  -I-  c  +  2)(a  +  6  +  c  +  3). 
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1.  y* -1  =  (y2  +  i)(y'^- 1)  =  (y2  +  i)(y  +  i)(y- 1). 

2.  1  -  «8  =  (1+  «*)(!  -  «*)  =  (1  +  «*)(!  +  a;2)(l  +  a;)(l  -«). 

8.   a;w-l  =  (x5+  1)(«6-1) 

=  (X  +  1)  (a^  -  x8  _|.  a;2_  a;  +  1) (a;  -  1)  (a*  4-  a^  -f.  a;2  +  3.4.  i). 

4.     3C6-1  =  (x3  +  l)(iB8-l)  =  (x  +  l)(a;2-x  +  l)(a;-l)(a;2  +  x  +  l). 

6.     a'-  a^  =  a (1  -  a6)  =  a(l  +  «»)(!  -  aS) 

=  a(l  +  a)(l-a  +  a2)(l  -a)(H-  a  +  a2). 

6.  6^  +  6  =  6(66  +  1)  z=  6(62  + i)(ft4_  524.  1). 

7.  p*  +  4  =  p*  +  4p2  +  4  _  4p2  =(p2  4.  2)2_  (2p)a 

=  (p2  +  2p  +  2)(p2^2i?  +  2). 

8.  1  +  X»'a  18  +  (X*)8  =  (1  +  X4)(l  -  X*  +  X8). 

9.  y-a*y  =  y(l  -  a*)  =y(l  +  a2)(i  +  o)(l  -a). 

10.  x2y-y3=y(x2-y2)=y(a;4y)(x-2,). 

11.  a"  -  a6i2  =  a(ai2  _  512)  ^a{(j^^  ¥)  (a«  -  6«) 

=  a  (a2  +  62)  (a*  -  rt262  4.  ^4)  (^a  +  68)(o8  -  68) 
=a(a2+62)(a*-a262+6*)(a  +  6)(a2_a6+62)(a_5)(a24.flj54_62). 

13.  a*  -  25«  =  (a2  +  I6)(a2  -  16)  =  (a2  +  I6)(a  +  4)(a  -  4). 

18.     64  -  2  y6  =  2  (32  -  y6)  =  2  (2^  -  y^) 

=  2(2  -  y)(16  +  8y  +  4  2/2  +  2  y8  +  y^y 

14.  7n7-7n=7w(n«-l)  =  7  n  (wS  +  l)(n8  -  1) 

=  7  n(n  +  l)(w2-  n  +  l)(7i  -  l)(w2  +  n  +  1). 

15.  4x*-4x  =  4x(x8-l)  =4x(x-l)(x2  +  x  +  l). 

16.  7  y*  -  176  =  7  (y*  -  25)  =  7  (y2  4  5)(j/2  -  6). 

17.  8-27  08x8  =  28  -  (.3  ax)8 

=  (2  -  3  ax)[22  4  2  .  3  ax  +  (3  ax)2] 
=  (  2  -  3  ax  )  (4  +  6  ax  +  9  a2x2) . 

18.  32x--2x8  =  2x(16-x2)  =2x(4  +x)(4-x). 

19.  6  6*  +  24=  6  (6*  +  4)  =6  (6*+  4  62  +4  -  4  62) 

=  6  [(62 +  2)2 -(2  6)2] 

=  6  (62  +  2  6  +  2)(62  -26  +  2). 

20.  a6  +  27  a2  =  a^  (a^  +  27)  =  a2  (a  +  3)  (a2  -  3  a  +  9). 

21.  62  -  196  =  (6  +  14)  (6  -  14). 

22.  460  -  2  a2  =  2  (225  _  ^2)  =  2  (15  +  a)  (15  -  a). 

28.  4  w8  +  .004  =  .004  (1000  m'^  +  1)  =  .004  [(10  m)8  +  P] 

=  .004(10  m  +  1)(100  m2  -  10  w  +  1). 
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24.  126-8jB«=63-(2x2)8  =  (6_2aj2)[52  4.6.2x2  +  (2a;a)2] 

:=  (6  -  2  a;2)(25  -f  lOaj-^  +  4x*). 

35.         x2  -  jKy  -  182  y2  =  a;2  +  (  ^.  11  y  _  12  y)  x  +  (  +  11  y)  (-  12  y) 
=  (x  +  lly)(x-12y). 

26.  aa;2  _  3  aa;  -  4  a  =  a  (x2  -  3  X  -  4)  =  a  (a;  +  !)(«  -  4). 

27.  fl;'»  +  5x2-6x  =  a;(x2  +  6x-6)  =x(ic -  l)(x  + 6). 

28.  8x2  +  30  a:  +  27  =  3(a;2  +  10  a;  +  9)  =  8(x  +  l)(a;  +  9). 

29.  128  a2  -  260  a^  =  2  a^  (64  -  126  a^)  =  2  a2  [4^  -  (6  a)8] 

=  2  a2  (4  -  6  a)[42  +  4  .  6  a  +  (6  a)2J 
=  2  a2(4  -  6  a)(16  +  20  a  -f  26  a^), 

80.  6xw  +  10x6  -  16  =  6(xw  -f  2x6  -  3)  =  6  («5  -  l)(x6  -f  3) 

=  6  (X  -  l)(x*  4-  x«  +  x2  +  X  +  l)(x6  +  3). 

81.  6x2-19x  +  16  =  6x2~9x-  lOx+16 

=  3x(2x-3)--6(2x-3) 
=  (2x-3)(3x-6). 

82.  x2»  +  2  x*yp  +  y^"  =  (a;")2  +  2  .  x»  •  yp  +  (y?)2 

=  (X«+  JfP)(X"  +  JfP). 

88.  7  x2  -  77  xy  -  84  y2  =  7  (x2  -  11  xy  -  12  y2)  =  7  (a;  +  y)  (x  -  12  y). 

85.   9x2-24xy+  16y2=:(3x)a-.2(3x)(4y)+(4y)2 
=  (3x-4y)(3x-4y). 

89.  10a2c  +  33ac-7c  =  c(10a2  +  33a-7) 

^  c  (100  a2  +  330  g  -  70)  ^  c  [(10  g)2  -f  33  (10a)  +  (--  2)(+  36)] 

10  10 

^c(10a-2)(10a  +  36)^c.2(6a-l).6(2a  +  7)^   .^       l)(2a  |  7) 

10  10  V  yv      ^  y' 

40.  60ny2-61ny-66n  =  n(60j/2_61y-66) 

_  n(3600  y2  -  61 .  60  y  -  7  . 8  » 6 .  12) 

60 
_  w[(60y)°  -  61(60  y)+  36(-  96)] 

60 
^fi(60y  +  35)(60y-96) 

60 
^n.6(12y  +  7).12(6y~8) 

60 
=  n(12y-f  7)(6y-8). 

41.  26x2  +  60xy  +  36  y2  =(5a;)2  4.  2(6x)(62/)  +  (6y)« 

=  (6x  +  6y)(6x  +  6y). 

42.  6ax2  4-60x^-6 ay2  _  ^(63.2  ^.  6x3/  -  6  j/2) 
By  trial,  =  a(3x -  2y)(2x  +  3y). 

48.    169x*-26ax8  +  a2x2  =  x2(169x2-26ax-f  a2) 

=  x2[(13x)2-  2(13x)a  -f  a2] 
=  x2(13x-a)(13x-a). 

44.         a*c*  +  a^b^c^  +  ?>4  =  ^4^4  ^.  2  a262c2  +  54  _  ^^25202 

=  (a2c2+62)2_(aftc)2 

=  (a2c2  4-  abc  +  62;  (o2c2  _  ahc  +  h^). 

STAND.  ALG.  KEY  —  4 
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46.  16x*  +  4xV  +  y*  =  l««*  +  8a;y  +  y*-4a;2y« 

=  (4x2  +  y2)2_(2xy)a 

=  (4  a^  +  2a^  +  y2)^4  a;a  _  2a:y  +  y*). 

48.        6*c  -  18  ft^c  +  42  c  =  c(6*  - 18  63  +  42) 
=  0(62-7)  (62 -6). 
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47.  173:°  I  263;    ig ^280a^H25 .17g-806 ^  (17 a;)2H-26(17 g)~9 -84 

=  (^^^"y^  +  ^^)  =  (17a.~9)(1^2). 

48.  First  factor,  trySx—  y,  6x  —  6y. 
Second  factor,  try  x—  5y,  x  ~  y. 
Products,  2d  terms,         —26xy,             — 10  xy. 

.-.  6a!2_26a;y+6y2=:(6a;-y)(a;-  6y). 

80.      8  a2  -  21  a6  -  9  62  =  -  (9  62  4-  21  a6  -  8  a^) 

=  -[(3  6)2+7a(36)  +  (-a)(+8a)] 
=  -(36-a)(86H-8a) 
=  (a-86)(8a  +  36). 

61.     e0a2H-8<ix— 8a;2 

^900a2H-120aa;-45a;2^(30q)2  4.4a.(30q)^(_5a.)^^fta.) 

16  16 

_  (80  g  -  6  g)  (30  q  -f  9  a;)  _  6 (6  g  -  a;) .  3 (10  q  +  3  a;) 

16  16 

=  (6g-x)(10g  +  8a;). 

52    30j;2    37  a;    77^9QOa^^-37(30a;)-77.30  ^  (30a;)2-37(80a;)-70-33 

30  30 

^  (30x  4-  33)  (30  a;  -  70)  ^  3(10  x  4- 11)  -10(33;  -  7) 

30  30 

=  (10a;+  ll)(3a;-7). 

63.  2a;8 +  28x2  + 66a;  =  2a;(a;2+ 14a;  + 


=  2x(x2  4 
=  2  x(x  + 


3)(x+ll). 


54.  g2  +  62-c2-2g6  =  g2-2g6  +  62-c2=(g-.6)2-c2 

=  (g  —  6  +  c)  (g  —  6  —  c) . 

55.  gx2+10gx-39g  =  g(x2  +  10x-39) 

=  g(x-3)(x+  13). 

66.  n*  +  n2g26*  +  g*68  =  n*  +  2  n2g264  +  ^458  _  ^2^254 

=  (n2  +  g26*)2  -  (nrt62)2 

=  (n2  +  wg62  +  g26*)(n2  -  wg62  +  g264). 

67.  a2«4  +  a^z^  +  g2  =  g2(2:*  +  «2  4  i) 

=  g2(;s4  +  2«2  4.1_g2) 

60.  68  +  6V  +  y4  =  58  4-26*2/2  4  2/4  _  542,2 

=  (6*  +  622/  +  y2)(64  -  62?/  +  y2). 
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61.  a;7  -  2  x6  +  X  =  x(Qfi  -  2  a*  +  1). 
Substituting  1  for  as,  x^  _  2  a;6  +  1  =  1  -  2  +  1  =  0. 
Hence,  x  —  1  is  a  factor. 

62.  x«  +  x2y  -  41  xy2  _  105  yS 

Substituting  -  3  y  f or  x,  =  —  27  y*  +  9  y»  +  123  y«  —  106  y'  =  0. 

Hence,  x  +  3  y  is  a  factor. 

.-.  x8  4-  x2y  -  41  xy2  -  I06y«  =(x  +  3  vHa;^  -  2x3/  -  35y2> 
§  164,  =  («  +  3 y) (X  +  6  yj(x  -  7  y). 

63.  x2  -  ex  +  2  dx  -  2  cd  =  X  (X  -  c)  +  2  d  (X  -  c) 

=  (x-c)(x  +  2d). 

64.  x8y  +  4  x2y  -  31  xy  -  70  y  =  y(x'  +  4  x^  -  31  x  -  70) 
§164,  =y(x  +  2)(x2H-2x-36) 
§154,  =y(x-f2)(x-5)(x  +  7). 

65.  x2-  3  ax  +  4  6x  -  12  a6  =  x(x  -  3a)  4-  4  6(x  -  8a) 

=  (x- 3a)(x  +  4  6). 

66.  ax9  -  9  0x2  +  26  ox  -  24  a  =  a  (x«  -  9x2  +  2ftx  -  24) 
§  164,  =  a  (X  -  2)  (x2  -  7  X  +  12) 
§  154,                                                    =a(x-2)(x-3)(x-4). 

67.  12ax-8  6x-9ayH-6  6y  =  4x(3a-2  6)-3y(3a-26) 

=  (4x-3y)(3a-26). 

68.  26x2  -  9 y2  -  24 y«  -  16«2  =  25x2  -  (9y2  +  24 y«  +  16*2) 

=  (5x)2-(3y  +  4«)2 

=  (5x  +  3y +42;)(6x-3y-4«). 

69.  x2  - 2(2  +  y2 «  ^2 - 2xy  +  2  aar  =  x2  -  2  xy  +  y2-  (a2-  2  az  +  «2) 

=  (aJ-y)-^-(«-«)^ 

=  (x  —  y  +  a  —  «) (x  -  y  —  a  +  a?). 

70.  2  62„|  _ 3  a62  4. 2  6mx-  3  dbx  =  62 (2  w  -  3  a)  +  6a;(2  m- 3 a) 

=  6(6  +  x)(2w-3a). 

71.  a2  +  62+c2_  2  a6-2  ac+2  6c  =  a2  -  2  a6  +  62  __  2  ac  +  2 6c  +  c? 

=  (a-6)2-2c(a-6)  +  c2 
=  (a  —  6  —  c)  (a  —  6  —  c). 

72.  x8y  +  14x2y  +  ^Zxy  +  30y  =  y Cx«  +  14x2  +  43^;  ^_  30) 
§  164,  =  y  (a;  +  l)(x2  +  13  x  +  80) 
§  164,                                                    =  y  (X  -f  l)(x  +  3) (X  +  10). 

73 .  x8y  -  16  x2y  +  38  xy  -  24  y  =  y  (x«  -  16  x2  +  38  X  -  24) 
§  164,  =y(x- l)(x2-14x  +  24) 
§154,                                                     =y(x-l)(x-2)(x-12). 

74.  a6x9  +  3  a6x2  -  a6x  -  3  a6  =  a6  (x^  +  3x2  -  x  -  8) 

=  a6[x2(x-f  3)-(x  +  3)] 

=  a6(x2-l)(x  +  3) 

=  a6(x4-  l)(x-l)(x  +  3). 

76.  3  6mx  +  2  6m  -  8  anx  -  2  an  =  6w  (3  x  4-  2)  -  an  (3  x  +  2) 

=  (3x  +  2)(6m-an). 
78.   20  ax3  -  28  0x2  +  5  a2x -  7  a2  =  4  aa;2(6x  -  7)  -f  a2(6x  -  7) 

=  o(4x2  +  a)(6x-7). 

77.  x2  +  9y2  +  26«2-6xy-  10x«  +  30y« 

=  (a;)2+(-3y)2+(-5  2)2+2x(-3y)+2x(-6«)+2(-3y)(-62;) 
=  (X  -  3  y  -  5  «)  (x  -  3  y  -  6  «). 
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78.  9x2  +  2^+  lQz^-exy-Syz  +  24xz 

=  (3a;)-«  +  (-y)2-f(4;8;y^4-2(3«)(-y)+2(8a;)(4«)  +  2(-y)(4«) 
=  (3  a  -  y  +  4  5j)(3x  -  y  +  4  2?). 

79.  xhf^z^  +  a^b^  +1+2  abxyz  +  2  xj/2f  +  2  aft 

=  (a:y«)'+  (a6)2+  (l)2  +  2(xyar)(a6)+2(a^«)(l)  +  2(a6)0) 
=  (arysj  +  a6  +  1)  {xyz  +  a6  +  1). 

80.  a262  +  62c2  4.  c2(i2  -  2  a62c  +  2  ahcd  -  2  6c2d 

=  ro6)2  4.(_6c)2+(cd)2+2(a6)(-6c)+2(a6)(cd)  +  2(-6c)(cd) 
=  (ab  ^  6c  +  cd){ab  —  6c  +  cd). 

81.  a;8  +  n*x*  +  n^  +  2  n22ce  +  2  n*a:*  +  2  »«x2 

=  (x*)2  +  (n2x2)2  +  (n*)2  +  2  (a^)(n23c2)  +  2  (x*)(n*)  +  2  (n2x2)(,i4) 
=  (x*  +  n2x2  +  71*)  (x*  +  n2x2  +  »*) 
=  (x*  +  2  n2x2  +  n*  -  n2x2)(x*  +  2  n2x2  +  n*  -  n2x2) 
=  [(x2  +  n2)2  -  (nx)2]  [(x2  +  n2)2  -  (nx)2] 
=  (x2  +  xn  +  n2)(x2  -  xn  +  n2)(x2  +  xn  +  u2)(x2  -  xn  +  n2). 
8S.       a262x2  — a262  -  62x2  +  52  _  ^2x2  +  a2  +  x2  -  1 

=  a262(a;2_  1)  _  52(3.2  -  i)-a2(x2-  1)  +  (x2-l) 
=  (a262  _  62-  a2  +  l)(x2  -  1) 
=  [62(a2  -  1)  -  (a2  -  l)](x2  -  1) 

=  (62-l)(a2_l)(a;2__l) 

=  (a+  l)(a-  1)(6  +  1X6  -  l)(x  +  l)(x  -  1). 
88.    (a  +  6)«-l 

=  [(a  +  6)«+l][(a  +  6)8-l] 

=(a+6+l)[(a+6)2-(a+6)l  +  12](a  +  6-l)[(a+6)2+(o+6)l  +  12] 

=(a+6+lXa2+2a6+62-a-6+lXa+6-lXa2+2a6  +  62+a+6+l). 

84.  Substituting  1  for  a,  a«  -  2  a2  +  1  =  1  _  2  +  1  =  0 ; 
...  a8  -  2  a2  +  1  =  (a  -  \){a^  -  a  -  1). 

85.  Substituting  2  for  6,  &«  -  4  62  +  8  =  8  -  16  +  8  =  0 ; 
.-.  68  -  4  62  +  8  =  (6  -  2)(6-i  _  2  6  -  4). 

86.  Substituting  6  for  x,  x«  -  10  x2  +  126  =  126  -  250  +  126  =  0  ; 
.-.  x8  -  10  x2  +  126  =  (x  -  6)  (x2  -  6  X  -  26). 

87.  8x^      6x2      35^16^-12x2-70^(4x2)2-3(4x2)-70 

=  (^^^+^)(^^^-^^^  =  (4x2  +  7)(2x2-6). 

88.  3x^  +  96x  =  3x(x6  +  32)=3x(x5  +  26) 

=  3x(x  +  2)(x*-2x8  +  4x2-8x+16). 

89.  (a-2)»+  (a -1)8 

=  [(a  -  2)+  (a  -  1)]  [{a  -  2)2-  (a  -  2)(a  -  1)  +  (a  -  1)2] 
=  (a  -  2  +  a  -  1)  (a2  -  4  a  +  4  -  a^  +  3  a  -  2  +  a2  -  2  a  +  1) 
=  (2a-3)(a2-3a  +  3). 

90.  12x8  +  8  x2-8x- 2  =  3x2  (4x  +  l)-2(4x+l) 

=  (4x  +  l)(3x''^-2). 

91.  2x2  +  10x  +  ax  +  6a  =  2x(x  +  5) +  a(x  +  6) 

=  (x+6)(2x  +  a). 

92.  x9  +  5x2-.29x-106 

§  164,  =  (X  +  3)(x2  +  2x  -  36) 

§164,  =(x+3)(x-6)(x  +  7). 
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93.  a26a-4a6a;-4a;  +  2a6  +  4x2 

=  a%^  —  4  afta;  +  4*2  +  2  a6  -  4fl; 
=  (a6-2a;)2  +  2(a6-2x) 
=  (a6-2x  +  2)(a6-2a;). 

94.  (a+6)2(a;-y)_(a4.6)(x2-y2). 

(a  +  6)(x  —  y)  is  a  inonomial  factor.     Hence,  §  140,  finding  its  coeffi- 
cient by  dividing  the  given  polynomial  by  (a  •\-h){x  —  y), 

(a  +  6)2(x  -  y)- (a  +  b)(3c'  -  y')  =  {a  +  6)(i:  -  y)  [(a  +  6)-(x  +  y)] 

=  (a  +  6)(a;  — y)(a4-  6  — x  — y). 

95.  1  -  a;2  ^  a«>a;2  +  6a*  -  6x  -  a6  =  1  -  a6  -  6x  -  x-*  +  ahx^  +  6x» 

=  (1  -  a6  -  bx)  -  x^  (1  -  a6  -  6x) 

=  (l-x2)(l-a6-6x) 

=  (1  +  x)Cl  -  x)(l  -ab"  bx). 

96.  x2-x8  +  x2y-xy  +  x2y-xy2  =  x(x-y-x2  4-«y+  a^-y") 

=  x[(x-y)-x(x-y)4-y(a;-y)] 
=  x(x-y)(l-x  +  y). 

98.  x8+16x2  -h  76x+  126  =  x^  +  58  +  16  x(x  +  6) 

=  (X  +  6)(x2  -6x  +  25)  +  15x  (X  +  6) 
=  (xa-  6x  +  26  +  15  x)(x  +  5) 
=  (x2+  10x  +  25)(x  +  5) 
=  (x+5)(x  +  6)(x  +  6). 

99.  4  (ab  +  cd)2-  (a^  +  b^-(fl  -d2)2 
=  (2  a6  +  2  cd) 2-  (a2  +  62  _  c2  -  (i2) 2 

=  (2  a6  +  2  cd  +  a2  +  62  -  c2-  (r2)(2  a6  +  2  cd  -  a2  _  62  4-  c2  +  (?) 
=  [02  +  2  a6  +  62  -  (c2  _  2  cd  +  d2)]  [c2  +  2  c<2  +  d2  -  (a2-  2  a6  +  62)] 
=  (a  +  6  +  c  —  d)(a  +  6  —  c  +  d)(c  +  d  +  a  —  6)(c  +  d  -o  +  6) 
=  (a  +  6  +  c-d)(a  +  6  -  c  +  d)(a  -  6  +  c  +  d)(- a+ 6  +  c  +  d). 

100.  x8»»-aS*  =  (x«)8-(o»)»=(x'»  -  a'')(x2»  +  x«a*  +  o26). 

101.  (a2  +  62-c2)2-4a262=(a2+62-c2  +  2a6)(a2  4.62_c2-2a6) 

=  (a2+  2a6  +  62-  c2)(a2-  2a6  +  62-  c2) 
=  (a  +  6  +  c)(a  +  6-c)(a-6  +  c)(a-6-c). 
108.         x8-xy-x2y  +  y2  =  a;(a;2_y)  _y(a;2_2,) 

=  (x-y)(x2-2,). 
104.   x*-4x2y2+2x8-l6y«  =  x2(x2-4y2)+2(x8-8y5) 

=  x2(x  +  2  y) (x  -  2  2/)  +  2  (X  -  2  2^)(x2  +  2 xy  +  4  y^) 
=  (a;-2y)[x2(x+2y)+2(x2  +  2xy  +  4y2)] 

=  (x  -  2  y)(x8  +  2  x2y  +  2  x2  +  4  xy  +  8  y'^). 


105. 


.6*-(a+6)(o-6)  =  (a2  +  62)(a  +  6)(a-6)-(a  +  6)(a-6) 
=  (a  +  6)(a-6)(a2  +  62-l). 


106.  x8-6x2  +  12x-8  =  x8-8-6x2  +  12x 

=  (x-2)(x2+2x  +  4)  -6x(x-2) 
=  (x2  +  2x  +  4-6x)(x-2) 
=  (x2-4x  +  4)(x-2) 
=  (x-2)(x-2)(x-2). 

107.  1000  x»  -  27  y'  =  (10  x)8  -  (3  y^ 

=  (10x-3y)(100x2  +  80xy  +  9y2). 
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108.  (a  -h  «)*-«*  =  [(a  +  xy  +  x^]  [(a  +  x)2  -  a;2] 

=  (a2+2ax+2ic-0l(a+a;)+x][(a+«)-a;] 
=  (a'^  +  2  (w;  +  2x^)(a  +  2  x)a 
=  a(a  +  2x)(a2  +  2aa;  +  2x^). 

109.-  l+(x  +  l)8=18+(a;  +  l)» 

1^®'  =  (1  +  X  +  1)[1  -  1  (X  +  l)  +  (x  +  1)2] 

=  (x  +  2){x^-tx+l). 

110.  ah  -  6a;"  -I-  x^jr  -  oy"»  =  6(a  -  x")  -  jrCa  -  x»)  =  (6-y-») (a-x«). 

111.  x9  +  4x  =  x(x8  +  4) 
=  x(x8-f.4x*  +  4-4x*) 
=  x(x*  +  2x2  +  2)(x*-  2x2  +  2). 

x6-x2-x*+a^  =  x6  +  x»-(x*  +  x2) 

=  x8(x2+l)-a:2(x2+l) 

=  X2(X-1)(X2+1). 

118.    (a  +  6)*-(6-c)*  J^     -^   J 

=  [(a  +  &)2  +  (6-  c)2][(a  +  6)2  _  (5  _  c)2] 
=  [(a  +  &)2+(&-c)2](a  +  6  +  6Jc)(a4.-^ft_6  +  c) 
=  (a2  +  2  a6  -f  62  4.  ^,2  _  2  6c  -f  c2)  (a  +  2  6  -  c)  (a  +  c) 
=  (a2  +  2a6  +  262-26c-f  c2)(a  +  26-c)(a4.c). 
114.  3  a6  (a  +  6)  +  a'  +  68  =  3  a6  (a  +  6)  4-  (a2  -  a6  -f  62)  Ca  +  6) 
=  (a2  4.2a6  +  62)(a4-6) 
=  («-»-2>)(«  +  ?>)(a  +  6). 
.!"•       (^  +  y)«  +  (x-y)« 

^  169,  =  [(X  +  2^)  +  (X  -  y)] [(X  +  y^-  (x  +  y)  (x  -  y)  +  (x  -  «)21 
=  2x(x2  +  2xy  +  y2_^2  +  2,2^i2.2i^  +  y?)^  ^^  "^ 
=  2x(x2  +  3y2).  y-ryy 

116.  a8-(a+6)8 

I  169,    =  [a  -  (a  -f  6)]  [a2  +  a(^a  +  6)  +  (a  +  6)2] 
=  -6(3a2  4-3a6  +  62).  ^  ■• 

117.  X*-  119x2j/2  +  y*  =  «*  +  2x2y2  ^  y4  _  121  a;2w2 

=  («2  +  y2^2-(lla;y)2 

=  (X2  +  11  Xy  +  2/2)  (a;2  ^  11  a-y  +  y2). 

118.  w8  H-  w2  -  m»  -  ww2  =  m(m2  +  m  -  n  -  »2) 

=  w(m2~  n2-f  m— n) 

=  m[(m  +  w)(m  -  w)  +  (m  -  n)] 

119.  (X2- 2/2)2  _  (3.2  _a;y)2  '^  ^    ^ 

=  («  +  20(x  -  t/)  .  (X  +  t/)(x  -  2/)-  a;(x  -  y)  .  x(x-  y) 
=  rx-2/)(x  -  2/)[(x  +  2/)(x  +  2/)- x2] 
=  (x-  2/)(x  -  y)(^x  -\-y-\-  x)(x  +  2^-x) 
=  y(^-y)(x-y)C2x^y). 

120.  X6  ~  2^  -  3  X22/2(X2  _  j/2) 

=  («^  -  y2)  (X*  +  X22/2  +  2^4)  _  3  a;22,2(a;2  _  y2) 
=  (X*  4-  X22/2  +  y4_  3  5c2y2)(a;2  >.  y2)^ 

=  (x*-2x22/2  +  2/4j)(a;2_2,2) 
=  (x2-2^2)(a.2_yir)(a;2_2,2) 
=  («  +  2/)(x  -  2/)(x  +  y)(x  -  y)(x  4-  y)(x-  2/). 

121.  (x2  +  6  X  +  9)2  -  (ic2  +  5  X  +  6)2 

=  (x  +  3)(x  +  3)rx  +  3)(x  4-  3)- (X  +  2)(x  4-  3)(x+  2)Cx  +  3) 
=  (x  +  3)(x  +  3)fx2  +  6x  +  9-(x^  +  4x44)]^^  ^^^    ^ 

=  (x+3)(x  +  3)(2x4-6).  ^■' 
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12S.       2-36  4-3a6-2a  +  4a2~6aa6 
=  2-36-(2a-3a6)-f(4a2-6a26) 
=  (2-3  6)-  a(2  -  3  6)  +  2  a%2  -  3  6) 
=  (2-3  6)(l-a  +  2a'i). 

128.   Substituting  2  for  a,  32  -  a^  =  32  —  32  =  0  ; 

/.  X  —  2  and  consequently  —  l(x  —  2),  or  2  —  sc,  is  a  factor. 
Dividing  by  2  -  a,  32  -  a^ -(2- a)(16  +  Sx-f  4a;2 +  2a« -|- x*). 

124.  Substituting  -  1  for  a;,  16  +  6x  -  11  x^  =  16  -  6  -  11  =  0 ; 
.'.  X  +  1  is  one  factor. 

Dividing  by  x+  1,  or  1 +«,  16  +  6«-  llxa=(l  +  a;)(16  — llx). 

125.  Substituting  a  for  x,  x"  —  a*»  =  a*  —  o*  =  0  ; 
.'.  X  —  a  is  a  factor  of  x"  —  a**. 

Substituting  —  a  for  x,  x"  —  o*  =  (—  a)*  —  a"* 
If  n  is  odd,  =—  a»  —  a^  =  —  2  a*» ; 

/.  X  +  a  is  not  a  factor  of  x«—  o"  in  this  case.    Hence,  x  —  a  is  the 
only  rational  binomial  factor  of  the  first  degree. 
Dividing  by  x  -  a,  a?*  —  a"  =  (x  -  a)  (x»-i  +  x"-2a  +  x*-^  +  •  ••  +  a»~^). 

126.  Substituting  -  r  f or  x,  x«  +  r*  =  (-  r)*  +  r» 

If  n  is  odd,  =— r*  +  r«  =  0; 

.'.  X  +  r  is  a  factor  of  x"  +  r",  n  being  odd. 
Substituting  r  for  x,  x»  4-  r*»  =  r"  +  r*»  =  2  r»» ; 

.*.  X  +  ^  is  the  only  rational  binomial  factor  of  the  first  degree. 
Dividing  by  X  +  r,  x»  4- r*  =  (x  +  r) (x«-i  —  x«-2,.  +  x"-3r* H-r»-i). 

127.  x8-6  6x2  4-12  62a;_8  68 
Substituting  2  6  for  x,     =  8  6*  -  24  &»  +  24  68  _  8  fts  =  0 ; 

,'.  X  —  2  6  is  one  factor. 
Dividing  by  x  -  2  6,       =  (x  —  2  6)  (x^  -  4  ftx  +  4  62) 
Substituting  2  6  for  x,    =  (x  -  2  6)  (4  62  _  8  62  +  4  62)  =  o 
Dividing  by  x  -  2  6,       =  (x  -  2  6)  (x  -  2  6)  (x  -  2  6) . 

128.  Substituting  +  a  for  X,     x«  +  a"  =(+ a)* -f  «"  =2a".  (1) 
Substituting  —  a  for  x,             x*»  +  a*  =  (—  ay  +  a" 

If  n  is  odd,  =  -  a*  +  a»  =  0.  (2) 

If  n  is  even,  =  -f-  a"  +  a**  =  2  a".  (3) 

By  (2),    x8  +  a*,  x^  +  a^,  x^  +  a^  x*  +  a^  a;»i  +  a^\  x^^  +  a"^  x^*  +  a^^, 

jpiT  _|_  fljiT^  and  x^®  +  ai®  have  the  binomial  factor  x-\-a. 

By  (3)  and  (1),  x2  +  a^,  x*  +  a*,  x^  +  a®,  oc^  +  a^  «^°  4-  a^\  x^^  +  a^^, 

a;i4  _^  Of  14^  a;i6  _|.  fli6^  jpis  ^  ^^18^  ^ud  x2o  -f  Q^^  havc  neither  x  +  a  nor  x  —  o 

for  a  binomial  factor. 
Testing  the  latter  for  other  binomial  factors, 

x«  +  a«  =  (x2)8  4-  (a2)8  =  0,  if  x2  =  -  a2 ; .-.  x2  +  a2  is  a  factor ; 
ajio  4.  ^10  -  (a;2)5  ^  la'zy  =  0^  if  x^  =  -  a^ ;  .-.  x^  +  a2  is  a  factor ; 
xi2  4.  ai2  --  (a4)8  ^.  (^4)8  =  0,  if  X*  =  -  a* ; .-.  X*  4  a*  is  a  factor  ; 
x"  4-  a"  =  (x2)7  -f  (a2)7  =  0,  if  x2  =  -  a^  .  ,.^  ^^-i  4.  ^2  ig  a  factor ; 
a-is  ^  flfis  =  (x2)9  4-  (a2)9  =  0,  if  x2  =  -  a2  ;  /.  x2  4  02  is  a  factor ; 
x2o  4  a^  =  (x*)6  4-  (a*)*  =  0,  if  x*  =  -  a*  ; .-.  x*  4-  a*  is  a  factor. 

The  above  sums  of  like  even  powers  of  x  and  a  have  binomial  factors 
because  they  can  be  written  as  sums  of  like  odd  powers  of  two  other  num- 
bers, as  x2  and  a^,  or  x*  and  a* ;  but  x2  4  a2,  x*  +  a*,  x8  4  a®,  and  x^'  +  a^« 
cannot  be  so  expressed,  and  hence  have  no  rational  binomial  factors. 
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98.  x»  -  Ibx^  +  71fl;  -  106  =  0. 

Factoring  by  the  factor  theorem,  (x  —  3)  (x  —  6)  (x  -  7)  =  0. 

.-.  aj— 3  =  0  or  X  —  6  =  0  or  a;  —  7  =  0 ; 
whence,  x  =  3  or  5  or  7. 

94.  x9  +  10  x2  +  11 X  -  70  =  0. 

Factoring  by  the  factor  theorem,  (x  —  2)  (x  +  6)  (x  +  7)  =  0. 

/.  x-2  =  0orx-f-6  =  0orx  +  7=0; 
whence,  x  =  2  or  —  5  or  —  7. 

96.         •  x»-12x+16  =  0. 

Factoring  by  the  factor  theorem,  (x  —  2)  (x  —  2)  (x  +  4)  =  0. 

.-.  X— 2  =  0  or  X  — 2  =  0  or  x  +  4  =  0; 
whence,  x  =  2  or  2  or  —  4. 

96.  x8- 19x-.30  =  0. 
Factoring  by  the  factor  theorem,                   (x  +  2) (x  -h  3)  (x  —  5)  =  0. 

.'.  x-|-2=0orx-h3  =  0orx— 6  =  0; 
whence,  x  =  —  2  or  —  3  or  6. 

97.  X*  +  x»  -  21  xa  -  X  -h  20  =  0. 

Factoring  by  the  factor  theorem,       (x  —  1)  (x  -f  1)  (x  —  4)  (x  +  6)  =  0. 
.-.  x-l=0orx  +  l=0orx-4  =  0orx  +  6  =  0; 
whence,  x  =  1  or  —  1  or  4  or  —  6. 

98.  x*-7x»  +  a;"4-68x~90  =  0. 
Factoring  by  the  factor  theorem,       (x  —  2) (x  —  3)(x  -h  3)(x  -  6)  =  0. 

.'.  x-2  =  0orx  —  3  =  0orx-|-3  =  0orx-6  =  0; 
whence,  x  =  2  or  3  or  —  3  or  6. 

99.  x6  -  1 1 X*  +  46  x«  -  86  x2  -h  74  X  -  24  =  0. 
By  the  factor  theorem,           (x  —  1)  (x  -  1)  (x  -  2)  (x  —  3)  (x  —  4)  =  0. 

•  •.  X  —  1  =  0  or  X  —  1  =  0  or  X— 2=0  or  X  —  3=0  or  X  —  4  =  0; 
whence,  x  =  1  or  1  or  2  or  3  or  4. 

HIGHEST  COMMON  FACTOR 
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30.  X*  +  xy»  =  x(x8  +  y8)  =  x(x  +  y)(x2  -  xy  +  y*) 

x^y  +  xy^  =  xy(x  -\-y)  =x.y{x  +  y) 

.-.  H.  C.  F.  =  x(x -f  y). 

81.  pg*  +  P®g  =  M(g'  +  P^)  =  pq{^  4-p*) 

gp8  4.  g2p2  ^  piq(^p  -t-  g)  =  p  .pq(^p  4-  q) 

.-.  HC.F.  =  i)g. 

32.  17  ahcH^  -  61  a^hd^d^  =  17  abc^d*{d  -  3  a^c) 

ahcH^  -    3  a^h(fid  =      abcH  (d  -  3  g^c) 

.  •.  H.  C.  F.  =      abM  (d  -  3  a^). 

88.  38  xyz  -  95  x'^yz^  =  xy«(38  -  96  x^z) 

34 xy'g  -  86 x^yz^  =  xyz(U  y  -  85 xz) 
.-.  H.C.F.  =  xy2. 
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34.     a^y  +  xy*  =   xy(vfi  +  y^)  =  a;y(2c^  +  y)(a^  -  x^  +  y*) 

2afiy  -  2g8ya  +  2xy^=2xy(xl^-x^y  +  y2)=  2  •  xy{x*  -  x^  +  y^) 

.-.  H.C.F.  =       xy(a*  -  a;2y  +  y^)- 
6rT  H- 10»^«  -  4r*«2  =  2r*(3r2  +  6rs  -  2«3)=  2  f*(3r  -  «)(r  +  2«) 
2rT+   2r*g-4rS8g  =  2r6(   r^  +    rs-2^)=2r^(  r-8)(r  +  28) 

.-.  H.C.F.  =  2r«(r  +  2«). 

36.  X*-  a«-2x2  =  a;«(a;a_  a;  -  2)  =  a;2(a;  _  2) («  +  1) 
a4  _  2a«  -  3x2  =  x2(xa  -  2x  -  3)=  x2(x  -  3)(x  + 1) 
a:4  _  3a;8 ,  4a;2  :=;  gi(g2  ^Sx-4)- x\x  -  4)(x  +  1) 

.-.  H.C.F=x-*(x+l). 

37.  3m8»8-3mn*  =3mn8(m2-n) 

6m*n«  +  Qffl^ng  -  6m2n8  -  Qmn^  =  2  »  3  wn2(mg>i  +  m^^mn-  n^) 
.-.  H.C.F.  =  3m»a. 

38.  7Z8«8+36?2^4-42Z««  =7Z«8(Z2+6ZH-6)  =:7Z««(Z+3X«+2) 
7Z*t«+21W-28P<8-84?g8=7Z<»(Z8+3f^-4Z-12)=77g8(Z+3XZ+2)(Z-2) 

.-.  H.C.F.  =lllHl+^)\l+2). 

39.  x2  4-  a«  -  62  +  2ax  -(x  +  ay  -  62  =(x  +  a  +  6)(x  +  a  -  6) 
x2  -  a2  H-  62  H-  26x  =(x  H-  6)2  -  a2  -^a;  4.  5  4.  a)(a.  +  6  -  a) 

x2  -  o2  -  62 -  2a6  =  x2  -(q  -f  6)2  =(x  +  g  +  6)(x  -  a  -  6) 

.-.  H.C.F.  =(x  +  a  +  6). 
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40.  «^-6x+6  =(x-l)(x-6) 

.•.H.C.F.  =  x-l. 

41.  x2-   4  =(x  +  2)(x-2) 
a4>-i0ga^31x~30  =  (x~2)(x-3)(x-6) 

.-.  H.C.F.  =  x-2. 
48.  a;8«4aj  +  3  =(x- l)(x2  + x-8) 

x8  +  x2  -  37  X  +  36  =  (X  -  1)  (x  -  5)  (x  +  7) 
.-.H.C.F.  =  x-l. 
43.   3x*-12x2  =3x2(x2-4)  =3x.x(xH- 2)(x-2) 

6x*+30x8-96x2+24x=6x(xH5x2~16x+4)=.3x.2(x~2)(x2+7x~2) 

.-.  H.C.F.  =8x(x-2). 
44. 

a^h-    a258  =a25(oa^62)  =a  •  a6(a  +  6)(a  -  6) 

a^6-f2q862-}-2a268+a6*=a6(a8+2a2&+2q62-}-68)=q6(a-f6)(a2+a6-}-62) 

.-.H.C.F.  =a6(a+6). 
46.  9_n2=-(n2~9)         =_(n  +  8)(n-3) 

n2-.n-6=(n-3)(n+2)  =  (n  +  2)(n-3) 
.-.  H.C.F.  =(n-8). 

46.  l-x2  =-(a;2-l)  =  _(a;  +  l)(x-l) 

g8-.6x2-9x-f  14=(x-l)(x  +  2)(x-7) 
.•.H.C.F.=Cx-lj. 
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47. 

4-aa=-(a2-4)       =-(a+2)(a-2)      =-(a  +  2)(o-2) 
a*+o»-10a2-4a+24=(a-2)(a+2)(a2+a-6) 

=(a-2)(a-f2)(a+8Xa-2) 

.-.  H.C.r.  =  (a  +  2)(a-2)  =  (aa-4). 

48.  (9  -  x2)2  =  (x2  _  9)  (a.2  -  9)  =  (x  +  3)  («  -  3)  (x  +  3)  (x  -  3) 

x4  ^  6x^  -  3xg  -  46x-  64  =(x  4-  2)(x  -f  3)(x  +  3)(x  -  3) 

.-.  H.C.F.=(x  +  3)(x  +  8)(x-3)  =  (x  +  3)2(x-8). 

49.  (4  -  c2)2  =  (c2-  4)(c2  -  4)  =  (c  -f  2)(c  -  2)(c  +  2)(c  -  2) 

c3  H-  9c2  4-  26c  -f  24  =(c  +  2)(c  +  3)(c  +  4) 
.-.  H.C.F.  =(c  +  2). 

60.    (x  -  x2)8  =(x  -x2)(x  -xa)(x-x2)  =  x«(l  -  x)(l  -  x)(l  -  x) 

=  X8(l  -  X)8 
(X2  _  1)8  =  -  (1  _  x2)(l  _  a.2)(l  _  x2)                          =  -  (1  +  «)*(!  -  «)* 
(^1  -  X)8 =       (1  -  X)8 

.-.  H.C.F.  =  (l-x)8 


61. 


(1  -  y*)«  =  (1  + y»)  (1  -  y3)  (1  +  y2)(i  _  y8) 
=-(i-fy)^(i-yy(y  +  3)(y-2). 

•.  H.C.F.=('l4-t/V-2ri-t/^2 


,H.C.F.=(l  +  |/)2(l-y)2. 
62.  xy-y2  =  y(x-y)  =y(«-y) 

-  (y»  -  a;^) = (aj-'y  -  y")  =  y(a5^  -  y") = y  (a;  +  y)  («  -  y) 

x2y  —  xy2  =  xy(x  -  y) =  xy(x  ~  y) 

.-.  H.C.F.  =y(x-y). 

68.  16  -  «*  =(4  +  «3)(4  -  «2)  =  (4  +  «2)(2  +  8)(2  -«) 

2«-«2  =«(2-s) 

g2~4g  +  4  =  4-4  8-t-s2         =(2-8)(2~g) 
.-.  H.C.F.  =(2-»). 

64.  y*  -  X*  =  (y2  -f  x^)  (y  +  x)  (y  -  x) 

ofi  ^  y6  =  (^x  -\-  y)(x^  —  x^  -^  x2y2  _  jrys  +  y4) 

y2  +  2yx-f  x2=  (x-f  y)(x  +  y)      

.-.  H.  C.  F.  =  (X  +  y). 

66.       x^  —  (y  +  zy  =  (z  +  y  +  z){x  -  y  —  z)  =  (x  +  y  +  z)(x  "  y  ^  z) 
(y-  x)2-2;2,_  (y  _aj  +  2;)(y-x  — 2)  =  (x  — y  +2)(x-y  -  «) 
y2-  (x-g)g=  (y-f  x-g)(y-x  +  g)  =  (-x-y-f  g)(x-y-g) 
.-.  H.C.F.  =  (x-y-2r). 

66.  Cy-a;)2(n-m)8=—  (m  —  n)(m  —  n)(m  -  n)Cy  —  x)(y  —  x) 
(x2y  ->  y8)  (^Jf^2fl  _  2  wn2  4-  n8)  =  —  y  (y  -f  x)  (y  -  x)  (n)  (m  —  n)  (m  —  n) 

/.  H.  C.F.  =  (TO-n)2(y-:x). 

67.  (m  4-  2)(m2  -  9)  =  (m  4-  2)(m  4-  -^Xw  -  3) 
m*  —  Sm^-{-S  mH  -f  3  m2w2  -  9  mH  +  mn^  -  9  mn^  -  3  n* 
=  (m  —  8)(m  4-  w)8 

.-.H.C.F.  =  (w-3> 
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58.  6  a;a  -  3  x  -  45  =  3  («  -  3)  (2  a;  +  6) 
9«a-33a;  +  18=3(x-3)(3a;-2) 

egg  -  3 a;2  ,  39 g  ,  18  =  3  (a;  -  3)(2  a;  4-  l)Cg  +  2) 
.-.  H.  C.  F.  =3(a;-3). 

59.  2a*-a^-a^  =  a;2(2a;  +  l)(x-l)  =  ir2(2x+l)(x-l) 

2x^-\-x-S=  (2x4-8)(x-  1)  =:(2a;  +  8)(x-l) 
ofi  -^  x^  -  X  +  1  =  x^(x-l)-(x-l)  =(x  +  l)(x-l)(x-l) 
.-.  H.  C.  F,=  {x-  1). 

00.  x*-4x8  +  2a;2+a;  +  6=(a;-2)(x-8)(x2  +  x  +  l) 

2a^  -  9a;2  ^_  7g  +  6  =(a:  -  2)(a;- 3K2a;  +  1) 

a;g~6g  +  6  =  (x-  2)(x  -3) 

.-.  H.C.  F.  =  (a;-2)(a;-3). 

01.  a»  -  8  =  (s  -  2)(«2  +  2  «  +  4) 
a»  +  sa^.2s-4=(«-  \) (s^  +  2 s  +  i) 

a*  +  2  88  -  82  _  10  g  _  20  =  (82  H-  2  s  4-  4)(g2  -  5) 
.-.  H.C.F.  =  (82  +  28  +  4). 

02.  X*  +  y*  =  («  +  y)(a^  -  a^  +  a!:2y2  ^xy^-\-y*) 
a^  -  2a:*j/  +  2g8y2  __2x2y8  +  2 a;y*  ~  y6  =  (a;  ~  y) (a:^  --  a^y  +  a;2y2  -  a^s  _),  y4^ 

.-.  H.  C.  F.  =  (a^  -  xSy  +  a;22/2  _  gys  +  y4), 
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20.  x^-y^  =  (x  +  y)(x--y) 

a*  +  «23/2  +  y4  =  (g2  _^  gj,  +  y2)(g2  _  gy  ^  yS) 
g8  +  yS  -  (g  _,.  y)(g2  _  gy  +  y2) 

g^  +  Xy  +  y2  =  g2  ^  gy  4,  y2 

.-.  L.  C.  M.  =  (X  +  y)(X  -  y)(g2  +  gy  +  y2)(g2  _  gy  +  y2) 

=  («8  +  y^)(,^  -  y8)  =x«  -  y6. 

27.  x8  +  x2y  +  xy2  +  y8  =  (x2  +  y2)(x  +  y) 

g8  ,  g2y  4.  gy2  _  y8  ^    (g2  ^    y2)  (g  _  y) 

.-.  L.  C.  M.  =  (x2  +  y2)(x  +  y)(x  -  y)  =  x*  -  y*. 

28.  a2  +  4  a  +  4  =  (a  +  2)2 

a2-4  =  (a  +  2)(a-2) 
4-a2  =  _(a  +  2)(a-2) 

q4  _  16  =  (gi  +  4)(ff  +  2)(n  -  2) 

.-.  L.  C.  M.  =  (a  +  2)-^(a  -  2)(a2  +  4)  =  (a*  -  16)(a  +  2). 

29.  a2  -  (6  +  c)2  =  (a  +  6  +  c)(a-'b  -  c) 
62-  (c  +  rt)2  =  (6  +  C  +  a)(6-c-a) 

c2  -  (q  +  6)2  =  (c  +  q  +  6)(c  -  q  -  6) 

/.  L  .C.  M.  =  (a  +  6  +  c)(a  -  6  -  c)(6  -  c  -  a)(c-  a  -  6). 

30.  m  —  n=  (m—  n) 

(w2  -  n2)2  =  (m  +n  )2(m  -  n)2 

(m  +  n)8  =  (w  +  yi)(m  +  n)(w  +  n) 

/.  L.  CM.  =  (w  +  n)8(w  -  n)2  =  (m2  -  7i2)2(^  ^  n). 
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81.  a«  -  68  =  (a»-  6)  (a*  +  a^h  +  b^) 

a^  +  a*&'  +  6*  =  (g*  +  a^fe  +  fc''*)  («*  -  a'&  -f  &^) 

/.  L.  C.  M.  =  (a^  -  6)  (a*  +  a^b  +  l^){a^  -  a^ft  +  6«) 
=  (a2-6)(a8  +  a*62  +  64). 

82.  a<  +  y«  =  (x2 4-  y2)(a:4-  xy  +  y*) 

.-.  L.  C.  M.  =  (^2  +  y2")(a:4  _  a;V  +  y4)(«a  _  52) 
=  (o'  -  &^)(«*  +  J^). 
88.  0*  -  a2  +  1  =  a*  -  a2  +  1 

a«  +  l  =  (a2  +  l)(a*-aa  +  l) 
a*  +  a2  +  l  =  a*  +  a2  +  l 

gg  -  1  =  gg  ~  1 

.-.  L  C.  M.  =  (g*  -  g2  4-  l)(g2  +  l)(g*  +  g«  +  l)(g«  -  1) 
=  (g6  +  l)(g«-l)=gia-l. 

84.  2(ga;a-««)2  =  2(g«»-x»)(ga;2-x8)  =2x*(g-a)2 

3 x(g2a; - ««)»  =  3a; (g2x-a;3)(g2x-a^)(g2a; -x8)=  3a:* (g  +  x)»(g  -  a;)» 

6  ja^x^  -  g*)  =  -  6  (g*  -  g-^a;«) =  -  6  g' (g -f  g)(g  -  a;) 

.-.  L.  C.  M.  =  6  g2a;*(g+a;)8(g-a;)8  =  GgSx*  (g*  -  x^y. 
86.  (y22  ».  xyzy  =  y2«2(«  -  a;)^ 

y'^(xz'^  —  x8)  -_  xy^(2  +  «)(«  —  x) 

a;V  +  2  xgg  -f  g*  =  g'^Cy  +  g)'^ 

.-.  L.  C.  M.  =  xy2g2(g  -  a:)2(x  +  «)«. 
86.  x»-6a;2+ llx-    6  =  (x- l)(x  -  2)(a;- 3) 

a:8  _  9 y;2  ^  26 X  -  24  =  (X  -  2)(x  -  3)(x  -  4) 

.-.  L.  C.  M.  =  (X  -  l)(x  -  2)(x  -  3)(x  -  4). 


87. 


jB8-6a;2-   4x+20  =  (x-2)(x  +  2)(x- 6) 
x8  -f  2  xg  -  25  X  -  60  =  (X  +  2)(x  -  6)(x  +  5) 


,  L.  C.  M.  =  (x  -  2)(x  +  2)(x-  6)(x  +  5) 
=  (xa-4)(x2-25). 

88.  a*-4x2+    5x-   2  =  (x  -  l)(x  -  l)(x- 2) 
x»  -  8x2  +  21  X  -  18  =  (x  -  2)(x  -  Sy^ 

.-.  L.  C.  M.  =  (x  -  iy\x  -  2)(x  -  3)2. 

89.  x8  +  6x2+7x+    3  =  (x+ l)(xH-l)(x  +  3) 
x8  -  7  x2  ~  5  X  -f  76  =  (X  -  5)(x  -  6)(x  +  3) 

.-.  L.  C.  M.  =  (X  +  l)2(x  H-  3)(x  -  6)2. 
40.  x«  +  2x2-4x-    8  =  (x-2)(xH-2)2 

x8-     x2-8x+12  =  (x-2)(x-2)Cx  +  3) 

x8  4-  4  x2  -  3  X  -  18  =  (x  -  ^)  (X  +  3)'^ 

.-.  L.  C.  M.  =  (x  -  2)2(x  +  2)2(x  +  3)a. 
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q2  _  52  ^  (q  ■!■  5)  rq  ^  &)  ^  q  -  6 

g2  +  2g6  +  62      (^a  +  b)(,a  +  b)      a  +  b 

g2  -  2  g6  +  fe2  ^  (g-  6)(g  -b)  ^a-b_ 

a^-b-'  (gH-6)(g-6)     g  +  ft' 


88. 
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30     4a8-9g2_         (2a4-3x)(2q-3a;)         _        2a~3x 

8o8  +  27a^      (2a  +  Sz){ia^-6az  +  9x^)     4a^  -  Qax-\-9x^' 
Sa^  +  Sab_  Saja  +  b)  _  3 


81. 
82. 
38. 
84. 
85. 
86. 
87. 
88. 


Sx^  —  6xy__  Sxy(x-2) 3 


40. 


47. 
48. 


-x**_     g*»Cg+ l)(a;-l)     _     g  +  1 
ig«+8__a;n     icn(a;-l)(a;2+a;  +  l)     x^  +  aj  +  l* 

an+4.,qny4      _  qn(^q2  _^  y2)  (q2  _  y-i)  _  q2  __  yg 

a«+8^.an+iy2  a^+Ka'-^  +  y^)  a 

a^y  +  gy+yg^  y(y* -f  g^yg  ^  y4)  ^  y 

«*-y«  (a;2-y2)(a4^.a;2y2  +  y4)     x^-ya* 

x*y  -  xV -t- yfi  _        y(x*  -  x2y2 -t- y^)        _      y 
a:*  +  J^  (a;2  +  l^)(ic*-a;y +  y*)     a'^  +  y^' 
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q2  -  11  g  +  24  ^  (o  -  3)(q  -  8)  ^  q  -  8 
q2-q-6         (q-3)(q  +  2)      q  +  2* 
^j     x«-6aig-t-6x  ^x(x-l)(x-5)^x-l 

*  x3  +  2x2-35x     x(x  +  7)(x-6)      x  +  7* 
^    7  X  -  2  x2  -  3  ^  (3  -  X)  (2  X  -  1)  ^  3  -  X 

*  2x2  +  7x-4     (x  +  4)(2x-l)      x  +  4* 

^    a(q  +  2  6)*^  a{a  +  2  6)(q  +  2  6)(q  +  2  6)(q  -f  2  &)  _  q(q  -f  2  &)« 
6(a2-462)2     6(q  +  26)(q-26)(q+26)(q-26)      6(q-26)2 

^     q»  +  2q26-t-q62  _  o(q  +  6)(a  +  6)  ^        1 

a6-2q«62  +  a64      q(q4.  6)(q  _  6)(q  +  6)(q- ft)       (q-6)a* 

^g    xg-2x*  +  x0^   x2(l-x2)(l-xa)    ^     l-x^     ^g^-1 

X6-X2  _x2(l+x2)(l  -X2)         -  (1  +  X^)        X^  +  1  * 

46    g*  +  5  x^  -  6  X  _  X  (x  -t-  6)  (x  -  1 )  _  X  (x  -t-  6) 
2x2-2  2(x  +  l)(x-l)      2(x  +  l)* 

x8-7x  +  6  ^        (x- l)(x-2)(x-t-3)       _       x-2 
a4  ^  10  x2  -f  9      (x  +  l)(x -  l)(x  +  3)(x  -  3)      x2  -  2  x  -  3* 
20-21x-t-x8  ^         (x  +  6)rg-4)(x-l)  x-4 

x4  _  26  x2  +  25      (X  H-  6)(x  -  6)(x  +  l)(x  -  1)      x2  -  4x  -  6* 
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•    4^.4a;_a;2-jc8       -(x  +  l)(jc  +  2)(a;-2)  4-x2 

gQ    gs  -  3  qgft  -f  3  qftg  -  68  ^  (g  ^  6)(a  -  6)(a  -  b) 
3  gfta  _  3  g^ft  _  s  g^  (g  _  6) 

a«-2g&+6« 
3g6 
^  -  ga  +  2  g&  -  &2 
3g6 


51. 
52. 
68. 

54. 
55. 
56. 


3gg-t-4ga;-4a;g_   (3  a~  2g)(g  +  2g)  _g-t-2x 
9g2-12ga;+4a;a      (3g -2x)(3g  -  2a;)     3g-2x* 

2ga;-gy-46a;-t-2  6y_(g~2  6)(2  g~y)_g~2& 
4gx~2gy-26a;+ 6y      (2g-6)(2x-y)      2g-6' 
9x8-13g2a;-4g8        ^  (3x-t- g)(x  +  q)(3x -4g) 
3  te  +  3  xy  —  4  g6  -  4  gy  (3  x  -  4  g)  (6  f  y) 

_3x'-f4gx-f  q' 
64-y 
w  —  m^  —  n  -t-  mw  _  (w  —  n)  (1  —  m)  __  1  —  w 
w  —  mn  +  n^  —  n      (m  —  n)  (1  —  n)       1  —  n  ' 
gw -- gn  —  w  +  n  __  (g—  l)(m  —  n)  _a— J. 
gm  — an  +  w  — n      (aH-l)(m— »)      g+1* 
x8  +  5x2-9x-45 


x8  ^.  3  x2  -  25  X  -  75 
Factoring  the  numerator  by  the  factor  theorem,  we  have 

x8  +  6x2  -  9x  -  46  =(x2  4-  8x  +  i5)(a.  _  3). 
By  trial,  it  is  found  that  x2  -f  8  x  +  15  is  a  factor  also  of  the  denomina- 
tor, whose  other  factor  is  x  —  6. 

.    x8  +  6x2-9x  -46   _(x2  +  8x  +  15)Cx-3)  _x-3 
*  *  x8-f  3x^-25x-76      (a:2  +  8x+  lo)(x-6)      x-6' 
g^  x8  -f  2  x2  -  23  X  -  60 

x8-  llx2-10x  +  200* 
Factoring  the  numerator  by  the  factor  theorem,  we  have 

xs  ^.  2x2  -  23x  -  60  =(x-^  -  X  -  20)(x  +  3). 
By  trial,  it  is  found  that  x2  —  x  —  20  is  a  factor  also  of  the  denominator, 
whose  other  factor  is  x  —  10. 

.     x8-f  2x2-23x-60   _  (x2-x-20)(x-f  3)  _  x -t- 8 
x8-llx2-  lOx  +  200      (x2-x-20)(x-  10)      x-lO' 

68.  «^-7x2  +  4 


5x«~17x2  +  16x-4 
Factoring  the  numerator  by  the  factor  theorem,  we  have 
.  8x8-7x2-f  4=(x2-3x4-2)(3x  +  2). 

By  trial,  it  is  found  that  x2  —  3  x  +  2  is  a  factor  also  of  the  denominator, 
whose  other  factor  is  6  x  —  2. 

.  3x8-7x2  +  4         ^(x2-3x4-2)(8x+  2)  ^3x-t-2. 

6x8- 17x2  +  16x-4      (x2-3x  +  2)(6x-2)      5x-2* 
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69  g»~6x2y +  2xyg  +  3y« 

6y«4-2a^2__6x2y-x8* 
By  §  170,  x  —  y  is  found  to  be  the  H.C.F.  of  numerator  and  denomi- 
nator. 

.  a^~6a:gy+23cy2-f3y«_    (x-y)(x^-6xy~Sy^)    _ -xHSary+SyV 
"  5y8+2ay2_6a:2y_a4j      ^(^x-'y)(x^+7 xy-^by^)        a;i+7a:y+6ya 

^  a8-t-&a  +  2c2+  2q6+3ac-f  36c 

a2  4-  62  +  c^  +  2  a6  +  2  ac  +  2  6c  ' 
Factoring  numerator  and  denominator,  we  have 
§  168,  a2  4-  62  -f  2  c2  +  2  «6  4-  3  ac  +  3  6c  =  (a  +  6  +  c)  (a  +  ft  +  2  c), 

and,  §  106,     a^  +  6^  +  c^  +  2 a6  +  2ac  +  2 6c  =(a  +  b  +  c)(a  +  6  +  c). 
.     ag-f6g-f2c2-f2q6-t-3ac4-3  6c_(q+6  +  c)(a4-64-2c)  _q+6+2c 
a2+62+c2+2a6H-2acH-2  6c        (a+6H-c)(a+6+c)        a-\-b+c  ' 
ei  qg  -f  6^  -f  c^  -t-  2  q6  -  2  qc  -  2  6c 

q2  4-  62  -  c2  -f  2  q6 
Factoring  numerator  and  denominator,  we  have 
§  166,     q2  4-  62  4-  c2  4-  2  a6  -  2qc  -  2  6c  =  (q  4-  6  -  c)(q  4-  6  -  c), 
and,  §  153,  aS  ^  52  _  c'2  4-  2  q6  =(q  4-  6  -  c)(q  4-  6  4-  c). 

.    q24-62  4-cg4-2q6-2qc-26c_  (q4-6-c)(q4-6-0  _q4-&-c 

o24-62-(j24-2q6  (q4-6-c)(q4-64-c)      q4-64-c* 

gg  q24-624-c2-2q6-2qc4-2&c 

q2  4-  62  4-  5  c2  -  2  a6  -  6  qc  4-  6  6c' 
Factoring  numerator  and  denominator,  we  have 
§  166,      q2  4.  62  4-  €=*  -  2a6  -  2qc  -  2  6c  =(q  -  6  -  cXa  -  6 -  c), 
and,  §  168,    q2  4-  62  4-  6c2-  2q6  -  6ac  4-  6  6c  =(q  -  6  -  c)(a  -  6  -  6c). 
.     q24-624-c2-2q6-2qc4-2  6c  _  (q-6-c)(q-6-c)    _   a-h-c 
"  q24-624-6c2-2q6-6qc4-6  6c      (q-6-c)(q-6-6  c)      q-6-6c* 
g3  4  q2  4-  9  &2  4-  16  c2  4- 12  q6  4-  16  qc  4-  24  6c 

4q^-962  4-16c24-16qc 
Factoring  numerator  and  denominator,  we  have 
§  166,  4 q2  4-  962  4-  16c2  +  12  q6  4-  16qc  4-  246c 

=  (2q4-364-4  c)(2  q  4-  3  6  4-  4  c), 

and,  §  163,    4q2- 962  4- 16c2  4- 16qc  =(2q  4- 36  4- 4c)(2q  -  36  4- 4c). 

.  4qa4.9&24-l6c24-12q64-16ac4-24  6c_(2q4-3  64-4c)(2q4-3  64-4c) 

4  02-9  624- 16 C24- 16  qc  (2q4-36-|-4c)(2q-3  64-4c) 

__2q4-36-t-4c 
2q~  364-4c' 
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7.   The  L.C.D.  is  qCw  4-  n'). 

.    w— n_  (m  — n)(m  4- w)  _    m^  —  n^ 
a  a{m  4-  n)  aim  4-  w)' 

2  _  2  « q(m  -f  w)  _  2  am  +  2  an 
a(m  4-  w)         a^m  4-  n) 

and  -g-=      "■"      =—^ 

f»  4-  w     aim  4-  w)     q(w  4-  n) 
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8.   The  L.C.D.  is  a;a  -  1. 


X       _         X(X-~l)  _7I^^X 

a;  +  1  ~  («  +  1)  (x  -  1)  "  x2  _  i' 

and  __g__^      x(x-\-\) ^ar^  +  g, 

a;-i     (x-l)(a;+l)     a:»-l 
9.  The  L.C.D.  is  a*  -  16. 

"  g*  -  16     g*  -  16' 

g     _       g(gg-4)        _g(gg-4) 
g2  +  4      (g2  +  4)  (gS  -  4)        g*  -.16  ' 

2g     _.      2g(-g2-4)      _     2g8-t-8q 
4-a2     (4-g2)(-g2-4)  g^-ie* 

10.   TheL.C.D.  isg2-62. 

.     4g    _      4gCg-f6)       _.4g2  +  4g6 

"g-6      (g-6)(g  +  6)         g^-fta    ' 

36    _      36(g--6)      _3gb-36g 

6  +  g     (6  +  g)(g-6)        a^-t^    ' 

1  1 


and 


a2  _  52     ^2  -  62 


11.   The  L.C.D.  is  (x  -  l)(a:  +  2)(a;  +  6). 

1  _  1  a;-l 


a;2-h7x  +  10     (x  +  2)(a:4-5)      («- l)(a;  +  2)(a:  +  6)' 

1^1^ x  +  5 

a:2  +  x-2      (x-l)(x4-2)      («- l)(x  +  2)(a:  +  5)' 

and  ^ = 1 = ^+2 

a;2_^4a;_6     (x-l)(x  +  6)      (x- l)(x  +  2)(x  + 6) 

12.   The  L.C.D.  is  (g  -  l)(g  -  3)(g  -  6). 
.        g+6      _         g-h5        _       (g-f6)(g-5)       _  g2-25 

•  •a2_4a4.3     (a_i)(a_3)     (^a-\){a-^){a-b)     (a-l)(a-3)(g-6)' 
g~2      _         g-2         __       (q-2)(g-l)       _  a2_3q_^2 

a2_ya+16     (a-.3)(g-6)     (o-l)(a-3)(a-6)     (a-l)(a-3)(g-6)' 

^°^    g+l      ^        q+l         ^      (a4-i)(a-,3)       ^         q2,2g-3 
g2-6g+6    (a-l)(g-6)     (a-l)(g-3)(g-6)     (a-l)(a-3)(g-6)' 
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11     2a;+l  I  g--2     x-3     6 -x_8x  +  4-}- 3x-6-C2x-6)4-30-6x 
3  4  6  2  12 

__8x  +  4  +  3x-6-2x  +  6  +  30-6x_3x  +  34 
12  12 
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12  a;~2     a;-4    2~3a;    2a;+l  _6a;~12--(4a;-16)  +  18~27a;-(6a;-f-3) 

*  6  9    "*"     4  12  36 

__6a;-12-4g  +  16-f  18-27a;-6g-3„19-31a; 
36  '        36       ' 

13  g-1     x-2     43g-8  ■  l-a;_18a;— 18- (3 a;-6)- (8 X- 6  +9-9x 

3  18  27  6  64 

_18a;-18~3x4-6  — 8x-f6-f9-Qg_3-2g 
64  64 

,j.     2-6a;,4x-l     6a;-3     l-« 

^*-    -6~"^-2 6 8- 

_  12  -  36x  +  60a;  -  16  -  (26x  -  16)  -  (10-  IQg) 

30 
_12-36a;  +  60a--16-26g-f  15-10  +  10g_9g  +  2^ 
30  ^     30     ' 

16    a;-f3     x—2    x-i     a;+3__15a;-t-46-O2a;~24)+6a;~24-(103e+30) 

*  4  5         10         6  60 

_16a;  +  46-12a;-f  24-f  6x-24-10a;~30^16-g 
60  60 

1«     l-2o     2a-l     2a-a2+l_8-16a  +  20a-10-C10a-6ag-f  6) 
6  4  8  40 

_8-16a  +  20a-10-10a  +  5a2-6_6ag-6a-7 
40  40 

,-     S  +  x  —  x^     l-g-t-g^     i-2a;-2a;g 
4  6  3 

_9  +  3x-3xg-(2-2x  +  2gg)-C4-8g-8a^) 

12 
_9+3g-3gg-2+2a;-2a;^-4-f8a;4-8x^_3+13g  +  3g« 
12  12 
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2t     g  — ^  I  &  — c  __  ac  —  bc  ,  ab  —  ac  __  aft  — 6c  __  a  —  c 

ab         be  abc  abc  abc  ac 

28     q  +  ft  .  «n^  =  q^  +  2 a6  +  6^  ,  q2-2a6  +  6^ ^ 2q8-t-2&g 

*  a-rb     a  +  b  a^-b^  a^-b^  a^-b^ 

gg     b  —  c     a  —  c  _ab—ac—(ab—bc)  _ ab—ac— ab-\-bc _  bc—ac__b  —  a 
be  ac  abc  abc  abc         ab 

80     «-»-&     a-ft_ag  + 2(f6  + 6^- (q'-2a6-t-6«) 
'    0-6     a  +  b  a'^-b^ 

_a^-}-2ab  +  b^-a^  i-2ab-b^_    ^ab 

a^-b^  a^-b^' 

31.    x\y    «^+y^^«^^-y^-Ca;Hy^)^xg-y2-a;2-y2_~2ya^  2yg 
X— y  x-y  x—y  x-y     y-x 

STAND.  ALO.  KEY  —  6 
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32     _« a;-2  _  a;g+2  a;- Ca;2.>4 a; +4)  _a;^+2a;-a;«-f-4g~4_  6  a;— 4 

a;-2     a;+2  a^-4  x2„4  x^-4^' 

84.    ^1  1  |a^-3_a;2~l  ^  x»- 8^ag8  +  x^  -  4 
X  —  1      x-1      a;— 1  x— 1 

86.  ^-"''  +  "%„  =  n>  +  »-*»°  +  "'  =  "''-^'-("''  +  ''') 

m  — w  in  —  n  w  — « 

_mg- n^-mg  -  wg_,-2n'_.    2n^ 
m— n  w  —  nn  —  m 

gQ     2  —  qa^  —  ^a;  +  q5  __  a;^  —  (ax  —  ftx  +  qft)  _  a;^  —  oa;  +  6x  —  aft 
x2  a;2  "  ai»  * 

87.  l+l+-2£__^2^1_^_2x__  1 
X  1+x  xl+a; 

_l-t-g-t-2a;2-(x  +  a;g)_l  +  g  +  2a;2-<e-a^__l  +  a^ 
«  +  ««  x  +  «2  x  +  x«* 

88.  Off-9^   _4a2  +  9&a_4a2-,96a-,(4a2  +  962) 

2a  +  36  2a  +  86 

__4ag-96g-4a2-.96g_  -IS^ 
2a  +  36  2a  +  Sb 

89.  ?a     9:r     8«^ -4x2_9a«-4x^- C8«2-4x2) 

3a4-2x  3a  +  2x 

_9a2-4xg~8aa  +  4xg_       ga 

8a-f2x  3a  +  2x' 

40.         -i I 2  -  («^  +  DCa;^)  -  (a?  -  DC^^)  -  2  (x  -  l^x  +  n 

x-1     x  +  1     x2  (x-l)(x  +  l)(a;2) 

__x8  +  xg-x»  +  xg— 2xg  +  2_        2 

x*-xa  x2(x2-l)* 

41  _J 1      ,      2  a    ^(a^h)-(a  +  b)  +  2a 

a+6     a-6     a2-62  a2  -  62 

_a-&~a-6 +2a_2a-2&__     2 

a2-62  a2-62      a  +  6* 

42  ^^^  j_ <^— ^  1    4 ax    __  (a  +  x)2 -f  (g  —  x)2  +  4 ax  i^ 
a  —  x     a+x     a2  — x2                     d^  —  x^                                      tflP^ 

_  a2  +  2ax  +  x2  +  q2  -  2  ax  +  x2  +  4  ax 

a2  —  ic-« 
_  2a2  +  4ax-f  2x2  _  2  (a  +  a;)2  _  2(a  +  x)^ 
a2-x2  a2-x2  a-x 

48         a  +  1  g-l      ^      a^  +  l       .^a^-l      ^       2  a* 

a2  +  a  +  l     a2-a  +  l      a^-fa^+l      a*4-a'^  +  l      a*H-a2  +  l' 

44.    3x  +  A>f2x  +  AU3x4-A^2x-?-  =  ^  +  ^  =  «^i±2. 

ax     \  ax)  ax  ax  ax         ax 

45       a-6      .a2  +  62        g     ^a2  -  2aft +  524.2  gg  +  262_(2  024,2  a&) 
2(a+6)      a2-62     a-h  2(a2-62^ 
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_ag-2fl&-f&^4-2og  +  2  62-2ag-2a6 
2(a2-62) 

2(a2-62)       2(a+6)(a-6)"2(a+6)' 

46  a  +  33        6  10    ^  (q -t-33)-6(a  +  3) -H0(a-3) 
a2-9     0-3     a  +  3  a2-9 

_a  +  33-6a-18  +  l0o-30 

aa-9 
^6o-16^       5Ca-3)       ^    6 
a2-9      (a  +  3)(a-3)     o  +  3' 
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47  q     __  g—  2  ,      3      _     a     _  a  — 2  ,     —  8  * 


a-2     a  +  2     4-a«     a- 2     a  +  2     a2-4 

^ag-t-2ff~(a2-4o4-4)-3 

a2-4 
_a«  +  2g~a2  +  4o-4-3_6a~7 

a2-4  oa-4" 

48  q  +  1  ,      2  4a     ^fl  +  1  ,      2         -4o 
'o-la  +  ll-a2     a-laH-la2-l 

_a2-}-2a4-l+2a-2--4a_aa-l_, 

a2-l  a2-l       ' 

49  5a;  +  2         2  3     _6g  +  2         2.3 
.*    a:2-4      a;-2     2-x     a;-2-4      x-2     x-2 

_6a;  +  2        6     __10g  +  12 
x='-4      a-2       a;2-4 
g^j^  gCa  +  g;)     3aa;-g2  ^  ^^_^g(«  +  x)  ^  Sax-x^  ^  ^^ 
a  —  x  x  —  a  a  —  x  a  — ic 

ax-\-x^  ■\-Zax-x^  +  ^a^-^ax_  4a2 


a  —  a;  a  —  x 


51. 


1  1       ^(8-q8)_(8  +  q8)4.(i6+4a-'-f  g^) 


a^  +  s     8-a8     4-a2  64- oo 

_  8-  q8 -  8-  q8  +  16  +  4 q2  -f  g*  _  16  +  4a2  -  2 q8  -f  g^ 
64-a6  64- gs 

52      6(x-3)  2(x  +  2)  g-1 

*a2_a.__2     a;2_^4a.^3     6_a;_a;2 

5(a;-3) 2(g  +  2)  a-1 

(X  +  !)(«-  2)      (X  4-  l)(aJ  +  3)  "^  (x-  2)(x  +  3) 
^  5(x  -  3) (x  -f  3) -  2(x  -h  2)  (X  -  2)  -f  (a;  -  l)(a;  +  1 ) 

(a;-f  l)Cx-2)(x4-3) 
__  6  x2  -  45  -  2  x2  4-  8  4-  x2  -  1  ^  4  x2  -  38 

(X  -}■  1)(«  -  2)Cx  +  3)  {x  +  l)Cx  -  2)(x  4-  3)  ' 


Digitized  by  VjOOQIC 


68  KEY   TO   STANDARD  ALGEBRA  [139 


aa  +  62  a2-6a  o^  +  6*  a^-ft* 

_    2 aft        _2a6_  __ 2  ggfc ~  2 a6»  +  2  a«6  +  2  gft^ _   4  a»6 
flS  4-  ft2  "*"  ^2  _  53  0*  —  6*  a*  -  6* 

a-2+3a6-462     aS-lOfta     ^       a2  +  3a6-46aj     \^   ■*'a2-1662j 
6fe2  35a 


a24-3a6-462     a^- 166^ 

6  62  3  62 


(a  +  4  6)  (a  -  6)      (a  +  4  6)  (a  -  4  6) 
_6a62-24  68-(3a62-3  6^)_6a62-24  68-3g6?  +  3  6» 
(0  +  4  6)(a  -  4  6)(a  -  6)        (a  +  4  6)(a  -  4  6)(a—  6) 
_  3g6g--2168  ^       3a6g-216» 

(a  +  4  6)(a  -  4  6)(a  -  6)      (a2-  16  62)(a -  6) ' 

x-1     «+l     a;-2     «+2  x-i  x+l     \      x-2/     \       «+2/ 


66. 

X 

X 


2  2  ^     +.   ^ 


X— 1     x+1     X— 2     x+2 
^2(x-HXa^-4)-2Cx-l)(x2-4)-4Cx+2Ka?^-l)+4rx-^2)Cx2~l) 

(xa-l)Cxa-4) 
__C2x  +  2-2x  +  2)(x2-4)  +  (-4x~8  +  4x-8Kx2-l) 

(x2-.l)(x2-4) 
^4(g2_4)  _i6(g2,i) 

(x2-l)(x2~4) 
^4a;2^16-16xg  +  16_         -12x2 

(x2  -  l)(x2  -  4)  (x2  -  1)  (x2  -  4) ' 


67. 


^S_x-3     x+4_x-4^       _6__./^^j3_\  _8__/i_._8_>| 

x-3     a;+3     x-4     x+4  x-3     \       x+S/  x-4     V       «+*/ 


6       ^      6       ^      8  8 


x-3     xH-3     x-4     xH-4 
^C(x-t-3)(x2-16)-t-6(x-3)(x2--16)+8Cx+4)Cx2-9)+8(x-4)(x2-9) 

(x2-9)(x2-l6) 
^(6x+18  +  6x-  18)Cx2-  16)  -f  (8x  -f  32  +  8x  -  32)(a;2~  9) 

(x2-9)(xa-  16) 
_^  12  X  (x2  -  16)  +  16  X  Cx2  -  9) 

(x2-9)(x2-16) 
_12x'^-  192  x  +  Ifl  .r«  -^  144  X _      28  x"  -  336  x 

(x2-9)(x2-16)  (xa-9)(x2— 16)" 

Digitized  by  VjOOQIC 


140]  FRACTIONS  69 


59. 


Page  140 

«+&     a-b       4ah     ,    Sab^         4a6  4ab     ,    8a6« 


a-b     a  +  b     a^  +  6^  a*  +  6*     a^-b^  a^  +  6^  a*  +  6* 

_   Sab*  Sab^  _l6a^b^ 

^     _1 1  26  2  6^^2&  26  2  68 

•    a-b     a  +  6     a^+b^  o*  +  6*     a^  -  6^  o2  +  6^  a* -r  6* 


4  68  2  63    _6  0^68-}- 2  67 

■  a*  -  6*     a*  +  6*         a«  -  68 


61. 


g  +x     g^  -f  a;''     a  —  g _  (^'—J^^ __ 4 nt'^a;  -f  4 ga^ 
g^  —  x^     g  +  X     g=^  +  x*-*  g*  —  x* 

-X2) 

4  gx     ,4  g^x^         4  ax         4  g^x'^ 


g  —  X     g^  —  x^     g  +  X     g-  +  x*  g»  —  x» 

la+'x     a-x\^la-  +  x^     g- -  xn         4gx(gg-t-xg) 

\g-x     g  +  xj      \a-  —  x^     g-«  +  x'V      (g2-x2)(g-  +  i 


g*  —  X*     a^  —  7i^     g*  —  X* 

+. — A— ..+■ 


64. 


(6  -  c)(g  -  c)      (c  -  g)(g  -  6)      (6  -  g)(6  -  c) 

1 1 1 

"r6-c)(g-c)      (g-cKa-6)      (g-6)(6-c) 
_g  —  6—  (6  —  c)  —  (g--c)_g  —  6  —  6-t-c  —  g  +  c 
(g-6)(g-c)(6-c)         (g  _  6)(g_c)(6-c) 

_2(6-c)  ^  2 

"  (g  -  6)(g  -  c){b  -  c)      (6  -  g)(g-  c)  * 

g  +  1  ,  6-fl  ■  c-t-l 

(g-6)(g-c)      (6-c)(6-g)      (g-c)(6-c) 

_         g-t-1 6  +  1  ,  c+  1 

"(g-6)(g-c)      (6-c)(g-6)      (g-c)(6-c) 
_  (g  +  1)(6-  c)  -  (6  4- 1) (g  -  c)  -f  (c  +  l)(g  -  6) 

(g-6)(g-c)(6-c) 

_  q6-t-6  —  gc  —  c  —  g6— g+6r  +  c-t-gc-}-g—  6c  —  6 

(g-6)(g-c)(6-c) 

0 . 

"(g-6)(g-c)C6-c)' 

c2g6  62cg  g26c 


(c-g)(6-c)      (6.-g)(6-c)      (a-6)(g-c) 
-c2g6  62cg  g26c 


(g  -  c)(6  -  c)      (g  -  6)(6  -  c)      (g  -  6)(g  -  c)  - 
_  -  c2g6Cg  -  6)4-  62cg(g  -  c)-  g26c(6  -  c) 

(g-6)(g-c)(6-c) 
_  -  g26c2  +  g62c2  -f  g262c  -  g62c2  -  g262c  -f  a^b(^ 
{a-b){a-'C)(J)-c) 

= 5 =  0. 

(g-6)(g-c)(6-c) 

Digitized  by  VjOOQ IC 


70  KEY   TO   STANDARD   ALGEBRA  [140,  142 

0Q  b  —  c c  —  a a  +  b 

ib-a)\^a-c)      (6-c)(a-6)      (^a-'C){b^c) 

__      —  (b  —  c)       ■  a  —  c g  -f  & 

(a  -  6)(a  -  c)      (6  -  cXa  -  b)      (a  -  c)(6  -  c) 
_  -.(6  -^  c)(6  -  c)4-(q  -  0(q  -  c)-  («  +  b)(a  -  6) 

(a-6)(a-c)(6-c) 
__  ~  ftg  -f  2  6c  —  c2  4-  g^—  2  gc  -f  c2—  qg  +  6^ 

(a_6)(a_c)(6-c) 
_  _2c(g— 6)  _  2  c 

(a  -  6)(g  -  c)(6  -  c)      (c  -  g)(6  -  c) 

c  +  q 6-f  c  .  g4-  ^ 

(a  -  6)  (6  ~  c)      (c  -  a)  (6  -  g)      (c  -  6)  (g  -  c) 

_____gjfc 6  -f  c g-f-6 

(g-6)(6-c)      (g-c)(g-6)      (6-c)(g~c) 
_  Cq  -h  c)(g  -  c)-(&  +  c)(b  -  c)-Cg  +  b)(a-b) 

(g-6)(g-c)(6-c) 
_  ga  ,  eg  -  ftg  -f  c2  ->  g2  4-  6^ 0 


67. 


(g -  6)(g -  c)C6  -  c)         (a  -  b) ^g  -  c)(6  -  c) 


=  0. 
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g    g"*6"  ^     6a;g    _  gm-iqi^n  ^      6g2      __  3ga; 
4ic       g«-i62»  4x  g»»-i6»»6'»      2  6»* 

6"»+2       o«       6«+i6i       g"*        6 

12  l-6a;  +  6x2^2~a;_-.  Cx~l)Cl-5a;)  ^2-x_l-6x 

a;2_3a;  +  2      l-a       -(x-l)(2-ic)       1-x      l-«' 

13  C«-&)\      &      ^^(a+by^(a--b)^^^       b       ^^       (a-\-b)^      ^b 

a+b       a^-ab      a^-b^         a+b       a(j[i-b)      (^a+b){a-b)      a 

14  «^-~  ^^  X  ^  +  ^  X  ^'^  —  <^^  +  ^^ 
'     •    di-j-x^     g2-a:2         (g  +  x)2 

_(a^-{-x^)(a  +  x)(h-'X)  ^  a  +  x  ^  g^  —  ga;  +  a^ _,  g^  +  a;^ 

(g  +  x)(g2--gx  +  a2)        (g+a;)(g-x)         {a  +  x)^         (a  +  ic)^* 

15  4g-5^       2g      ^^  4a2-y2^4  g-&  ^       2g       ^^  (2x4-y)(2a;-y) 
2ic  +  y     4g2— tt6  4  2x  +  y      g(4g-6)  4 

^2x-y 
2 

16  y>+2  ^^3x2-27^^        4        ^p-\-2^^S(x  +  S)(x^S)^^        4 
*x-3      2j)2_8      j)x4-3p     x-S     2(p  +  2)(p-2)      p(x  +  S) 

6 


i>Ci>-2) 

Digitized  by  VjOOQIC 


142,  143]  FRACTIONS  71 

17.    l>*-g*  ^^  ^-g  X     ^ 
iP-ur     I^+PQ     I^-^Q^ 

iP-Q)^  Pip  +  q)     P'  +  q^     ^' 

18    g^  +  8  ^^q^  4-20  +  4^  (a  4- 2)(a2->2q4- 4)  ^^gg +  20  +  4^0  +  2 
*o8-8     a2-2a  +  4     (a- 2)(a2  4.2a +  4)      a2-2a4-4     o-2* 


_  (a^+ax  +  x^)(a^-ax-^x^) 


X 


a(a-x){a^  +  ax-}-x^)         a^  —  ax  +  x^     a^a-r-x) 
2Q        g*4-4      ^  qg  +  q  +  l  ^Cq^4-2q  +  2)(q2-2a  +  2)       gg-fq  +  l 
q*  +  q2  +  l     q2  +  2q-f2       (^d^  ^  a^V){a^- a-^-l)       q2  +  2rt4-2 
_  qg  -  2  q  4-  2 
a2  -  a  +  1  * 
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V       x2^6«  +  6yV       a;24-7a;  +  12/ 


_.x2  4,6a.^5_a;4-l^a;^  +  7a;  +  12--2 

x2-f6a;  +  6  x2  +  7a:  +  12 

_.g2-f  6x4-6^x2  + 7  x-f  10 

X24.6X  +  6     x2  4.7a.^i2 
^  (X  +  3)  (X  4-  2)  ^  (X  -h  6)  {X  4-  2) 

(x  +  6)(x  +  l)      (x  +  3)(x4-4) 
__  (x4-2)(x-f  2)  __  x2  4-4x4-4 

(x4-l)(«  +  4)      x2  4.  6x4-4* 


(^  .       7x4-11     y.         17X--11    \ 
V       x2-4x-2lA       x24-7x4-10y 


_       -  4  X  -  21  4-  7  X  4- 11  ^^  x^  4-  7  X  4- 10  -  17  X  4- 11 

x2  -  4  X  -  21  x2  4-  7  X  4- 10 

_x2  4. 3a;~  10  ^  x2  -  lOx  4-  21 

x2  -  4  X  -  21      x2  -I-  7  X  4- 10 
_Cx4-6)(x--2)      (a;-3)i:x-7)^x2-6x4-6 

(x-7)(x4-3)      (x4-5)(x4-2)     x2  +  5x4-6" 

23  /  q^  -^  q&  4-  qc  4-  ftc  ^  a^—ax  +  ay  —  xy  ^  x^  —  xCy— a)— ay 
ax  —  ay  —  x^  +  xy      a^  +  ac  ■}- ax -\- ex     a^  —  a(y  —  b)— by 
^  (q4-c)Cq4-6)  ^  Cq4-y)Cq-a;)  ^  (q4-g)(g-y)  ^  q±J. 
(q-x)(x-y)      (q4-a;)(q4-c)      (q4-6)(q--y)      q-y 

2^      x8~5x2  4-8x~4       x8-10x2  4-33x-36 
a«-8x24-19x-12       x«- 6x2  4- H  a;- 6 

§164  ^(x-l)(x-2)Cx-2)      (x-3)(x-3)Cx-4)^x-2 

'^        '  (a;-l)(a;-3)(x-4)      (x- l)(x- 2)(x- 3)      x-1 

Digitized  by  VjOOQIC 


72  KEY  TO   STANDARD  ALGEBRA    [143, 144,  145 

g.       a4_3a8_23a;g-f  76a;--60    ^  g^- lOg^ -h  29g- 20 
rE*-.6»8-21x2+ 126a;- 100     ofi- V2x^ -h^x- 60 
«164     ^Cx-l)(g-2)Ca;-6)(x-f6)      (g-l)(g-4)Ca;-6)^g-l 
*       '        (a;-.l)(a;-4)(x-6)(x  +  6)      (x- 2)(x- 6)(x-6)     x-6 

Page  144 

'    (m+y)2  '  m2-ya      Cw  +  y)^  y2  y{m  +  y) 

16.  («-&)V  g^-«ft^(«-&)\      ft      ^&(q-&), 

a  +  6  6  a  +  6       a(a  —  b)     a(^a  +  6) 

17.  (4a  +  2)-^?4±i  =  2(2a  +  l)x-^^  =  10a. 

6a  2a  +  1 

•  a2-.2a6  +  62  •  a2_a6  (a- 6)^  a^  +  ft^        '^   ^   >' 

19   a^  +  y*  t  g'  +  gy  +  y^^(a;  +  y)(a;^-gy  +  y^)^      g~y 

•  a;a-y«  x-y  (»  +  y)(x-y)  aJ^  +  oy  +  y* 

_  x^  —  xy  +  y' 
a;^  +  xy  +  y^ 
20. 
m*x  +  m^   .  tnW — wx*  _        m* (x  4-  wi)  x'^  (m  —  x)(m'  4-  mx  +  x^) 

w'x  —  wx'       fii'^x'  —  x^      wx  (m  +  x)  ( w  —  x)         mz'^  (m  +x)(m  —  x) 
_  m'  (m^  +  mx  +  x^) 
w2  -  xa 


«1.    (x.l)-.(y«.l^)  =  xy.xV  =  .yxA.=i. 

\b         J     W  J     \b      b'^J      b       6      62     a'     &a 

Oft    r^  1  ^-  .  la^-c^  ,  a-c\     ,     .     ,     (a^-c^^'i  -x^\ 


=  ia  +  c)x ^-^t« 


(a  +  c){a,-  c)      (1  +  x)(l  -  x)      1  -  « 
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24     g'''  +  6^  -  c^  +  2  aft  .  g^  -  6^  +  c^  -  2  ac 

a2  -  62  __  c2  +  2  6c  '  a2  _  52  +  c2  +  2  ac 
^  a2  +  62  -  c2  +  2  ff6  ^  gg  -  62  +  c2  +  2  ac 

fli  _  62  -  c2  +  2  6c      g2  _  6*2  +  c2  -  2  gc 
^  (g+6  +  c)(g+6-c)  ^  (g -f  6 -f  OTg- 6  4- c)  _  (g  +  6  -f  cY 

(g +6  — c)(a-6  4-c)     <g4- 6  — c)(g  -  6  — c)      (g  +  6  — c)(a  — 6  — c)' 


Digitized  by  VjOOQIC 


146,  146]  FRACTIONS  73 

jg     ofi^dx^-^  11  aj - 6   ,         aj8 -  13 a;  +  12 


x^  +  2  aj2  -  19  a  -  20     a:«  +  10  x^  +  29  x,  +  20 

_  x8-6xg4-llx-6  ^x8-f  10x-^  +  29x  +  20 
x8  +  2  x-*  -  19  X  -  20  a;8  -  13  X  +  12 

§164,  ^(x-l)(x-2)(x^3)      (x  +  l)(a;  +  4)(x+6)^x-2, 

^       '  (aj+l)(a;_.4)(x+6)      (x- l)(x  -  3)(x  +  4)     x-4 

V  yl    \y^    XV  y  ^V 

y  (x  +  y)(xa-xy  +  ya)     x  +  y' 

^(xa  +  l)Cx  +  l)Cx-^l)^  X  ^x2  +  l. 

x2  (aj  +  lXx-l)         X 

28.  fi-igufi~^+'^-W^^^^'-.y'-^^y+^ 

V  «V    V       y     yV       x^  y^ 
^(x  +  y)(x-y)^      ^      ^yHx-\-y) 

xa  (x  —  y)^     x2(x  — y) 

\     y^    y*J    \      y    yv         t  ^ 

^(y^  +  y  +  DCy^-y  +  i)^       y^       ^y^-y+i 
y*  y2^.y4.i  ya       ' 

80.   ^-41      ^\-i\     4x-7\     x«-2x-M  .xg^4x  +  8 

V  x  +  2yV        x2-4/  x  +  2  x2-4 
^Cx-l)\(x  +  2)Cx-2)^(x-l)Cx-2) 

x  +  2        (x-l)(x-3)  x-3 

_x^  +  2x2 +  2x4-4  ,xg  +  4x  +  4 

X2  -  1  X  +  1 

^(xg  +  2)C«  +  2)^    x  +  1     ^         x2  +  2 
(x  +  l)(x-l)      (x  +  2)2      (a-l)(x  +  2)' 
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x  +  y 

«&     .-g  +  y  .  g^-y^_x  +  y^  gftg 


x^-y^       a6     '     tt62  ah       {x -i- y) (x  -  y)     x-y 


5  ^  c         c  a  c         a6  +  c     c  (aft  +  c) 


a 


Digitized  by  VjOOQIC 


74  KEY   TO  STANDARD  ALGEBRA  [146 

m 

4.  ^   —  ?>*^  —  3  m  .  mx  —  x  __  m  (g  —  8)  m        __  m^(g  —  3)  ^ 

jp  __  _»_  ~        a;  m  x  a;  (m  —  1)      a:2(TO  —  1) 

2  +  — 
5^    46__86  +  3q  .  8q4-86_3o  +  86^        8        _3 

a+i^  46       ■         3  46  3a+86     46* 

3 

1+^        x2  x2  aja         aja  +  ya     xa  +  ya' 

x2 

x-1 

1+1  XX  X  «+ 1 

X 

3^    2_26  —  c  ^  6  — 2c_.26  — c  2       --26-c^ 

5«c  ^  2  2  6  — 2c     6  -2c* 

2 

a^ 
ox— >-- 

Q     2  _2aa;  — x^  .  ag-2ax_.x(2a~x)  ^ 2 __x(2o— x) 

a^_^  2*2  2  a(a-2x)     a(a-2x) 

2 

x_+y_x_-|-_y 
10.    _!( g g^-y%  a;-y^Cx  +  y)Cx-y)^    xy    ^g  I  y. 

i__l  ^        *y  *y  X— y 

y     X 

x2-l 

12.  _^_^«fxg-l)^x(x  +  l)(x-l)^    .    ^^. 
g  +  1  x  +  1  x  +  1  '^-^      ^-^ 

X2 

13.  Multiplying  the  terms  by  x(y  + 2),   i_JLt£  =  y±_?_±_?. 

1—     ^         y  -\-  z  —  x 
X     y+z 

Digitized  by  VjOOQIC 


146, 147]  FRACTIONS  75 

a;»  +  y8 

-xy  +  y'^     x^^xy  +  y^  x^^-xy  +  y'i  ^^' 


14.     - 

x^ 


1 


15. 


«  +  l 


I         1         a  +  1-1     a 


«'  +  y^    ^ 

16.  ^y  _a^  +  ary^-2a;2y^      a^Ca-y)^       ^xCx-y) 

y     x 
1 

17.  ^-«^    1      . a    ^     1     ^^l~a^l 

^        1— a         a— 1     1—a        a       a 
a-1 
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iC—  2  +— -— 

18.  a;  +  2_a;a~3  _^2_3^g2_^3^  ^l^_^Zl2 

a;4.2+— 1—     a;  +  2  *  x-2      x  +  2     a;2-3     fl;  +  2* 
ic-2 

14      4 

-  +  — +  — 

19.  a?     a;8     a:8_   x^-^-^x  +  i    _         (x  +  2)^        _    x  +  2 

1+5+?.     «8  +  5x2  +  6a     aj(x  +  2)(«4-3)     a(x  +  3)* 

X         X2 

3a 
x~5     y  ^  24 

21.    _2 X  _x2~6x-14x4-48_xg-19x4-48 

9-3x  18-6X  18-6x 

X  _(x~3)(x-16)_16-x^ 

-6(x-3)  6 

1  1  1 

82.       a?  +  l      ^  x  +  1  ^  1-x^l  ^      1-x     ^      1+x 


1 L_         ^  ^        X     x(l+x)      x(l-x) 

1  H-x     1  — X     1  4-x 

_l-x2  +  l~2x  +  a;2  4-l4-2x  +  g2_    3+xg 

x(l-xa)  x(l-x2)' 
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as— 1  ■  y  — 1  ■  g— 1 
23,  Sxyz X  y  z 

yz  -\-  zx-\-xy  Ij-l+i 

X     y     z 
=       3gyg  aryg  —  yg  -f-  gyg  —  xg  -\-xyz  —  zy 

y«  4-  aJ«  +  xy  yg  +  a»  +  a:y 

_  3  xyz  —  (3  xyz  —yz-^xz  —  xy) 

yz  +  xz-\-xy 

__  3  xyz  —  3  gyg  +  yz-{-xz-\-xy  _^ 

yz-\-xz  +  xy 

1,2  9  Sj^ 

^    ac  +  y     x-y     3g-y__  (g  +  y)  (g-y)  (3a;-y) 
-8y  8y 

y2-9a;2  9a;2-y2 

^ 8^! ^(3a;-hy)(3x-y)  ^y(8g4-y) 

(«  +  y)(af-y)(3a;-y)  8y  a^-ya 

a^  +  Ca-h&)ac+q&     (g  +  a)(a;+6) 
^    gg- (g  +  &)g -h  «6  _  (g-  g)(a;-6)  ^  (g+a)(a;+6)Cg-l-q)  _  (g+o)^ 

x2-a2  (a;  +  a)(g-a) 

26     ?L-Ai£_ 1 _54-c-hq  . 26c 

'    1 L,  '  1  I  ft^  +  cg-gg     64-c-a  ■  26c  +  62^.c2-a« 

a     6  +  c  2  6c 

^ b±c±a  ^  (6  +  c4-g)(6  +  c-a)  ^  (a-h6  +  c)«^ 
6  4-c-a  26c  2  6c        * 

^,     (g2  +  ya-g2)2 

27^    4y2 4g2y2-(ga4.y2,g2)2 

(x+yy-z'\  (x-y  +  g)2     (g  +  y  +  2^)(g  +  y-a^)(g-y  +  «)2 
y2  4 

_  (g  +  y  +  g)  (g  +  y  —  g)  (g  —  y  -f  •  g)  (g  —  g  +  y)  _.  gj^^iy . 
(a;  +  y  +  g)(g  +  y-g)(a-y  +  g)2  g  +  g-y* 
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29.  ^         -      ^ =  _JL_  =  _^  =  _L-. 

g+— L_     X  +  -J-     g+^^     ^g  +  3     3g  +  3 
1  1  x-h  1  4  4  4 

"^S-a:  3-g 
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80.   « = «  ^  «      ^ 

a  +  l+ ^^     a  +  l-^—-^ a  +  l+- 


a  +  l-i  q^  +  g-l  a2  +  a-l 

a  a 

_        a        _q(q^  +  q— 1). 

"" a«  +  8 a'-^  —  1  ""  a8  +  3a2-  1  * 
a2  +  a  -  1 
81               2            ^          2         ^         2         ^     2     ^2(x^l) 
g            2           2         2         g      2-a;        g  a; 

g         2               2~2g  1-x     jc-l 

2-x            2-a; 
32  a;  —  2  a;  — 2  a;— 2 


x-2 ? a;-2 ^ a;-2-     ^'-^x 


^     a;-  1  g2  -  3  a;  +  1  a;«-3a;4-l 

a;-2  a;-2 

_  a;-2  Cx-2)(x^-Sx  +  l)_x^-SX'\'l 

g8-6a;g  +  9g-2~(a;-2)(g8-4x  +  l)     aJ2-4a;4-l" 
x2  -  3  a;  +  1 
88  1        ^         1         ^         1         =^^^^  +  ^ 

1+1  c+1  c+1 

c  c 

^3c2  +  2c  +  l        ^8(^  +  2c  +  l 
c  +  l 
_8cg  +  2c4-l  +  <^  +  c_4(^  +  8c  +  l 
"         8c2  +  2c  +  l  3c2  +  2c  +  r 

REVIEW 
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a^  +  gg  +  a;  -  8 
»8  +  8x2  +  6a;  +  8' 
Factoring  the  numerator  by  the  factor  theorem,  we  have, 

x8  +  a;2  _|_  a-  _  3  =  (a;2  4. 2  a;  +  3) (X  -  1). 
By  trial,  it  is  found  that  x*^  +  2  x  +  3  is  a  factor  also  of  the  denomina- 
tor, whose  other  factor  is  x  +  !• 

.     x8  4-y^  +  g-3    _  (xg4-2x4-8)(x- l)_.x- 1 
"x8  +  3x^  +  6x  +  8      (x2  +  2x  +  8)(x  +  l)     x+l' 


18. 
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19  g8  _  a;^  _  a;  _  2 

Factoring  the  numerator  by  the  factor  theorem,  we  have 

jr8-x2-a-2  =  (aj2  +  x  +  l)(a;  -  2). 
By  trial,  it  is  found  that  x^  +  x  +  1  is  a  factor  also  of  the  denominator, 
whose  other  factor  is  x  +  2. 

.     a:8  _  a;2  _  a;  _  2    _  (g^  +  g  4-  l)(x  -  2)  _g -  2 
"»8  +  3x24-3a  +  2      (««  +  x  +  l)(a;  +  2)     x  +  2' 

80  a^  +  a;^  -  22  X  -  40 

x8-7x2  +  2x  +  40' 
Factoring  the  numerator  by  the  factor  theorem,  we  have 
a*  +  a;2  -  22  X  -  40  =  (x2  -  3x  -  10)(x+  4). 
By  trial,  it  is  found  that  x^  —  3  x  — 10  is  a  factor  also  of  the  denomina- 
tor, whose  other  factor  is  x  —  4. 

.    x8  +  x2--22x-40  _(xg-3x-10)(x  +  4)  ^x  +  4 
"x8- 7x2  +  2x4-40     (x2-3a;- 10)(x-4)     a:-4* 

21  x8  4-10x2  +  7x--18 

aj8-8x2-llx+18* 
Factoring  the  numerator  by  the  factor  theorem,  we  have 
x8  +  10x2  4-  7  X  -  18  =  (x2  +  X  -  2)(x  +  9). 
By  trial,  it  is  found  that  x?  -h  x  —  2  is  a  factor  also  of  the  denominator, 
whose  other  factor  is  x  —  9. 

.  x«  -h  10 x2  +  7  X -  18  _  (x2  4-  a;  -  2)(x  4-  9)  _x  4-  9. 
'*x8- 8x2 -11x4- 18      (a;2  +  x-2)(x-9)     x-9' 

22      ^     I     y        y-^  ^    g     ,     y        x-y 

2y-.l     2y  +  l      l-4y2      2y-l      2y  +  l     4y2_i 
_2xy  +  x4-2y2-y-(a;-.y) 
4y2-i 

_.2xy4-2y2^2y(x4-y) 
4  2^2^1  42/2-1 

23  q^  /       3  1  l-g    \ 

•    4(1 -a)2      V8(l-.a)'^8(a4-l)      4(a  +  l); 
=  _«?_     /       3  ^1  ■i-2a\ 

4(1  -  a)2     V8(l  -  a)  "^  8(1  +  o)  / 
_       q2  3  4.3q-,i-|.3a,2a2_        qg  i^Sa^a^ 

4(1 -a)2  8(1 -a2)  4(1  -  rt)2       4(1  -  a2)  ' 

_a2  +  q8,(-i  _^2g-4q2.4-q8)  ^     6fl2_2fl-l        . 
4(1  -  a)2(l  4-  a)  4(1  -  a)2(l  +  a)  ' 


24. 


/^  j       2     \ /m2  +  m-2N     m  +  1  ^  (m- l)(m4-2)  ^m  +  2 
\        m— iy\    m2  4-m    /     m— 1  m(m  4- 1)  m 
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26. 

26. 

27. 


(a  +  b      a-h        4a5   \q^-&^^/   4a6  4a6    \ 

\a^h      a  +  6      a'^-^h^l    8  6^        V^'^  -  &^     a2  +  ft^J 


862 


8a68 


a2-6=2 


a& 


98. 


(a2_  52^(^2 +  62)        8  62        a2  +  62 

_g8  +  g2  +  g  +  l  .a:8  +  x2-~g-l 

x2  '  a;2 

^{x^  +  r)ix  +  D  g2  ^g^  +  1 

a;2  (a;2_i)(a.^l)     a;a«i 

/q4-6  ■  a2  +  62\/o  +  6     a8  +  68\ 
U-6     a2-62Aa-6     a8-68j 

_.2o2  +  2a6  +  262     2q26-f  2a6a 
a2  -  62  a8  -  6« 


.2(a2  +  a6  +  62)      

■((i  +  6)(a-6)      (a- 


2  a6(a  4-  6) 


4a6 


80. 


.6)(a2  +  a6  +  62)      (a-6)a 

fg2.8xy-2y2  +  J2^Uf3x-6y--^^ 
\  x  +  3yy     V  «  +  3yy 

_a:»-llgy2  +  6y8  .  a;2  4- 3  a^  -  18  y2 

aj  +  3y  x-\r  3y 

_  (a;  -  3 y)(a;2  +  3a;y -  2 y2) ^  x  +  Zy  __ a;2  -f-  3 a;y -»  2 y2 

a;  +  3y  («  +  6y)(x-3y)  x  +  Qy 

/m-3nWi^_4n_\^/m^^^l6n\ 
\w  +  7i/\        m  +  nj     \n  m  J 

__  /m-3w\  /m  +  6  n\  ^  /m2  +  2  mn- 16  n2\ 
\m  +  n/\wi  +  n/      \  mn  / 


■3n  ^  m  +  6n^ 


mn 
mn 


81.    1- 


m  +  n        m-^-  n 

'   X2  +  flC   ' 


(m  -  3  n)  (m  +  5  n)      (m  +  n)2 
/3-3x\ 


2a;  +  5x2 
2(x+l)2      l2a;-: 

_^      2g  +  5ar2      a^  +  a;2  ^  3-3a;_^  ^   -2a;-^^    ^ 


2(a;  +  l)2      2a;2-2 
_^      2a;2  +  2a;  __  ^  _     a; 
2(a;  +  1)2 


(X  +  1)2 
^^^ 

x+  1      a;+  1 


6a;2  3a;2 

2(a;+l)2  ■^2(x  +  l)2 


,2.   fl  +  ^-V.-£_-2^M:A«^^l«-'\ 
V         a-xyVx  +  a     x2^.3aa;  +  2a2y 


a 


^    Cq  +  a;)(q-a;)    _ 


a  — a;      (x  +  a)(a;+2a)      x+2a 
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88.   Byflia,    (^  +  y-)(^^tl)  =  ^^^^^, 

86.  ByjlOT.    (2x_  i)  (2.- J-)  =  4*»-2  +  jL. 

1+i  +  i 
'    1^1^.1     x«  +  x»  +  a^  ai'ix^+x  +  l)  a? 


(^•-~)-a4) 


38. 


f»2  —  n^ 

_ m^  —  mn  +  n^  ,  m—  n  .  (m  +  n) (m^  —  mn  4-  w') 

n  mn  (m  4-  n)  (w  —  n) 

_  m^  —  mn  +  n^        mn  m  —  n       _. 

n  m  —  n     m2  —  wn  +  «* 


«         .         1  (a  + 1)2  '  (o  + 1)*      (a  + 1)2  1 

(a  +  1)*     (a  +  1)*  =(c  +  (f)(a+l). 


Aii  1  _  1  _  1  _1_ 

1 1 —    1 — L.    i  +  Ln^    i 

^ 1 —X  X  X 

6a  4 


(«  +  y)' 

a2  +  3g  +  2  (a  +  l)(q4-2) 

a2^2aH-l  _,  (a  +  l)(a  +  l)^.      (a  +  1W«  i- 2)(a  +  4) 

**•  gg  4-  7  g  +  12  ~  (g  +  3)(g  +  4)  (^a -^  l)Ka -\- S^a  +  4) 

a2  +  6g  +  4  (a +  !)(«  + 4) 

=  1      «  +  ^^     ^ 

g  +  3     g  +  8 
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43. 


44. 


46. 


47. 


1  4.         '^mn  w*  +  n*     w  +  n      wi^  —  mn  +  n^ 

w*-*  —  wn  +  n^ 
_  (m  —  n)  (yn^  +  mn  +  n^)  ^  w  —  n     w^  —  mn  +  w^  _  (m  —  n)^ 
"~  (m  +  n)(m2  —  wn  +  n^)     w  +  n     m-^  +  wn  +  n^      (w  +  n)^ 
1  _  I  _  1  _       1       _19-4a 

o  ^2  3        ""g      18-8a;""20-6a;~20-5g' 

^ 5_  19- 4a  19-4X     19-4a; 

6-x  6-x 


45     /a^  +  y  J.  g~y\  ^  /    a;-f  y    _    tg-y   \  _  2x^  +  2y^  ^       4gy 
Vaj-y     a;  +  yy  *  V2(x-y)     2x  +  2yl       x^-y'^     '2(x^-y 
^  2(x^  4-  y^)  ^  2(ga  ^  y2)  ^a;2  _^  y2 

a;2  —  y2  4  jcy  Xy 


__  g«  +  a^x  +  ax^  +  ofi  ^  g*  -  g^g^  +  g*  ^  g«/g  +  g\ 
g2g2  g2x8  *  g6\     g    J 

_.  (g  +  g)(gg  +  g«)  ^  g* -  gggg  +  g*  ^        x^ 

g2g2  o2a^  ^2(0  +  X) 

_  (gg  +  gg)(g*  -  gggg  +  g*)  _  g^  -f  g^ 


«=.-i      i-+-^ 


y8         gy    gy    yg^y-i 


gy     a-2y2 


x^-S  xy  +  1  gy- 


;  X 


xY  -  x^     x^  +  2gy  +  4     gy  +  1 
^(gy-2)(g2y2  +  2gy-h4)  ^         gy  +  1         ygy-l^gy-2 
g2y6(gy-l)  g2y2  +  2gy  +  4   '  gy  +  1        g2y6 

SIMPLE  EQUATIONS 
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19.  ^±i-!L±i  +  ?LL?  =  i6 

3  6  4 

Clearing,   20(t7+  1)- 12  (t;+4)+  15(r+3)  =  60  .  16. 
20 V  +  20—  12  r -  48  +  15  r  +  45  =  960. 

.-.   t7  =  41. 

Verifying,  ij^  -  i^5  4.  4^  =  16, 

which  reduces  to  16  =  16. 


STAND.    ALG.    KEY - 
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80.  7g  +  2     12-g|g  +  2_^ 

6  4  2 

Clearing,  2  (7  «  +  2)  -  3  (12-«)  +6  («  +  2)  =  12  . 6. 
U«-f  4—36+ 3« +  6^+12  =  72. 
.-.  z=4. 
Verifying,  y_H-j  =  6, 

which  reduces  to  6  =  6. 

Clearing,  6  (w  -  3)  +  14  (w  4-  6)  -  7  (m  +  2)  =  42 . 4. 
6  M  -  18  +  14  tt  +  70  -  7  M  -  14  =  168. 
.-.  w  =  10. 
Verifying,  ^  +  i^  _  j,^.  =  4, 

which  reduces  to  4  =  4. 

82  3f~5     7<~13_g      <  +  3 

4  6  2    * 

Clearing,  3  (3  «  -  6) -  2  (7 « -  13)  =  12  . 3  -  6  («  +  8). 

9«-15-14«+26  =  36-6^-18. 
.-.  t  =  7. 
Verifying,  y  _  ^  =  3  _  j^, 

which  reduces  to  —  2  =  —  2. 

Clearing,        2(5a;  + 2)-3(2a;- 3  a;  +  l)  =  3(3a;  +  19)-(x  +  l+30). 
10a;  +  44-3x-3  =  9a;  +  67-a;--3L 
.'.  as  =  6. 
Verifying,  ^  +  J  =  ¥  -  ¥» 

which  reduces  to  11  =  11. 

24.  1.07  X  +  .32  =  .16  X  +  10.12  +  .676  x. 
Clearing  of  decimal  fractions,  1070  x  +  320  =  160  x  +  10120  +  676  x. 

.-.  x  =  40. 
Verifying,  42.8  +  .32  =  6  -h  10.12  +  27, 

which  reduces  to  43. 12  =  43. 12. 

25.  .604  X  -  3.16  -  .7864  x  +  7.696  =  0. 
Clearing  of  decimal  fractions, 

6040  X  -  31600  -  7864  x  +  76950  =  0. 
.-.  x  =  26. 
Verifying,  16.100  -  3.16  -  19.6360  +  7.695  =  0, 
which  reduces  to  0  =  0. 

26.  3.1416  X  -  16.6626  +  .0216x  =  .2636. 
Clearing  of  decimal  fractions, 

31416  X  -  156626  +  216  x  =  2536. 
.-.  X  =  6. 
Verifying,  16.7080  -  16.6625  +  .  1080  =  .2636, 

which  reduces  to  .2536  =  .2536. 


23. 
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^'  — "-4---^+— =n- 

Clearing,  8a:— 7a  —  14aj4-16a;  =  6. 

/.  a  =  2. 

Verifying,  :i^l^l^:^  =  ^^ 


which  reduces  to 


which  reduces  to 


7      4      2      7       14' 

28     28' 
n  +  4     2-2n_n  +  l     10 
.3  .6  .2         .3* 


Clearing,  2n  +  8  +  2-2n  =  3n4-3-20. 

Verifying,  l^  +  .-iell^     10 


.3         .6         .2      .3 

12  =  12 
.6      .6' 


29  9g  +  5  .  8a;-7_,36g+15     lOj^ 

14         6a; +  2  56  14  ' 

Dist.Law,  »^  +  A  +  8a-7^36a     16     41. 

14^14     6x  +  2       56       66^56 
Canceling,  etc., 


8a;- 7     36 


6a; +  2     66     14 
Clearing,  112  x  -  98  =  64  a  +  18. 

.    x  =  2 
Verifying,  «  +  A  =  «*  +  tt, 

which  reduces  to  f  |  =  f  |. 

Page  158 

80  3a;-2  ,  3 a; -21  _ 6 a; -22 

2a-6  6  10 

Dist.  Law,  3x-2     3a_21^3a__ll, 

2«-5       5        5        5        6 

Canceling,  etc.,  ^^""^  =  2. 

Clearing, 

Verifying, 
which  reduces  to 

31. 

Dist.  Law, 

Canceling,  etc.. 
Clearing, 

Verifying, 
which  reduces  to 


2a;-6 

3a;-2  = 

=  4x 

-10. 

.\Xz 

=  8. 

H+*  = 

=  H^ 

2«  = 

=  n' 

4a;  4-3. 

Sx 

+  19 

7x- 

-29 

9 

18 

5x- 

-12 

4a;     3 

9  ■^9" 

Sx 

+  12> 

^18 

7a;- 

•29 

18 

6x- 

•12 

7  a; -29 

13 

6X-12 

18 

126  a; -522 

=  66 

X  -  166. 

.-.  X 

=  6. 

% 

=J. 

-ii 

Digitized  by  VjOOQIC 


84  KEY  TO  STANDARD  ALGEBRA  [158 

88  ep  +  l      2p-4^2i)-l^ 

16         7p-13  6 

Dist.Law,       ^  +  ±^^P-^=^^l. 
16      16     7p-13       6       6 

Canceling,  etc. ,  -i  =  AeJzA . 

16     7p-18 
Clearing,  28  p  —  62  =  30  p  —  00. 

Verifying,  H-A  =  i 

which  reduces  to  1  =  1- 

83  lOg  +  17     6g~2_12g-l 

18  9  llg-8' 

Uniting  terms  in  the  first  member, 

7^12g~l 
6     II3-8* 
Clearing,  77  5'— 56  =  72^  — 6. 

/.  q  =  10. 
Verifying,  W-V  =  }ifi 

which  reduces  to  J  =  j- 


6r  +  3      3r-l      2r-9 


15 

5r- 

26 

6 

6r      3 
16  "^16" 

3r- 
6r- 

-1 
26 

2r 
6 

9 
6' 

» 

2  = 

3r- 

-1 

84. 


Canceling,  etc., 

5r-26 
Clearing,  10  r  —  50  =  3  r  —  1. 

.-.  r  =  7. 

Verifying,  j|_2o  =  ,5^ 

which  reduces  to  1  =  1. 

86.  a?—  1  ,  X—  7  _ g— 6     a;--8 

x-2     a;-8     a;-6     a;-4'  ^ 

Transposing,  ^zii-^ni^^ini-*:::!. 

a;-2     x-4     a-6     x-S 
Uniting  terms  in  each  member, 

z^ -  6x  +  4  -  (x^-  6x  +  6)  ^x^  -  ISx  -^  40 -(x^ ^  ISx  ^ 42) 
(«-2)(x-4)  (x-6)(x-8) 

"^         = =l2 

x2-6x  +  8     x2_i4a;^48 
.-.  x2  _  6  X  -f  8  =  x2  _  14  a;  4.  48, 
whence,  x  =  6. 

Verifying,  |  +  ^  =  J_  +  ?,  or  2  =  2. 
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X- 

-3 
-4 

x  — 

■7_ 
8" 

_x  — 
"x  — 

6     X- 

t'^x- 

-4 

-6' 

X  - 

-7 

X- 

■6. 

X- 

■4     X- 

-8 

158,159]  SIMPLE  EQUATIONS  86 

87. 

TransposiBg.  ^_^     ^.7     «_6     x-4 

Uniting  terms  in  each  member, 

a;2  _  14  a;  +  49  -  (x«  -  14  X  +  48)  _  x^  -  8  X  +  16  -  (xg  -  8  X  +  15) 
(x-8)(x~7)  (x-6)(x-4)  ' 

1 = I 

x2- 16x4- 66     xa—9x  +  20 

Clearing,  aj^-  9x  +  20  =  x^-  15x  +  66. 

.•.x  =  6. 

Verifying,  |  +  nI  =  -L.  +  |,  or  2  =2. 


88 


p  +  2     t?  +  8__y  +  6     p  +  Q 
v+l     v  +  2     t74-4     t7  +  6* 
Uniting  terms  in  each  member, 

p2  +  4t?  +  4~(p2  4-4t?  +  3)_t?g  +  10t?-h26-(t?g-hl0«  +  24) 
(t?+l)(»  +  2)  (t,  +  4)Ct7  +  6) 

I = I 

t72  +  3t7  +  2     «2  +  9«  +  20 

Clearing,  «a  +  9v  +  20  =  t72  +  3i7  +  2, 

.•.v  =  -3. 

verifying,  5i_^  =  |_|,  or  l  =  i. 
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89. 

i±l  + 

8  +  6_ 

_8+2       8+6 

8  +  2^ 

«  +  7 

8  +  3-' 

8  +  6 

Transposing, 

8  +  6 

8  +  5. 

_«  +  2 

»  +  l 

«  +  7 

s  +  a 

8  +  3 

8  +  2 

Uniting  terms  in  each  member, 

«2  +  12j 

j-|-36-(«2  +  12s 

+  35). 

_82  +  4« 

r  +  4-C82  +  48 

+  3) 

(8  +  7)(«  +  6) 

1 

1 
1 

C«  +  3)(8 

+  2) 

8^  +  lSi 

J +  42 

82  +  5a 

'+6 

Clearing, 

«2  +  5 

8  +  6  = 

=  82  +  13 

8  +  42; 

whence. 

8  = 

=-l 

Verifying,  :ii  + 1  =  _1  + 1,  or  2  =  2. 
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Reducing  to  mixed  numbers, 

a— 1      \  «+!/     a*— 1 

2  2  8 

Uniting  terms,  h  — 


Clearing,  2x  +  2  +  2x-2  =  8. 

.-.  aj  =  2. 
Verifying,  !  -  J  =  f  +  4,  or  6|  =  6f 

41.  ^.?izi2^     10^.2^ 
x  +  l       x-1      a2_i 

Reducing  to  mixed  numbers. 

Uniting  terms, H =  — — -• 

x  +  lx— 1«=^— 1 
Clearing,  x— l+x  +  l  =  10. 

.-.  X  =  5. 
Verifying,  i Ji  -  4*  =  if  -  10,  or  -  ^^Jjf  =  -  Jjtf . 

42.  r(2-r)-|(3-2r)  =  ?lii5. 

Simplifying  each  term,  r-  tt-  -p  +  tt  =  ^  +  o' 
2        4        2      o      o 

Clearing,  etc.,  12r-9r  =  2r  +  20. 

.-.  r  =  20. 

Verifying,         10  (2  -  20)  -  6  (3  -  40)  =  6,  or  6  =  6. 

3  w  -  4  _  4  n     n  4-  2  _  9  n     38     n  +  4 
4  6  2  10       2  2     * 

Clearing,  15  n  -  20  -  16  n  -  10  «  -  20  =  18  n  -  380  -  10  n  -  40. 

.-.  n  =  20. 

which  reduces  to  — 13  =  —  13. 

44.  (x~3)2_(x  +  4)2^^_/3        5x  +  10\     jx; 

7  3  V         21   y    21' 

x2-6x  +  9     xg4-8x  +  16_oQ      g^      6x-)-10     4x^ 

7  3  21  21  ' 

Clearing,  3x2-18x+27-7x2-66x-112=420-168x-5x-10-4x2. 

Verifying,  ^L:zl)^^i^±^ZlLUo +^-^±Mym^ 

^    ^'  7  3  V  21      ;      21' 

which  reduces  to  —  -^  =  —  ^^ . 
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46.  i =  iz£  +  ^J?.lV 

2  3      ^2\c      V 

Simplifying  each  term,  £  +  2=---  +  3--. 

3  2     3  2 

7  r      7 
Transposing  and  uniting  terms,         L±=zL. 

6       2 

Multiplying  by  ^,  c  =  3. 

Verifying,  2^  =  ^  +  |  of  1,  or  3  =  3. 

J--16     A  +  6 

24  60     ""  6 

Simplifying  each  teri^, 

_1 2 1 J__5 

30  d     3     160  d     10     6* 
Clearing,  5-  lOOd-  1  -  15d=  125(?. 

Verifying,  since  i  =  60,  —  =  4  of  60,  and  —  =  |  of  60, 

d  bd  bd 

48-16     24  +  6^6    ^j,^^^ 

24  60         6'       6     6* 


2^(lJ)     3.(1-^) 


3^4  J 

Simplifying  each  term, 

2«_10  ,  3ac_o  --Sa_^ 
3       3  "^  4  4 

Clearing,  8x  —  40  +  9x  -  36  =  15«  —  60. 

verifying,  15^  +  24^^4 

3  4        ^ 

that  is,  2  +  3  =  6,  or  5  =  6. 


48. 


l.-.(V^-3)=4-|g  +  l). 


Expanding,  !«  _8«^6  =  4-*^-5. 

^'  2  6  4       2 

Clearing,  lOx— 32a;-|-  120  =  80  —  15 x  -  30. 

.-.  X  =  10. 

Verifying,  6  -  2  (8  -  3)  =  4  -  f  of  6,  or  -  6  =:  —  6. 
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^  (2g-f  1)«     (4x-l)g^  16      3(4x4-1) 

.06  .2  .08  .4 

Clearing, 

32  x2  +  32ar  +  8  -  32 x2  +  i6a5  _  2  =  76  +  12  X  4-  3. 

/.  X  =  2. 


Verifying, 

25      49  _  16      27 
.05      .2      .08      .4' 

which  reduces  to 

102^102^ 
.40      .40  * 

60. 

„+?     1+1?     21_j     100^1 
X            XX              X       3 

3       '       5      ^      9       '       15 

(1) 

17  +  1^1  +  18.1^7.1_1      20   1      1.  (2) 

3x66    X     3x     93    x     9  ^^ 

Canceling  and  transposing,  lZ  +  i=/ZH-?2-i-l?V.  (3) 

3      6      \3      3  6  /x 

Uniting  terms,  §?  =  ??.  1 .  (4) 

16      6     X 

Dividing  by  V,  |  =  i-  (6) 

O        X 

.-.*=}.  (6) 

S«bBatuting(6)in(l),H+i  +  l+^  =  ?^  +  lil+l; 

that  is,  7  4-  6  =  3  4-  9,  or  12  =  12. 

2^  +  5 
61.  i(x-4)     4x-16_3      6 

!  6       -6  J      ' 

Simplifying  each  term,    ?-|-^  +  |  =  2-if- 2. 
O      o       o       o      o      2o 

Transposing  and  uniting,  —  =  —  - . 

60  6 

.-.  X  =  10. 
v^«-*„«««  *of6     24     3     9 

f  0      6     I* 

that  is,  1-4  =  1- J^,  or -3  =  -3. 

Page  160 

«  c2  -  X  ^  n2     1 

••  ■ 1 —  =  -  • 

nx        ex     c 

Clearing,  c^  —  cx  +  n^  =  nx. 

Transposing,  etc.,  ex  4-  wx  =  c^  4-  n*. 

Dividing  by  c  4-  w,  x  =  c^  —  en  4-  w^. 

Verification.  —  When  c  =  2  and  n  =  l,x  =  4  —  24-1=3. 

Substituting  in  given  equation,  "~  '  +  -  =  - ,  or  -  =  — 

3         6     2         2     2 
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z      ab     abx 
Clearing,  abx  -  a^b^  =  7  x  -  49. 

Transposing,  abx  —  7  a;  =  a'^b^  —  49. 

Dividing  by  a6  —  7,  x=  ab  +  7. 

Verification.  —  When      a  =  2  and  6  =  l,x  =  2+7  =  9. 
Substituting  in  given  equation,       1  —  }  =  i  —  H>  or  ||  =  J|. 

ab^      bH  dH 

Clearing,  a*x  -  2  a*  =  025235  _  2  6*. 

Transposing,  a*x  —  f^^hH  =  2  a*  —  2  6*. 

Dividing  by  a^  -  62,  a^a;  =  2  (a^  +  ft^) . 

...  ^  =  2ia^±^. 

«      .  ,       ,  2(4  +  1)      10     5 

Vbrification.  —  When      a  =  2  and  6  =  1,  x  =        ^ — *-  ^  T  ~  0 ' 

Q  Q  O  Ad, 

Substituting  in  given  equation,     —  — ■  =  1  —  ,  or  -  =  -. 

2      }  4  X  }        5     5 

5  X     x4-26_o     ^ 

6  a         b     " 

Clearing,  ox  -  6x  -  2  6a  =  ««  -  3  a6. 

Transposing,  ax  —  6x  =  a^  «  .3  ^6  +  2  6^ 

Dividing  by  o  —  6,  x  =  a  —  2  6. 

Vbrification.  —  When       o  =  2  and  6  =  l,x  =  2  —  2  =  0. 
Substituting  in  given  equation. 


6. 


1         2  1 

X  —  2a6     1     X  —  3  c 


ex  X        a6x 

Clearing,  a6x  —  2  a26*  —  a6c  =  ex  —  3  c^. 

Transposing,  a6x  —  ex  =  2  a-b^  +  06c  —  3  c^. 

Dividing  by  a6  —  c,  x  =  2  a6  +  3  c. 

Verification.  —  When  a  =  3,  6  =  2,  and  c  =  l,x  =  12  4-3  =  15. 

Substituting  in  given  equation,  — — =  — ^^ ,  or  —  =  — . 

15  15         90  15     15 

-  X— 0,2x^,66 

7.  — 7 1 =  o -\ • 

6  a  a 

Clearing,  ax  -  a^  +  2  6x  =  5  a6  -f  6  6^. 

Transposing,  ax  +  2  6x  =  a^  +  6  a6  4-  6  6^. 

Dividing  by  a  -f  2  6,  x  =  a  -f  3  6. 

Verification.  —  When  a  =  2  and  6  =  l,.x  =  2  +  3  =  6. 

Substituting  in  given  equation,   5_=^  +15  =  5  +  ?,  or  8  =  8. 

12  2 


Digitized  by  VjOOQIC 


90  KEY  TO   STANDARD  ALGEBRA  [160 

a  g^  ■  6^  ^  q  -f  ft     3(q  +  6) 

bx     ax       ah  X 

Clearing,  a»  +  ft*  =  (a  +  6)«  -  3  ah{a  +  6). 

Dividing  by  a  +  6,  a^-  a6  +  ft^  =a;-  3a6. 

Transposing,  etc.,  oc  =  a^  +  2  a6  +  6^^  or  (a  +  6)*. 

Vbripication.  —  When       a  =  2  and  6  =  1,  x  =  (2  +  l)^  =  9. 

Substituting  in  given  equation,    -  +  ~  =  ^-^  -  ^^^  j"^^ ,  or  i  =  i . 

9      lo         2  9  2      ^ 

g  qg  +  ftg     q  -  6  _  &  ^ 

2  6a;        2  6x5^      x* 
Clearing,  (q2  +  62)a;  _  (a  -  6)  =  2  Wu. 

Transposing,  etc.,  (q^  —  ft^jj;  _  ^  _  5^ 

Dividing  by  q2  -  62,  ^-  a-b  _     \ 


q2  -  62     flj  _|.  5 

Vbkification.  —  When  q  =  2  and  6  =  1,  x  = =  -  • 

2  +  13 

Substituting  in  given  equation,  — i ^^—  =  - ,  or  3  =  3. 

*  }        J 

10  2x  —  q _ X  —  q  __  j 

X—  q       xH-  q 
Clearing,  2  x2  +  qx  -  q2  -  x2  +  2  qx  -  q2  =  x2  -  q2. 

Transposing,  etc.,  ^  =  o* 

o 

Verification.  —  When  q  =  1,  5C  =  J. 

i— 1      4—1 
.^«.^«*««v**.s  "-  o" -X >  , — 7  —  f — 7  =  1,  or  1  =  1. 

11  x-2q  .  x__q2  +  62 

q  6         q6 

Clearing,  6x  —  2  q6  4-  qsc  =  q^  +  62. 

Transposing,  qx  +  6x  =  q2  +  2  q6  +  62. 

Dividing  by  q  4-  6,  x  =  q  +  6. 

Verification.  —  When  q  =  2  and  6  =  1,  x  =  2  +  l=3. 

Substituting  in  given  equation,  ~     +  T  =  ~5"^ »  ®^  o  ~  »"^  * 

2  12  ju      ^ 

12.  6x  +  18^1-|^=q(x-q). 

Expanding,  6x  +  18  —  9  q  =  qx  —  q2. 

Transposing,  etc.,  qx  —  6  x  =  q2  —  9  q  +  18. 

Dividing  by  q  —  6,  x  =  q  —  3. 

Verification.  —  When  qarl,  x=l— 3=—  2. 

Substituting  in  given  equation, 

^  12  1 18(1  -  J)=  1(-  2-  1),  or  -  3  =-  3. 
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18.  6(2a;-9c- 146)=  c(c-a;). 

Expanding,  2bx  -9bc  -  Ub^  =  c^  -  ex. 

Transposing,  2  6x  +  ex  =  14  6'-*  +  9  6c  +  c«. 

Dividing  by  2  6  +  c,  x  =  1b  -\-  c, 

VERiFiCATiom — When  6=2  and  c=l,  x  =  14  +  1  =  15. 
Substituting  in  given  equation, 

2(30  -  9  -  28)=  1(1  -  16),  or  -  14  =-  14. 
14.  a(ic  —  a  -  2  6)  4-  b(x  -  6)  +  c(x  +  c)  =  0. 

Expanding,  ax  -  a^ -2ab  +  bx- b^ -{- cx  + c^  =  0. 

Transposing,  ax -{- bx -{- ex  =  a^ -^  ^  a6  +  6^  —  c^. 

Dividing  bya  +  6  +  c,  x  =  a  +  b  —  c. 

Verification.  —  When  a  =  2,  6  =  1,  and  c  =  3,  a;  =  2  +  l--3  =  0. 
Substituting  in  given  equation, 

2(0  -  2  -  2)+  1(0  -  1)+  3(0  +  3)  =  0,  or  0  =  0. 

Page  161 

16.  (a«a:)(x-6)  +  (a  +  «)(«-6)  =  (a-6)2. 

Uniting  terms,  •  2  a(a:  —  6)  =  (a  —  6)2. 

Expanding,  2  a«  —  2  a6  =  a2  _  2  a6  -f  6^. 

Canceling  —  2  a6  =  —  2  a6,  and  dividing  by  2  a, 

""-     2a 

Verification.  —  When  a  =  2  and  6  =  1,    x=     "^    =5. 

4         4 

Substituting  in  given  equation, 

(2  -  J)(J  _  i)  +  (2  +  i)(J  -  1)  =  (2  -  1)2,  or  1  =  1. 

16.  (a_6)(a;-c)-(6-c)(a;-a)  =  (c-a)(x-6). 

Expanding,  etc., 

ax  —  ac  —  bx  -\-  be  ~~  bx  +  ab  +  ex  ^  ac  =  cx^  be  —  ax  +  ab. 
Canceling  ab  +  ex  =  ex  +  ab,  transposing,  etc., 

2  ax  —  2  6a  =  2  ac  —  2  6c. 
Dividing  by  2(a  —  6),  x  =  c. 

Verification.  —  When  c  =  2,  x  =  2.  1 

Let  a  =  1  and  6  =  3. 

Substituting  in  given  equation, 

(1  -  3)(2  -  2)-(3-  2)(2  -  1)  =  (2  -  1)(2  -  3), 
or  -1=_1. 

17  a  —  b-\-e  _  6  —  a  +  c 

X  4-a  X  -  a 

Expanding,  ax  —  bx  +  ex—  a^  -^  ab  —  ac  =  bx  —  ax  -\-  ex  +  ab  —  a^  +  ae. 
Canceling  ex  —  a2  4-  a6  =  ex  +  a6  —  a^,  transposing  and  uniting  terms, 
2  ax  —  2  6x  =  2  ae. 

Dividing  by  2  (a  -  6) ,  x  =  -^^  . 

a  —  6 

/J 
Verification. — When  a  =  2,  6  =  1,  and  c  =  3,  x  =  =  6. 

'         2-1 

Substituting  in  given  equation, ^—^^  =  - —   "^    ,  or  -  =  - . 

o-|-2  6  —  2  22 
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18.  _J_  +  _i 1_=0. 

a(b  -  x)     b(c  —  x)     a{c  —  x) 
aearing,  6(c  -  x)  +  a(b  -  x;  -  6(6  -  x)  =  0. 

Expanding,  be  ^  bx  -j-  ab  ^  ax  —  b'^  -{-  bx  =  0, 

Transposing,  etc.,  ox  =  aft  -  6*  +  6c  =  6(a  —  6  +  c). 

Dividing  by  a,  x  =  -  (a  -  6  +  c). 

a 
Verification.  —When  a  =  8,  6  =  2,  and  c  =  1,  x  =  J(3  -  2  +  1)=  J. 
Substituting  in  given  equation, 

^  +— rJ-rr-^T-i— -=0,  OrO  =  0. 


3(2-1)      2(1-1)      3(1-1) 
x-1     a-1 


19. 

a-1     x-1      (a-l)(x-l) 
Clearing,  (x  -  1)^  -  (a  -  l)a  =  x^  -  a^. 

Expanding,  etc., 

x2  -  2x  +  1  -  a2  +  2  a  -  1  =  x2  -  a^. 
Canceling  x*  —  a^  =  x^  —  a^  and  1  —  1  =  0,  and  transposing, 

—  2x  =  -2a. 
.-.  x  =  a. 
Verification.  —  When  a  =  2,        x  =  2. 
Substituting  in  given  equation,  , 

2r:i-2zii  = i^ ,orO  =  0. 

2-1      2-1      (2-l)(2-l)' 
gQ       __1 2  Win m       _    X—  n 

«i  +  n      (m  +  n)«     (w  +  ii)2  ~  (w  +  n)^' 
Clearing, 

w2  -f  2  win  4-  n2  —  2  mn  —  wi^  —  inn=  mx  —  w»n  +  nx  —  n*. 
Transposing,  etc.,  wix  +  nx  =  2  n-. 

Dividing  by  w  +  n,  x  =  -^— . 

«!  +  n 

Verification.  —  When  w  =  2  and  n  =  1 ,  x  =  — =—  =  - . 

2  +  1      3 
Substituting  in  given  equation, 

i    -i i g— =a-^),cr-l=-J- 

2  +  1      (2  +  1)8      (2  +  1)2      (2+l)*i'  27  27 

21.  g  +  a  ^  x  +  c  _^  x  +  6  _  a  ^  6  _^  £  _^  1 

6  a  c         b      c     a       ' 

|  +  5  +  ?  +  «+?  +  6  =  ?  +  6  +  c^l. 
66aacc6ca 

Canceling,  ?  +  ?+?  =  !. 

6     a      c 
Clearing,  cax  +  6cx  +  a6x  =  a6c. 

Dividing  by  a6  +  6c  +  ca,  x  = — 

a6  +  6c  +  ca 

Verification.  —  When  a  =  3,  6  =  2,  and  c  =  1,  x  = =  ^ . 

6  +  2+311 
Substituting  in  given  equation, 

2      ^      3      ^      1  2^1^3^    '''''   6  "  6 
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22.  1 4- ^ =  a2  +  624-  ca  4-  2  ah. 

a  4-  0  4-  c     a  +-6  —  c 
Clearing, 
(a  4-  &  -  c  4-  a  4-  6  4-  c)x  =  (a2  ^-  2  a6  4-  62  +  c2)  (a2  4-  2  a6  4-  6^  —  c«) . 

2(a4-6)x=(a4-6)*-c*. 
Dividing  by  2(a  4-  &),  a;  =  («  +  6)*  -  c* ^ 

2(a  4-  6) 
Verification.  —  When  a  =  3,  6  =  2,  and  c  =  1, 

J.  .^(34- 2)4-1  ^624_312 
2(3  4-2)  10        6  ' 

Substituting  in  given  equation, 

28  q4-ic  _    2x        y^^a;  _  q)  ^  1  ^ 

a         a  4- »     a(a'^  — aj^)      3 

a  +  x        2x x^       _1 

a         a  4- «      a(a  4-  a)      3 
Multiplying  by  a(a  4- «), 

a2  4-  2  ox  4-  «*  -  2  «a;  -  a;2  -  J  a  (a  4-  «) . 
Canceling  and  clearing,  3  a^  =  a^  +  ax. 

.-.  aj  =  2a. 
Verification.  —  When  a  =  1,  «  =  2. 

Substituting  in  given  equation, 

L±2 4         4(2-1)^1    .^1  =  1 

1         14-2      1(1-4)      3*       3      3 
04  g^-gg— &a;4-«6_y/'  — 2  6a;4-2&g        c« 

a;—  a  x  — 6  x  —  c 

Simplifying,  a;-6  =  a;-64--^^  ^^ 


a;  —  6     a  —  c 

Canceling  and  clearing,  0  =  ft^ar  _  ft^c  —  c^x  4-  hc\ 

Transposing,  etc. ,  h^x  —  c^x  =  ft'^c  —  dc^.  " 

Dividing  by  62«c2,  x  =  ^"'(^  "  ^)  =-^  . 

2,1        2 
Verification.  — When  6  =  2  and  c  =  1,  x  =  — —  =  -  • 

24-1     3 
Let  o  =  3. 

Substituting  in  given  equation, 

1-3  J-.2         i-1'  3         3 
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1.   Let  X  =  number  of  cents  one  foot  of  tubing  cost. 

Then,  860  —  6  x  =  number  of  cents  pump  cost. 

860  — 5x  =  12x. 
Solving,  X  =  50. 

.-.  6x  =  260, 
and  860-6x  =  600. 

Hence,  the  pump  cost  $6.00  and  the  tubing  cost  $2.60, 
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8.   Let  X  =  number  of  bath  robes  purchased. 

Then,  2  =  i^umher  of  bath  robes  sold  at  $  6  each, 

^  =  number  of  bath  robes  sold  at  $  7  each, 
6 

~  =  number  of  bath  robes  sold  at  $  6  each, 

o 

and  7  =  number  of  bath  robes  sold  at  $8  each. 

4 

...  ?£  +  1E  +  5_*  +  §J  =  number  of  dollars  received  for  bath  robes. 
4        6        3        4 

But  480  +  128  =  number  of  dollars  received  for  bath  robes. 

;    6x      7x     6x     8x^4g(j      j2g 

4^634 

Solving,  X  =  96  ; 

whence,  7  =  24,  number  of  bath  robes  sold  at  $  6  each, 

4 

-  =  16,  number  of  bath  robes  sold  at  $  7  each, 
6 

f  =  32,  number  of  bath  robes  sold  at  $  5  each, 
3 

and  -  ='24,  number  of  bath  robes  sold  at  $  8  each. 

8.  Let  X  =  number  of  tons  each  barge  holds. 

Then,  S]x=:  number  of  tons  each  schooner  holds. 

3a;  +  2(J)a;=  number  of  tons,  in  shipment. 
But  12,000  =  number  of  tons  in  shipment. 

.-.  3«  +  2(J)x  =  12,000. 
Solving,  X  =  1200, 

and  3ix  =  4200. 

Hence,  the  capacity  of  a  barge  is  1200  tons,  and  the  capacity  of  a 
schooner  is  4200  tons. 

4.  Let  X  =  number  of  redfish  caught. 
Then,                   960  —  x  =  number  of  king  salmon  caught. 

2  «  +  10  (960  —  x)  =  number  of  cents  received  for  fish. 
But  2480  =  number  of  cents  received  for  fish. 

.-.  2x+ 10  (960 -a:)  =  2480. 
Solving,  X  =  890, 

and  960  —  X  =  70. 

Hence,  890  redfish  were  caught  and  70  king  salmon. 

5.  Let  X  =  the  weight  of  the  shell  in  pounds. 
Then,                  J  x  +  15  =  the  weight  of  the  powder  in  poimds. 

...  x  +  ix+15  =  1266. 

}x  =  1265-15,  or  1250. 
Multiplying  by  4,        6  x  =  5000. 

X  =  1000,  the  weight  of  the  shell  in  pounds. 
J  X  +  16  =  265,  the  weight  of  the  powder  in  pounds. 
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6.  Let  X  =  number  of  barrels  bought  at  $  4|  per  barrel. 
Then,                     Q2  —  x  =  number  of  barrels  bought  at  $  5^  per  barrel. 

4J  «  -f  6J  (62  —  x)  =  number  of  dollars  paid  for  flour. 
But  320  =  number  of  dollars  paid  for  flour. 

...  i^x  +  ^{62-x)  =320. 
Solving,  X  =  28, 

and  62  -  a;  =  34. 

Hence,  28  barrels  were  bought  at  $4f  per  barrel  and  34  barrels  were 
bought  at  $  6^  per  barrel. 

7.  Let  X  =  the  number  of  **  clear"  days. 
Then,                       a;  -f  6  =  the  number  of  "  cloudy  "  days, 

and  X  —  4  =  the  number  of  **  partly  cloudy  "  days. 

.-.  a;  4- 35  +  6  4- «- 4  =  366. 

3a;  =  366 -6 +4  =  363. 
Solving,  a;  =  121,  the  number  of  **  clear  "  days, 

a;  +  6  =  127,  the  number  of  **  cloudy  "  days. 
X  —  4  =  117,  the  number  of  **  partly  cloudy  "  days. 

8.  Let  X  =  number  of  pounds  cork  bark  weighed. 

Then,  -  =  number  of  pounds  lost  by  being  boiled, 

6 

*-| 

and  — __  =  number  of  pounds  lost  by  being  scraped. 

6         4 
But  16  =  number  of  pounds  in  entire  loss. 

a;-? 

Solving,  X  =  40,  and  x  —  16  =  24. 

Hence,  cork  weighed  40  pounds  before  and  24  pounds  after  the  two 
operations. 
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9.  Let  X  =  number  of  60-pound  bushels  produced. 
Then,                         60  x  =  number  of  pounds  of  wheat  produced. 

2000  +  60x  +  60x  =  number  of  pounds  of  straw  and  grain. 
.-.  60  x=. 3(2000 -f  120  x). 
Solving,  X  =  26. 

Hence,  26  60-pound  bushels  of  wheat  were  produced. 

10.   Let  X  =  number  of  dollars  cut  diamonds  are  worth. 

2  X 
Then,  —  =  number  of  dollars  uncut  diamonds  are  worth, 

6 

and  -  =  number  of  dollars  other  stones  are  worth. 

5 

(See  next  page.) 
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.-.  X  +  —  +  -  =  40,000,000. 
6       5 

Solving,  X  =  26,000,000, 

and  ^=10,000,000. 

5 

Hence,  the  cut  diamonds  are  worth  $26,000,000  and  the  uncut  dia- 
monds are  worth  %  10,000,000. 

11.  Let  X  =  number  of  cents  it  costs  per  mile  with  steam. 
Then,                    x  —  14  =  number  of  cents  it  costs  per  mile  with  elec- 
tricity. 

.*,  X—  14  =-—  • 
5 
Solving,  X  =  36, 

and  X— 14  =  21. 

Hence,  the  cost  per  mile  with  electricity  is  21  cents. 

12.  Let  X  =  number  of  cents  per  pound  for  first  month. 

Then,  -  =  number  of  cents  per  pound  for  each  succeed- 

2         ing  month. 

.-.  700o[x-f^]  =  4375. 

Solving,  «  =  J, 

and  ?=1. 

2      8 
Hence,  the  charge  per  pound  for  first  month  was  J  of  a  cent,  and  for 
each  succeeding  month  was  ^  of  a  cent. 

13.  Let  X  =  number  of  dollars  reporter  earns  per  week. 

Then,  -  =  number  of  dollars  reporter  saves  per  week. 

5 
Condition  of  problem, 

X  +  5  =  number  of  dollars  artist  earns  per  week. 

^  "^     =  number  of  dollars  artist  saves  per  week. 

.  x__  ^  _x  +  6 
"6         ~      7      * 
Solving,  X  =  30, 

and  X  -f  6  =  35. 

Hence,  reporter  earned  $30  per  week,  and  artist  earned  $36  per  week. 


14.   Let 

x  = 

:  number  of  rods 

in  length  of  field. 

Then, 

^  _ 
2 

:  number  of  rods 

in  width  of  field 

.-.  (X 

+  20)(| 

+  3oU 

:  ^  +  2200. 

Solving, 

X  = 

=  40, 

and 

x_ 

=  20. 

2 

Hence,  the  length  of  field  is  40  rods,  and  the  width  is  20  rods. 
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15.  Let  2x  —  number  of  5-cent  pieces. 
Then,  x  =  number  of  quartera, 

and  f  X  =  number  of  dimes. 

.-.  2x.6  +  a;.26  +  Ja;10  =  146. 

Solving,  X  =  3  ; 

whence,  2  aj  =  (J  and  J  a;  =  4. 

Hence,  there  are  3  quarters,  6  5-cent  pieces,  and  4  dimes. 

16.  Let  X  =  numerator. 
Then,                    a;  -f-  15  =  denominator. 

.        X      _4 
"  x  +  16     7* 
Solving,  X  =  20 ; 

whence,  x  +  15  =  35. 

Hence,  the  fraction  is  }{. 

17.  Let  2  X  =  denominator. 
Then,                     x  +  3  =  numerator. 

.   g+3_2 
"     2x       3' 
Solving,  X  =  9 ; 

whence,  2  x  =  18  and  x  4-  3  =  12. 

Hence,  the  fraction  is  |j. 

18.  Let  X  =  numerator. 
Then,          '            x  +  8  =  denominator. 

.   a^-6^1 
"  x  +  3     5' 
Solving,  X  =  9 ; 

whence,  x  +  8  =  17. 

Hence,  the  fraction  is  y^. 
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19.  Let  X  =  number. reeled  by  beginner  in  one  day. 
Then,                    x  -f  12  =  number  reeled  by  experienced   woman  in 

one  day. 
.-.  6x  +  36  =  (x+  12)(p-i). 
Solving,  X  =  36, 

and  X  +  12  =  48. 

Hence,  experienced  woman  reeled  .48  Kg.  fn  one  day,  and  the  beginner 
reeled  .30  Kg  in  one  day. 

21.  Let  X  =  number  of  days  it  will  take  all. 

Then,  -  =  part  all  can  do  in  one  day. 

X      10      12     8 
Solving,  X  =  3/w. 

Hence,  A,  B,  and  C  together  can  do  the  work  in  3/^  days. 

STAND.    ALO.    KEY  —  7 
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82.   Let  X  =  number  of  days  in  which  A  can  finish  the 

work  after  both  have  worked  3  days. 
Then,  x  +  3  =  number  of  days  A  works, 

and  x  +  H  _   jy^  ^1  ^Yie  work  A  does. 

6 
But,  since  B  does  }  of  the  work,  A  must  do  f  of  it. 
.   ag  +  3_6 
*'      6         8* 
Solving,  X  =  }. 

Hence,  after  both  have  worked  3  days,  A  can  finish  the  work  in  J  of  a  day. 

28.  Let  i  =  part  of  the  wall  C  can  build  in  1  day. 

X 

Then,  -  =  part  of  the  wail  B  can  build  in  1  day. 

X 

Since  A  can  build  ^  of  the  wall  in  1  day,  and  all  can  build  J  of  it  in 
1  day,  B  and  C  can  build  |  —  ^  of  it  in  1  day. 
.    1  ,  2_1_J_ 
"x     X     6     15* 
solving,  l  =  i; 

whence,  -  =  rz' 

X     16 

Hence,  B  can  build  ^  of  the  wall  in  1  day,  or  all  of  it  in  16  days,  and  C 

can  build  ^  of  it  in  1  day,  or  all  of  it  in  30  days. 

24.  Let  -  =  part  of  the  ditch  all  can  dig  in  1  day. 

X 

Then,  \n  accordance  with  the  suggestion  in  the  text, 

2^J_      1       2_^2 
X     10      6      16      6* 

.'.  -  =  - ,  part  of  the  ditch  all  can  dig  in  1  day ; 

X     6 

whence,  J  —  J  =  ^,  part  of  the  ditch  A  can  dig  in  1  day, 

i  —  3^^  =  Y*5,  part  of  the  ditch  B  can  dig  in  1  day, 

and  I  —  tV  =  Ai  P*^*-  o^  ^^®  ditch  C  can  dig  in  1  day. 

Hence,  alone  A  can  dig  the  ditch  in  30  days,  B  in  15  days,  and  C  in  10 
days. 

26.   Let  -  =  part  of  car  all  can  load  in  1  hour. 

X 

Then,  from  conditions  of  problem, 

2=1  +  2  +  1. 
X     3     5      15 

1       9 
.*.-  =  —  ,  part  all  can  load  in  1  hour ; 
X     15 
whence,  fs-^  i  =  h  part  A  can  load  in  1  hour, 

^  —  T^  =  T%,  part  B  can  load  in  1  hour, 
and  A  ~  I  =  A»  P^*-  C  c^"  ^^^^  ^^  1  hour. 

Hence,  alone  A  can  load  the  car  in  5  hours,  B  in  7^  hours,  and  C  in  3| 
hours. 
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27.  Let  X  =  digit  in  units'  place. 
Then,                          Sx  =  digit  in  tens'  place, 

30  X  -\^Xj  or  31  ic  =  the  number, 
and  2x  =  difference  of  digits. 

.   31 X  -  33  __  ^Q 
"        2x 
Solving,  a;  =  3,  digit  in  units'  place ; 

whence,  3  x  =  9,  digit  in  tens'  place. 

Hence,  the  number  is  03. 

28.  Let  X  =  digit  in  tens'  place. 
Then,                           2  x  =  digit  in  units'  place. 

lOx  +  2a,  or  12  «  =  the  number, 
and  Sx  =  sum  of  the  digits. 

.   12x4- 27  ^g, 
"        3x  *' 

Solving,  X  =  4,  digit  in  tens'  place ; 

whence,  2  x  =  8,  digit  in  units'  place. 

Hence,  the  number  is  48. 

29.  Let  X  =  number  of  cents  she  had. 
Then,                      x  —  o  _.  J^^^l^JgJ.  Qf  cents  1  apple  cost, 

18 
„      11 
and =  number  of  cents  1  orange  cost 


•••tir)+fT)— 


18 
x-11 

12 
X-  11\ 

Solving,  X  =  41. 

Hence,  she  had  41  cents. 

30.   Let  X  =  number  of  men  on  a  side. 

Then,  x^  =  number  of  men  in  the  square. 

From  conditions  of  problem,  x^  +  34  =(x  -f  1)^  —  36. 

Solving,  X  =  34, 

and  x2  -f  34  =  1190. 

Hence,  there  were  1190  men. 

81.   Let  X  =  number  of  men  on  a  side  at  first. 

Then,  x^  =  number  of  men  at  first, 

and  x2  +  240  =  number  of  men  after  arrival  of  reenforcements. 

.-.  x2  +  240=(x4-4)2. 

Solving,  X  =  28  ; 

whince,  x^  =  784. 

Hence,  there  were  784  men  in  the  regiment  at  first. 
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88.   Let  X  =  number  of  dollars  property  is  worth. 
Then,    3-4^  .  Ja;  -f-  ifo  •  Jx  4-  jh  '  («-  |x  -  i«)=  860, 
or  ^x  +  ^x  +  ^J^x  =  860. 

Clearing,  32x  +  Ox  +  2x  =  860  •  1200. 

.-.  X  =  20  .  1200  =  24,000. 
Hence,  his  property  is  worth  $24,000. 
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84.  Let  X  =  number  of  dollars  in  first  investment. 
Then,                 4330  —  a;  =  number  of  dollars  in  second  investment. 

.-.  .12x  -  .05(4880  -  x)  =  251. 
Expanding,  .12  a;  -  2 16.6  +  .05  x  =  251. 

.-.  x  =  2750; 
whence,  4330  -  ar  =  1680. 

Hence,  he  invested  $2750  at  a  gain  of  12%  and  .$1580  at  a  loss  of  57o* 

85.  Let  %  =  number  of  dollars  Mr.  Bailey  loaned. 
Then,                                 —  =  number  of  dollars  Mr.  Day  loaned. 

...i£  +  48  =  i^m. 

100        5  viooy 

Solving,  X  =  6000, 

and  i^=4800. 

5 

Hence,  Mr.  Bailey  loaned  $6000  and  Mr.  Day  loaned  $4800. 

86.  Let  X  =  number  of  cents  per  dollar  for  insuring 

first  house. 
Then,  x  +  ^h  =  number  of  cents  per  dollar  for  insuring 

second  house. 
.-.  6000  X  +  4000(a;  4-  ji^y)  =  80, 
Solving,  X  =  r^sjf  =  ;f^, 

and  aj  4-  uJff  =  jh- 

Hence,  the  rate  for  first  house  was  i%  and  for  second  house  }%. 

87.  Let  X  =  number  of  dollars  first  invested. 

Then,  2x=  number  of  dollars  borrowed. 

7 «         7 

1 (2  x)  =  number  of  dollars  in  income. 

100      100^      ^ 

jf^(2  y)  =  number  of  dollars  interest  paid. 
.   1^      14x_10^^3gg 
100      100      100 
Solving,  X  =  3500, 

and  2a;  =  7000. 

Hence,  the  sum  first  invested  was  $  8500  and  sum  borrowed  was  $  7000. 

88.  Let  X  =  number  of  50-dollar  shares.  # 
Then,                                 -^  =  number  of  100-doUar  shares. 

100  100  3 

Solving,  X  =  60, 

and  ^  =  40. 

3 
Hence,  $  3000  was  invested  in  50-dollar  shares,  and  $  4000  was  invested 
in  100-dollar  shares. 
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39.  Let  6  X  =  number  of  dollars  in  savings  bank. 

Then,  x  =  number  of  dollars  with  trust  company. 

.•.;fJ^(x  +  400)+,J^(6x-400)  =  i  +  ^^(6x). 
Solving,  X  =  200, 

and  Qx  =  1200. 

Hence,  $1200  is  deposited  in  savings  bank  and  $200  with  trust  company. 
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41.   Let  X  =  number  of  minute  spaces  the  minute  hand  travels 

after  1  o'clock  before  they  come  together. 

Then,  ^  =  number  of  minute  spaces  the  hour  hand  travels 

12         in  the  same  time. 
Since  they  are  five  minute  spaces  apart  at  1  o^  clock, 

x-^  =  6. 
12 
Solving,  X  =  S^^y,  the  number  of  minutes  after  1  o'clock. 

Hence,  at  1 :  06^^  o'clock  the  hands  will  be  together. 

48.   Let  X  =  number  of  minute  spaces  the  minute  hand  travels 

after  6  o'clock  before  they  come  together. 

Then,  —  =  number  of  minute  spaces  the  hour  hand  travels 

12         in  the  same  time. 
Since  the  hour  hand  is  30  minute  spaces  in  advance  at  6  o'clock, 

a;  _  ^  =  30. 
12 
Solving,  X  =  32^,  the  number  of  minutes  after  6  o'clock. 

Hence,  at  6:32^^  o'clock  the  hands  will  be  together. 

43.  Let  X  =  number  of  minute  spaces  the  minute  hand  travels 

after  10  o'clock  before  the  hands  are  opposite. 

Then,  —  =  number  of  minute  spaces  the  hour  hand  travels 

12         in  the  same  time. 
Since  the  hour  hand  is  60  minutes  in  advance  at  10  o'clock,  and  30  min- 
utes in  advance  when  the  hands  are  opposite, 

Solving,  X  =  21^,  the  number  of  minutes  after  10  o'clock, 

fience,  at  10:21^^  o'clock  the  hands  will  extend  in  opposite  directions 

44.  Let  X  =  number  of  minute  spaces  the  minute  hand  travels 

after  4  o'clock  before  it  is  15  minute  spaces 
behind  the  hour  hand. 

Then,  —  =  number  of  minute  spaces  the  hour  hand  travels 

12         in  the  same  time. 
Since  the  minute  hand  gains  20  —  15,  or  5,  minute  spaces, 

(See  next  page.) 
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Solving,  z  =  6^,  the  number  of  minutes  after  4  o'clock. 

Again,  let  x  =  number  of  minute  spaces  the  minute  hand  travels 

before  it  is*16  minute  spaces  ahead  of  the  hour 

hand. 

Then,  -^  =  number  of  minute  spaces  the  hour  hand  travels  in 

12         the  same  time. 
Since  the  minute  hand  gains  20  +  15,  or  35,  minute  spaces, 

12 
Solving,  X  =  38^^,  the  number  of  minutes  after  4  o'clock. 

Hence,  the  required  times  are  4  :  0&j\  o'clock  and  4 :  38^  o'clock. 

45.  Let  X  =  number  of  miles  downstream. 

Then,  -  =  number  of  hours  downstream, 

'  6 

and  -  =  number  of  hours  upstream. 

6      3 
Solving,  X  =  18. 

Hence,  he  can  row  18  miles  downstream  and  return  in  9  hours. 

46.  Let  X  =  number  of  miles  up  the  river. 

Then,  -^  =  number  of  hours  up  the  river, 

17i 

and  —  =  number  of  hours  down  the  river. 

21 

Solving,  X  =  28. 

Hence,  the  boat  went  28  miles  up  the  river. 

47.  Let  X  =  number  of  miles  an  hour  freight  train  runs. 

Q  ^ 

Then,  —  =  number  of  miles  freight  train  runs, 

o 

and       IJ  of  40,  or  64  =  number  of  miles  express  train  runs. 
Since  the  trains  run  the  same  distance, 

^  =  64. 

.-.  a;  =  24. 
Hence,  the  freight  train  runs  24  miles  per  hour. 

48.  Let  5  a;  =  number  of  miles  an  hour  downstream. 
Then,                    Sx  =  number  of  miles  an  hour  upstream. 
By  the  2d  condition, 

5a;-4  =  2(3a;-4). 
Solving,  aj  =  4  ; 

whence,  5  aj  =  20,  number  of  miles  an  hour  downstream, 

and  3  a:  =  12,  number  of  miles  an  hour  upstream. 
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49.  Let  X  =  number  of  miles  from  Albany. 

Then,  ^  =  number  of  hours  it  takes  boat  from  Albany, 

i 

and  — - —  =  number  of  hours  it  takes  boat  from  Syracuse. 

.  2x^4(166-35) 
"3  5 

Solving,  X  =  90,*^. 

Hence,  the  canal  boats  meet  90|»r  niiles  from  Albany. 

50.  Let  X  =  number  of  knots  from  Southampton. 
Then,                      —  =  number  of  hours  from  Southampton, 

and  =  number  of  hours  from  New  York. 

18 
.    X      31^8046-a; 
*  '  20      2  18      ' 

Solving,  X  =  1760. 

Hence,  the  boats  meet  1750  knots  from  Southampton. 

51.  Let  X  =  number  of  miles  by  rail. 
Then,              aj  +  60  =  number  of  miles  by  boat. 

~  =  number  of  hours  by  rail, 
44 

and  ^^-i —  =  number  of  hours  by  boat. 

13 
^     x±60^73,__3g 
44         13  ' 

Solving,  X  =  aSO,  and  a  +  60  =  390. 

Then,  ^  =  74, 

and  ^±^=30. 

13 
Hence,  by  boat  it  is  390  miles,  and  takes  30  hours.    By  train  it  is  330 
miles,  and  takes  7}  hours. 

52.  Let  X  =  number  of  miles  freight  train  went  per  hour. 
Then,                     Sx=  number  of  miles  passenger  train  went  per  hour. 

=  number  of  feet  freight  train  went  per  second, 
3600  ^  ^ 

and  V  ^^  =  number  of  feet  passenger  train  went  per  second. 

3600 

.  6280  a;     6280  (3  a:)  ^  660 
3600  3600  7}  ' 

Solving,  a;  =  15,  and  3  a;  =  46. 

Hence,  the  rate  of  the  freight  train  was  16  miles  per  hour  and  of  the 
passenger  train  46  miles  per  hour. 
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68.  Let  X  =  number  of  pounds  of  zinc  used. 

Then,  2x  =  uuuiber  of  pounds  of  tin  used, 

and  17  X  =  number  of  pounds  of  copper  used. 

.-.  x  + 2a: +  17 a:  =  6000. 
Solving,  X  =  260, 

2  a;  =  600, 
and  17  X  =  42^0. 

Hence,  there  were  used  260  pounds  of  zinc,  600  pounds  of  tin,  and 
4260  pounds  of  copper. 

54.  Let  X  =  number  of  pounds  of  gunpowder. 

Then,  }  x  +  10  =  number  of  pounds  of  niter, 

^  a;  +  3  =  number  of  pounds  of  sulphur, 
and  ■fffX-\-l  —  S  =  number  of  pounds  of  charcoal. 

.-.  a;  =  i  X  +  10  +  jJjx  +  3  +  A«  +  1 -3. 
Solving,  a  =  120,  number  of  pounds  of  gunpowdfer. 

65.  Let  X  =  number  of  ounces  of  pure  silver  to  be  added. 
Then,  1(260)  +  a;  =  number  of  ounces  of  pure  silver  after  the  addition. 

^(260  +  a;)  =  number  of  ounces  of  pure  silver  after  the  addition 
.-.  4(260)+a;  =  A(260+a;). 
Solving,  X  =  260,  number  of  ounces  of  pure  silver  to  be  added. 

66.  Let  X  =  number  of  ounces  of  copper  to  be  added. 
Then,               90  +  a;  =  number  of  ounces  new  alloy  weighs. 

Since  the  weight  of  the  alloy  must  contain  10  ounces  the  same  number 
of  times  that  the  total  weight  of  silver  in  the  new  alloy,  or  6  ounces,  con- 
tains the  weight  of  silver  in  each  10  ounces  of  the  new  alloy,  or  |  of  an 
ounce,  90  +x_Q  __  ^^ 

10         i 

Solving,  a;  =  60. 

Hence,  60  ounces  of  copper  must  be  added. 
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57.  Let  X  =  number  of  pounds  of  fresh  water  to  be  added. 
Then,               80  +  a;  =  number  of  pounds  of  water  after  addition  of 

fresh  water. 
Since  the  number  of  times  the  total  weight  of  water  contains  49  pounds 
is  the  same  as  the  number  of  times  the  total  weight  of  salt  contains  1| 
pounds,  80  -ha; _  Jt_ 

49     ~  li' 
Solving,  X  =  32. 

Hence,  32  pounds  of  fresh  water  must  be  added. 

58.  Let  X  =  number  of  pounds  of  copper  to  be  added. 
Then,              75  -|-  a;  =  number  of  pounds  new  alloy  weighs. 

— ?(75  +  a;)  =  number  of  pounds  of  tin  in  new  alloy. 

lUU 

.•.l?i(T6  +  .)  =  12. 

Solvino:,  x  =  21 . 

Hence,  21  pounds  of  copper  must  be  added. 
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59.  Let  X  =;  number  of  pounds  of  fresh  water  to  be  evapo- 

rated. 
Then,  60  —  x  =  number  of  pounds  of  solution  remaining. 

Since  the  number  of  times  the  total  weight  of  new  solution  contains  26 
pounds  is  same  as  number  of  times  the  total  weight  of  salt  contains  2^ 
pounds,  60  — a;  _  S^ 

26     ~2{ 
Solving,  X  =  30. 

Hence,  30  pounds  of  water  must  be  evaporated. 

60.  Let  X   =  number  of  pounds  of  pure  water  to  be  added. 
Then,             24  +  a;    =  number  of  pounds  new  solution  weighs, 

and  Ths(^^  +  aj)  =  number  of  pounds  of  salt  in  new  solution. 

.••1*7^(24  + a;)  =^.24. 
Solving,  X    =  48. 

Hence,  48  pounds  of  pure  water  must  be  added. 

61.  Let  X  =  number  of  gallons  of  water  required. 
Then,                6  +  a;  =  number  of  gallons  in  new  mixture. 

Solving,  aj  =  l|  =  1.6. 

Hence,  1.6  gallons  of  water  must  be  added. 

62.  Let  X  =  number  of  gallons  of  water  to  be  added. 
Then,  4  -f-  a;  =  number  of  gallons  after  water  is  added. 
^  ,  .     .•.A°o(4  +  a;)=^(4). 

Solvmg,  aj  =  8.2. 

Hence,  3.2  gallons  of  water  must  be  added. 

63.  Let  X  =  number  of  grams  alcohol  weighs  per  cubic  centimeter. 
Then,  04  —  61.6  =  number  of  grams  the  alcohol  weighs. 

.-.M- 61.6  ^60 

X 

Solving,  X  =  .848. 

Hence,  the  alcohol  weighs  .848  gram  per  cubic  centimeter. 

64.  In  accordance  with  the  suggestion  in  the  text, 

let  X  =  the  number  of  pounds  of  brass. 

Then,  67  —  as  =  the  number  of  pounds  of  iron, 

X  -4-  8f  =  number  of  pounds  of  water  brass  displaces, 
and  (67  —  x)  -^  7  J  =  number  of  pounds  of  water  iron  displaces. 

.-.  x-j.8f  +  (67-x)n-7J  =  7. 
Solving,  X  =  42  ; 

whence,  67  —  x  =  15. 

Hence,  the  mass  contains  42  pounds  of  brass  and  16  pounds  of  iron. 

65.  Let  X  =  number  of  pounds  of  lead. 
Then,              159  —  x  =  number  of  pounds  of  iron. 

Since,  when  weighed  in   water,  the  lead  loses  ^  x  pounds,  the  iron 
^jj  (169  —  x)  pounds,  and  both  together  16  pounds, 
2x      2(169-x)^^g 
•  23  16 

Solving,  X  =  1124, 

and  169  -  X  =  46J. 

Hence,  there  are  112^  pounds  of  lead  and  46  j  pounds  of  iron. 
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66.  Let  X  =  number  of  pounds  the  tin  weighs. 

Then,  60  —  a;  =  number  of  pounds  the  lead  weighs. 

fi  or 

^^  =  number  of  pounds  of  tin  lost, 

and  ^     ""  ^^  =  number  of  pounds  of  lead  lost. 

23 

.    6  g     2  (60  -  x)  _  y 

"37  23 

Solving,  a  =  37. 

Hence,  there  are  37  pounds  of  tin  in  the  mass. 

67.  Let  X  =  number  of  ounces  of  gold. 
Then,              320  —  x  =  number  of  ounces  of  silver. 

Since  in  water  1  ounce  of  gold  loses  /y  ounces  in  weight,  and  1  ounce 
of  silver  ^  ounces, 

ii  ^  +  ^1  (320  -  «)  =  320  -  298. 

Solving,  x  =  194  ; 

whence,  320  -  a;  =  126. 

Hence,  there  are  104  ounces  of  gold  and  126  ounces  of  silver. 

68.  Let  X  =  number  per  cent  by  volume  of  zinc  in  the  alloy. 
Then,         100  —  a;  =  number  per  cent  by  volume  of  copper  in  the  alloy. 

...4(437.6) +  1^(550)  =  532. 

Solving,  X  =  16,  and  100  —  a  =  84. 

Hence,  there  is  16  %  of  zinc,  and  84  %  of  copper  in  the  alloy. 


2.   From  A  =  ibh,  ihh  =  A, 

Substituting  given-  values,  b  =  ?-4^  =  30. 

40 
Hence,  the  base  of  the  triangle  is  30  feet. 
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2  '  2 

2A 


.\h  = 


b  +  b' 


192 
Substituting  the  given  values,  h  =  — =  8 

Hence,  the  altitude  of  the  trapezoid  is  8  inches. 
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4.  From  F=  J  BA,  4  m  =  F. 

h 
Substituting  the  given  values,  B  =  ^f*  =  84. 

Hence,  the  area  of  the  base  of  the  pyramid  is  84  square  feet. 

5.  c  =  40  +  8  (n  -  10). 
Substituting  16  for  n,  c  =  40  +  3  (16-10)  =68. 
Hence,  the  cost  of  a  16-word  message  is  58  cents. 

From  c  =  40  +  3  (n  - 10),  3  (n  -  10)  =  c  -  40. 

Solving  for  n,  n  =  1=J2 . 

3 

Substituting  given  value  for  c,  n  =        ""      =  30. 

o 

Hence,  30  words  may  be  sent  for  $1. 

6.  From<=p.  -^  .  «,  p.r.«  =  100i.  (1) 

Solving  for  «,  <=i55.»*. 

pr 

Substituting  given  values,  t  =  ^^  ^  ^  =  4. 

300  X  6 
Hence,  $  300  must  be  on  interest  4  years  to  yield  $  60  interest  at  6  %. 

Solving  for  r  in  (1) ,  r  =  ^52j . 

p  •  « 

Substituting  given  values,  r  =  \^  ^  ^^  =  4. 

4600  X  5 
Hence,  $4600  must  be  on  intei'est  at  4%  to  yield  $900  interest  in  6 
years. 

Solving  f or  p  in  (1) ,  p  =  l??i  • 

Substituting  given  values,  p  =  ^^^  ^  ^^^  =  6000. 

3J  X  1 
Hence,  $6000  at  8J%  will  yield  $210  annually. 

7.  From  «  =  r«,  «  =-. 

t 
Substituting  given  values,  v  =  *^/°-  =  1080. 

Hence,  the  velocity  of  sound  is  1080  feet. 
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8.  From  (7  =  f  (i?'- 32),  90=  5 i?'- 5- 32. 
Solving  for  F,  F=iC-^  32. 
Substituting  26  for  C,                                        i^  =  I  •  26+  32  =  77. 
Hence,  mean  annual  temperature  in  Havana  is  77°  Fahrenheit. 

9.  From  L  =  Lo -\-  Lq  -  at,  Loat  =  i  —  io- 
Solving  for  a,  a  =  =^^. 

Substituting  given  values,      a  =  30.001632-30  ^  000001088. 

30  X  60 
Hence,  the  value  of  a  is  .000001088  feet. 
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20.  From  pd=  WD,  W  =  ^' 

Substituting  given  valhes,  W  =  ^^  ^  ^  =  360. 

3 
Hence,  a  power  of  150  pounds  will  support  a  weight  of  350  pounds. 
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21.  Substituting  given  values  inpd  =  WD,  6p  =  144  x  2. 
Solving,  p  =  48. 

22.  Substituting  given  values  in  pd=  WD,  300  d  =  100  (8  —  d) . 


Solving, 

d  =  2. 

23.   From  pd=  WD, 

w=f 

Substituting  given  values, 

6 

24.  Substituting  in  pd=:  WD, 
Solving, 

8p  =  700  X  5. 
P  =  437J. 

26.  Frompdrr  WD, 

P 

Substituting  given  values, 

102(9-d) 
114 

Solving, 

Hence,  Philip  is  4J  feet  from  the  fulcrum. 

d  =  4J. 

26.   From  pd=  WD, 

D 

Substituting  given  values, 

H' =  1511021^  =  160. 

Hence,  a  weight  of  160  pounds  must  be  hung  on  end  of  lever. 
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85.    Substituting  given  values  in  P  =  wAh,       P  =  62 J  •  1 .  30. 
Solving,  P  =  1876. 

Hence,  the  pressure  is  1875  pounds. 

Substituting  second  set  of  values  in  P  =  wAh^  P  =  64  •  1  •  3000. 
Solving,  P=  192,000. 

Hence,  the  pressure  is  192,000  pounds. 

36.   FromP=io^A,  h  =  —- 

wA 

Substituting  given  values,  h  =  — =  10. 

87.   From  P  =  wAh,  h=—- 

wA 

onAA 

Substituting  given  values,  h  =  =  8. 

62}  •  4 
Hence,  the  depth  is  8  feet. 
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38.  From  P  =  xoAh, 
Substituting  given  values, 


wA 


821  X  8" 


A  =  ^. 


Hence,  the  depth  is  16  feet. 

89.   From  P  =  vjAh^  ^ 

wA 

Substituting  given  values,  h  =  — ? =  316. 

64 
Hence,  the  diver  may  go  316  feet  deep  without  danger. 

40.  From  P  =  loAh, 


Ah 

w  = =  oo. 

18 


Substituting  the  given  values, 

Hence,  the  petroleum  weighs  66  pounds  per  oubic  foot. 

P 
Ah 
8000 


w  =- 
w  =- 


41.  From  P=wAh, 

Substituting  the  given  values. 

Hence,  the  chest  was  submerged  in  salt  water. 

42.  From  P  =  wAh,  h  = 

Substituting  the  given  values. 


6x26 
P 


=  64. 


wA 
^^  (60^40)144  ^^3  ()3 

62| 
Hence,  the  faucet  in  the  top  story  is  46.08  feet  higher. 


SIMULTANEOUS  SIMPLE  EQUATIONS 
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f7aj-5y  =  62,     (1) 
^  \2x-h6y  =  47.     (2) 

(1)  +  (2),  -^         - 


9x  =  99. 
a;  =  ll. 
Substituting  (3)  in  (2),  y  =  6. 


(3x  +  2y  =  23, 


(2)x2,  2aj  +  2y  =  16. 

(1)~(3),  x  =  7. 

Substituting  (4)  in  (2),  y  =  1. 


f3x-4y  =  7, 
\  x  4- 10  y  =  26. 
3  X  +  30  y  =  75. 
34  y  =  68. 
y  =  2. 
Substituting  (4)  in  (1),  ic  =  6. 


4. 

(2)  X  3, 

(3)  -  (1), 


(8) 


(1) 
(2) 

(4) 


0) 
(2) 
(3) 

(4) 


-  r2a;— 10y  =  16, 

®-  t   2a;-4y  =  18. 

(2)-(l),  6y  =  3. 

y  =  h 

Substituting  (3)  in  (1),  x  =  10. 


(1) 
(2) 

(3) 


g  (3w-v  =  4,       (1) 

(l)x3,  9M-3r  =  12.     (3) 

(2)  4- (3),  10w  =  10. 

n  =  1.       (4) 
Substituting  (4)  in  (2),  v=  -I. 


f4x-y  =  19,  (1) 

^-  t«4-3y  =  21.  (2) 

(l)x3,  12x-3y  =  r,7.  (3) 

(2) +  (3),  13:^  =  78. 

X  =  6.  (4) 
Substituting  (4)  in  (2),  y  =  6. 
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{l^'- 


l^l  +  r: 

[(l)  +  (2)]+3,      l  +  r: 
(2) -(3),  I: 

(1) 


-  (3); 


q  f2a  +  36: 

*•  1 3  a  +  2  6  = 

[(l)  +  (2)]-6,     a  +  6  = 
(3)  X  2,  2  a  +  2  6  : 

(2) -(4),  a: 

(l)-(4),  b: 


10. 


t    «  +  2r: 
(2)  X  7,  7  «  +  14  r  : 

[(3)-(l)]^23  t;: 

Substituting  (4)  in  (2),  «  : 


6, 

:1. 

2. 

-1. 

:3. 

=  17, 

:18. 

:7. 
:14. 
:4. 
:3. 

:6, 

:14. 

:98. 

:4. 

:6. 


r    13«-W: 

\4«+2M: 

2«  +  M: 

15  «: 

Substituting  (4)  in  (3),  m  : 


11. 

(2)  H-  2, 
(1)  +  (3), 


12. 


(3)  X  f , 
(2)  -  (4), 
(1)  -  (4), 


Ud  +  Sy-- 

Id  +  ly. 

3d  +  3j/  = 

dz 

y- 


r8a-.2y  =  10, 
\       a  4-  y  =  70. 


^  ^'  3 

From  (2),  x  =  70-y. 

Equating  the  values  of  x, 

^^  =  70-,. 

»  =  40. 
Substituting  (5)  in  (4), 

3. 


From  (1), 
From  (2) 


I5x  +  y  =  22, 

x,    - 


(1) 
(2) 
(3) 


(2) 

(3) 

4) 


(1) 
(2) 
(3) 
(4) 


13. 


(2)x 
(1)  + 


(8), 


Substituting 
14. 

(1)  X  i, 

(2)  +  (3), 

Substituting 
15. 

(1)  X  5, 

(2)  X  3, 

(3)  -  (4), 

Substituting 
16. 

:2)  -^  4, 

:3)  X  5, 

(1)  +  (4), 

Substituting 
17. 

(1)  X  3, 

(2)  X  11, 

(3)  +  (4), 

Substituting 


/6p  +  67  = 

Up-6qz 
19p  = 

(4)in(l),g  = 

f  3a  +  6«  = 

\9a-4tzz 

2a  +  4«  = 

11  a  = 

(4)in(l),«; 
jSx-Sy. 
XTx-dy. 
AOx—loy  -- 
21x-15y: 
19a;: 

(5)inO),yi 

(6x-6y: 

I4cc  +  4y: 

x-\-y  : 

6x  +  6yz 

11  X: 

(6)in(3),y; 

r3TO  +  lln: 

\5«i—    3n : 

9m  +  33n: 

66  m  —  33  n  : 

64to: 

m  : 

(5)  in  (1),  n  : 


32, 

(1) 

22. 

(2) 

44. 

(3) 

76. 

4. 

(4) 

2. 

89, 

(1) 

61. 

(2) 

26. 

(3) 

77. 

7. 

(4) 

3. 

44, 

(1) 

29. 

(2) 

220. 

(3) 

87. 

(4) 

133. 

7. 

(6) 

4. 

33, 

0) 

44. 

(2) 

11. 

s 

65. 

88. 

8. 

(5) 

3. 

67, 

■0) 

6. 

(2) 
(3) 

201. 

65. 

W 

266. 

4. 

(5) 

6. 

.a;  +  6y  =  14. 

y  =  22-5ic. 


(5) 


(1) 
(2) 
(3) 

(4) 


Equating  the  values  of  y, 

22-5a;  =  ^^'"^. 
5 
«  =  4.  (6) 

Substituting  (5)  in  (3), 
y  =  2, 

.  f2x  +  3y  =  24,  (1) 

*•  I6a;-3y  =  18.  <2) 

From(l),  3y  =  24-2x.      (3) 

From  (2),  3y  =  6a;-18.      (4) 

Equating  the  values  of  3  y, 

24-2ie  =  5a;-18. 

a;  =  6.  (5) 

Substituting  (5)  in  (3), 
y  =  4. 
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6. 


I2a;-3y  =  3. 


0) 
(2) 


From  (1), 
From  (2), 


■  =  '-^-     (3) 


„_36-2y 

V  = ^  • 

3 

^^0y  +  23 


2 
Equating  the  values  of  x, 

14-5y^3y  +  3 

3  2 

y  =  l. 

Substituting  (5)  in  (4), 

a;:=:3. 

r3v  +  2y  =  36, 
\5t?-92/  =  23. 

From  (1) 

From  (2), 

y 
Equating  the  vahies  of  «, 

36-2y_9y4-23 
3  5 

y  =  3, 
Substituting  (5)  in  (3), 
v  =  10. 

r2«  +  7e  =  8, 
l3«-h9<  =  9. 

From(l),  «  =  ?^:1*. 

^  ^  2 

From  (2),  «  =  3-3«. 

Equating  the  values  of  s, 

8-^^^  =  3-3^ 
2 

<  =  2. 

Substituting  (6)  in  (4), 

8=-B. 

4w  +  6«  =  19, 


f4w  +  6«  = 
l3w-2tJ  = 


From  (1), 
From  (2), 


.19--4M 

6 
6m  -9 


(4) 

(5) 

(1) 
(2) 

(3) 
(4) 

(6) 


(1) 
(2) 

(3) 
(4) 


(5) 

(1) 
(2) 

(3) 
(4) 


Equating  the  values  of  w, 

19-4m_6u-9 
6  4 

Substituting  (6)  in  (3), 
r  =  4. 
r  4w  +  3wj  =  34, 
lllv  +  5w  =  87. 

3 
_      87  -  11 17 


From  (1), 
From  (2), 


Equating  the  values  of  w, 

34-4ty^87-llp 

3  6 

«  =  7. 

Substituting  (5)  in  (3), 

w  =  2, 

4a;-13y  =  6, 

y 

From  (1), 


10 


f4a;-13y  =  6, 
I3a;  +  lly=-17. 


4 


(6) 

(1) 
(2) 

(3) 
(4) 


(6) 

(1) 
(2) 

(3) 


From  (2), 


.  =  =111^.(4) 


Equating  the  values  of  x, 

13y  +  6^-lly-17 
4  3 

y=-l.  (5) 

Substituting  (6)  in  (3), 

x=—2. 


(       18a;-.3y  =  4y, 
ll-4x  +  3y  =  27. 

From  (1) , 


y  = 


18  a; 


From  (2), 


^  3 


(1) 
(2) 

(3) 
(4) 


Equating  the  values  of  y, 
18a;  _  4a; +  26 
7  3 

a;  =  7. 
Substituting  (5)  in  (3), 
y  =  18. 


(5) 
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1. 


I4w-a;  =  14. 


«  -  y  =  4, 

y- 

From(l),  ic  =  y-h4. 

Substituting  (8)  in  (2), 
4y-(y  +  4)=14. 
y  =  6. 
Substituting  (4)  in  (3), 
a;  =10. 
r      a;  +  y  =  10, 
I6a;-7y  =  34. 
From  (1),  ic  =  10  — y. 

Substituting  (8)  in  (2), 
6(10-j^)-7y  =  34. 
y  =  2. 
Substituting  (4)  in  (3), 

r3x-4y  =  26, 
I    a;-8y  =  22. 
From  (2),  a;  =  8y  +  22. 

Substituting  (3)  in  (1), 
3(8y  +  22)-4y  =  26. 

2/ =  -2. 
Substituting  (4)  in  (3). 
re  =  6. 
f  6  y  -  10  ic  =  14, 
*•       1         j/-a;  =  3. 
From  (2),  y  =  a:  +  3. 

Substituting  (8)  in  (1), 
6  (a;  +  3)  -  10  a;  =  14. 
a;  =  l. 
Substituting  (4)  in  (3), 
y  =  4., 
f    y  +  l=3a;, 
l5a;  +  0  =  3y. 
From  (1),  y  =  3a;-l. 

Substituting  (3)  in  (2). 

6a;  +  9  =  9a;  — 3. 
a;  =  3. 
Substituting  (4)  in  (3), 
y  =  8. 


(1) 
(2) 
(3) 


(4) 


(1) 
(2) 
(3) 


w 


(I) 

(2) 
(3) 


(4) 


0) 
(2) 
(3) 


(4) 


(1) 
(2) 
(3) 


(4) 


0) 
(2) 
(3) 

x)—2x. 
(4) 


(1) 
(2) 
(3) 


(4) 

(1) 
(2) 

(3) 


fl7  =  3«  +  «, 
l7  =  3«-2a; 
From(l).  «  =  17-3a;. 

Substituting  (3)  in  (2), 

7  =  3(17- 
a;  =  4. 
Substituting  (4)  in  (3). 

«  =  6. 
^  r        4y  =  10-X} 

I  y  —  x  =  b. 
From  (2),  y  =  a;  +  5. 

Substituting  (3)  in  (1), 

4x  +  20  =  10 -a. 
a:  =  -2. 
Substituting  (4)  in  (3). 
y  =  3. 
r7«-3a;  =  18, 
l2«-5a;=l. 
From  (2),  g^5a;  +  l 

Substituting  (3)  in  (1), 

35  a;  -f.  7  -  6  «  =  36. 

x=l.  (4) 

Substituting  (4)  in  (3), 
«  =  3. 
r3-15y  =  -a;,  (1) 

13 +  162/  =  4a;.      '  (2) 

From  (1),     15y  =  a;  +  3.  (3) 

Substituting  (3)  in  (2), 
34-a;  +  3  =  4a;. 

a;  =  2.  (4) 

Substituting  (4)  in  (3), 

r       l-a;  =  3y,  (1) 

l3(l-a;)=40-y.  ^2) 

Substituting  3  y  for  1  —  a:  in  (2), 
9  y  =  40  -  y. 
2/  =  4.  (3) 

Substituting  (3)  in  (1), 
l-a;  =  12. 
X  =  - 11. 


10 
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-  (x-\-z  =  lS, 

(l)  +  (2),  2  a;  =  18. 

jc  =  9. 
Substituting  (3)  in  (1), 

z  =  4. 


Page  182 

Equating  values  of  (2  —  «), 
Jj/  =  y-2. 
y  =  8. 
Substituting  (6)  in  (1), 
a;=-4. 


2. 


/  3a;+y  =  10, 
\  «  +  3  y  =  6. 

(2)  X  3,      3  a;  +  9  y  =  18. 

(3)~(1),  Sy  =  S, 

y  =  l. 

Substituting  (4)  in  (2), 

05  =  3. 


3. 


r4a;  +  5y=-2, 


5a;  +  4y  =  2. 
I)x4,  16x  +  20y  =-8. 
(2)  X  5,  26  a  +  20  y  =  10. 
(4)- (3),  9  a;  =  18. 

a;  =  2. 
Substituting  (6)  in  (1), 

y=-2. 


r    6a;  — y  =  1 


L3a;  +  6y  =  28. 
(I)x6,     26a;-6y  =  140. 
(2) +  (3),  28  a;  =168. 

a;  =  6. 
Substituting  (4)  in  (1), 

y  =  2. 


5. 


f       a;  +  3  =  y-3, 
\2(a;  +  3)  =  6-y. 


(1) 
(2) 

(3) 


0) 
(2) 
(3) 

(4) 


(1) 
(2) 
(3) 

(4) 


Substituting (y-3)  for  (a;+3)  in  (2), 
2(y-3)=6-y. 

y  =  4.  (3) 

Substituting  (3)  in  (1), 

a;  =-2. 


r6a;-y  =  12,  (1) 

.ta;+3y  =  12.  (2) 

(nx3,    15a;-3y  =  36.  (3) 

(2) +  (3),  16  a;  =  48. 

x  =  3.  (4) 

Substituting  (4)  in  (2),       » 
y  =  3. 


6. 


f4(2-x)=3y,  (1) 

^-  \2(2-a-)=2(y-2).  (2) 

From  (1),       2-a:  =  fy.  (3) 

From  (2),      2-x  =  y-2.  (4) 

STAND.  ALG.   KEY 8 


f(a;  +  l)  +  (y-2)=7, 
"•    t(x  +  l)-(y-2)=5. 
(l)+(2),         2(a;  +  l)  =  12. 
x  =  5. 
Substituting  (3)  in  (1), 


.+1=11, 


^  +  3y  =  21. 
3^    ^ 


(5) 


(1) 
(2) 

(3) 


(1) 
(2) 


From  (2), 


3 


=  21-3y.(3) 


Substituting  (3)  x  3  in  (1), 

63-9y+|  =  ll. 
o 

-  26  y  =  -  166. 

y  =  6.  C4) 

Substituting  (4)  in  (1), 

a:  =  9. 


10. 

(I)x3, 
(2)  X  4, 

W-(3), 


3^  +  ii^  =  21, 
4^6  ' 

2^  +  51  =  17. 
3        6 

^+121  =  63. 
4^6 

8£  +  12y^68 
3         6 


(1) 
(2) 
(3) 
(4) 

(5) 


^  =  6. 
12 

a;  =  12. 

Substituting  (5)  in  (2), 

ii^  =  9. 
6 

y  =  15. 
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11 


3  2' 

3^  7 
Substituting  (1)  in  (2), 

2^  7 

14 
y  =  14. 
Substituting  (3)  in  (1), 
a;  =  12. 


(1) 
(2) 


(3) 


12. 


2       3 


From(l),   1  =  ^-2. 
Substituting  (.3)  in  (2), 

i^- 10 +2=  12. 
8  3 

y  =  6. 
Substituting  (4)  in  (1), 


(1) 

(2) 

(3; 


18. 


2  ~     3     ~"' 

3  ^     4 
Multiplying  (1)  by  2,       x  +  p- ?^zJJ1  _  la. 


Multiplying  (2)  by  3,       i 
Subtracting  (3)  from  (4), 

Substituting  (6)  in  (1), 

Adding  (6)  and  (6), 
Subtracting  (6)  from  (6), 


12 

«  —  y  =  12. 

£±if-4  =  8. 

«  +  y  =  24. 
2a;  =  36. 
a;  =  18. 
2y  =  12. 

y  =  a. 


14.  J  2     3  ' 

2a:-l     3y-l_6 
2  3      ~6* 

Clearing  (1)  of  fractions,  etc.,     3  a;  —  2  y  =  6. 
Simplifying  (2),  a:  -  i  -  y  +  J  =* J. 

a;  — y  =  l. 
Multiplying  (4)  by  2,  2  a:  -  2  y  =  2. 

Subtracting  (5)  from  (3),  x  =  4. 

Substituting  (6)  in  (4),  y  =  3. 


0) 
(2? 
(3) 
(4) 

(6) 
C6) 


(1) 

v3) 

(5) 
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15.      J        3     2' 

^-2^  =  1. 
.3     8 
Substituting  (1)  in  (2), 

1^-1^  =  1 
2     3 

Substituting  (3)  in  (I), 

«  =  9. 
^+11  =  '. 


16. 

(1)  X  2, 

(2)  X  3, 
(4)  -  (3). 

19. 


4    ■    3-^' 
1+^  =  17. 

^  +  ^  =  40. 
2        4 

^-- 

y  =  12. 


Solving  (1)  for  y, 
Solving  (2)  for  y, 
Equating  the  values  of  y, 

Substituting  (5)  in  (4), 


20. 


Reducing  (1), 
K educing  (2), 
Multiplying  (3)  by  12, 
Subtracting  (6)  from  (4), 
Substituting  (6)  in  (3), 


(1) 
(2) 


(3) 

(1) 

(2) 
(3) 
(4) 


(6) 
1 


Substituting  (5)  in  (2), 
)  =  17. 


-+9: 


17. 


x-l 
4 
x-l 


a;  =  16. 


+y  =  3, 


+  4y  =  9. 

(2)-(l)",        3y  =  6. 
y  =  2. 
Substituting  (3)  in  (1), 

^^  +  2  =  3. 


18.  J  8 

6       3 
(2)x6,     a;  +  4y  = 

(3)-(l),         lf  = 

'x  =  24. 
Substituting  (4)  in  (3), 
y  =  3. 

3 


6. 

16, 

6. 

36. 

21. 


=  0, 


X— 1     x+y 

—5— +  3  =  0. 
x-y 

y  =  2a;— 3. 

y  =  a;  +  1. 

2ic-3  =  a;  +  l. 

a;  =  4. 

y  =  6. 

^     12-^y  +  32 
2  4      • 

jf     3£-2j^^26 
18  5 

2  a;  -  y  =  80. 

24  a;  -  11  y  =  1000. 

24  a;  -  12  y  =  960. 

y  =  40. 

a;  =  60. 


(1) 
(2) 
(3) 


(1) 

(2) 
(3) 

(4) 


(1) 

(2) 

(3) 
(4) 

(5) 


(1) 

(2) 

(3) 
(4) 
(6) 
(6.) 
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81. 


5  4 

by  — 7  ,  4a;--3_^Q      -^ 


Reducing  (1), 
Reducing  (2), 
Subtracting  (3)  from  (4), 
Multiplying  (6)  by  J, 
Multiplying  (4)  by  2, 
Adding  (6)  and  (7), 

Substituting  (8)  in  (4), 


82. 


Multiplying  (3)  by  6, 

Multiplying  (2)  by  16, 

Multiplying  (5)  by  3, 
Multiplying  (6)  by  8, 
Adding  (7)  and  (8), 

Substituting  (9)  in  (6), 
23. 


6a;  +  66y  =  128. 
34a;  +  16y  =  132. 
28  x  -  40  y  =  4. 
21a;-30y  =  3. 
68  a  +  80  y  =  264. 
89  a;  =  267. 
x  =  S. 
.y  =  2. 

.2y +  .5_..49a;  — .7 
1.6  4.2       ' 

6a;-.2_41      1.6y-ll 
1.6  16  8 

Reducing  the  second  member  of  (1)  by  dividing  both  terms  by  .7, 

.2y  +  .5^.7a;-l 

1.6  6       *  • 

.8y +  2=.7a;-l. 
7  a;  -  8  y  =  30. 

6;c-2  =  41-3y  +  22. 
6x  +  3y  =  66. 
21x-24y  =  90. 
40a  +  24y  =  620. 
61  a;  =610. 
a;  =  10. 
y=5. 

(x+JL  +  ^. 

j      6  6  8        '       5 

I  a;  =  2y. 

Reducing  (1) ,  14  «  -  27  y  =  40. 

Multiplying  (2)  by  14  and  transposing, 

14aj-28y=0. 
Subtracting  (4)  from  (3),  y  =  40. 

Substituting  (6)  in  (2),  x  =  80. 

ra;  +  i(3x-y-l)=i  +  }(y-l), 
I  j(4x  +  3y)=A(7y  +  24). 

Reducing  (1),  10  x  -  5  y  =  0. 

y  =  2a;. 

Reducing  (2) ,  '  8  a;  -  y  =  24. 

Substituting  (3)  in  (4),  x  =  4. 

Substituting  (6)  in  (3),  y  =  8. 


24 


(1) 

(2) 

(3) 
(4) 
(6) 
(6) 
(7) 

(8) 


(1) 
(2) 

(3) 

(4) 
(5) 

(6) 
(7) 

(8) 

m 


.^  =  ?.^^+iiLz£+j,       (1) 


(2) 
(3) 

(4) 

(5) 

(1) 

(2) 

(3) 
(4) 
(5) 
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16a;  H-9  ,  Sx  +  by_o.      Sx  +  4  .^. 

8y  +  7      6a;-3y^^     4y-9^  ^2) 

10      ^2(y-4)         ^6  ^^ 
From(l).                   ^+2i4-^-^  =  8i4-'^  +  2. 

Canceling,  etc.,  3  g  H-  6  y  ^  g  ^g^ 

4x  —  6 
Reducing  (3),  9  a;  -  6  y  =  18.  (4) 

From  (2),  8y +  l  +  «^=4l?  =  4 +ll?-2. 

^  ^'  10      10     2(y-4)         ^6       6 

Canceling,  etc.,  1^/31)  =  I'  (^) 

Reducing  (5),  a;  =  y  -  2.  (6) 

Substituting  (6)  in  (4),     9  y  -  18  -  6  y  =  18. 

!/  =  9.  (7) 
Substituting  (7)  in  (6),                          x  =  7. 

|8g-6y     2a;-8y  — 9_31  ..v 

3  12  12'  ^  ^ 

Reducing  (1),  6 a;  -  6  y  =  11.  (8) 

Clearing  (2)  of  fractions, 
24a;  H-  42  y  H-  224  -  672x  +  21  y  H-  4200  =  140. 

-  648a;  +  63y  =-4284.  (4) 

Multiplying  (4)  by  2,      -  1296  a;  +  126  y  =  -  8668.  (6) 

Multiplying  (3)  by  21,  106  a;  -  126  y  =  231.  (6) 

Adding  (6)  and  (6),  -  1191  a;  =-  8337. 

a;  =  7.  (7) 

Substituting  (7)  in  (3),  y  =  4. 
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fii?-Kr+l)=li, 
\Ki?-l)-ir  =  4i. 


27. 

Reducing  (1),  "  3ij-2r  =  li. 

Reducing  (2) ,  2  i?  -  3  r  =  29. 

Multiplying  (3)  by  3,  9  i?  -  6  r  =  33. 

Multiplying  (4)  by  2,  4  i?  -  6  r  =  68. 
Subtracting  (6)  from  (6),  6B=—  26. 

i?=-6. 
Substituting  (7)  in  (3),  r=-  13. 

oo  /2.4<i-.04tt  =  .62, 

^'  \   .7w  +  .16d  =  1.795. 

Clearing  (1)  of  decimals,         240  d  —  4  w  =  62. 
Clearing  (2)  of  decimals,     700  m  +  160  d  =  1796. 
Multiplying  (1)  by  6,  1200  d  -  20  w  =  310. 

Multiplying  (3)  by  8,        1200  d  +  6600  u  =  14,360. 
Subtracting  (4)  from  (6),  6620  u  =  14,060. 

u  =  2.6. 
Substituting  (7)  in  (1),  d  =  .3 
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f      (ti-f  .3)(t;+.6) 


^'  \(2wH-.l)(3r4-.6) 

Reducing  (1)  and  clearing  of  decimals, 

60«-160tt 
Reducing  (2)  and  clearing  of  decimals, 

-  160«  +  100  tt 
Multiplying  (8)  by  J,  24  »  -  60  u 

Multiplying  (4)  by  f ,  -  90  »  +  60  u 

Adding  (5)  and  (6),  -  66  « 

Substituting  (7)  in  (1),  u 

rx-20-2l^^l^ 

80.  J  23 -a: 

U-l=X-30 

I  5C  — 18 

2a; -40 


=  6«(tt  +  .3). 


=  -76. 

=  -6. 
=  -30. 
=  -3. 
=  -33. 
=  .6. 
=  .7. 

_2g-69 
~       2       • 
^3y-73 
3 


From  (1),  canceling  X—  20  =  ^ 


2 
__2i^ 


23- x' 
I  17  a;  +  4  y  : 

From  (2),  canceling  y  -  30  =  ^V^^ , 

3 
3-y  . 
a; -18" 
17a;-3y  = 
7y: 

g  .  16  —  a; . 
2  2 


Subtracting  (4)  from  (3), 
Substituting  (6)  in  (4), 


19 

:437. 

17 

:297. 
:140. 
:20. 
:21. 


81. 


From  (1), 


or 
or 


From  (2), 


4(x-^6)      83 -8y 
.    y  +  8    "^       8 

?+8-?: 
2  2 

6y-f  2x. 

40-a; 

4x—  y : 

i^^+10J-y  = 


3Q      6y4-2x 
40- X  • 
=  10-y. 

^3Q      6y-f2a; 
40-a;  ' 


y4-8 


or 
or 


Multiplying  (3)  by  3, 
Adding  (4)  and  (5), 

Substituting  (6)  in  (3), 


4(x-6) 

y  +  8 

32  a; +  3y 
12x-3y  ; 
44  a;: 

X  : 

y 


=  176. 
:10-y, 
3 

=  168. 

:628. 
:696. 

=  15*. 
:-112A. 
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Pag«185 


«    y 

|?§  +  1=6. 


15_6  =  21. 


(l)  +  (2), 
(3)  X  f , 

a)-(4), 

(2)- (4), 

36. 

(2)-(l), 


(1) 
(2) 
(3) 

(4) 

(1) 
(2) 

(3) 
(4) 

(6) 

(1) 
(2) 
(3) 
(4) 


(1) 
(2) 

(3) 


Substituting  (3)  in  (1), 

X 

x  =  \. 
Substituting  (4)  in  (3), 
V  =  \- 


87. 

a)+(2). 

(3)xA. 
(2)-(4), 

(l)-(4), 

38. 

(I)x3, 
(2) +  (3), 
Substituting 


(l)  +  (2), 
(3) -^3, 

(»)-(4), 
(2)- (4), 


(4) 


'5  +  ?  =  64,        (1) 
.  «     V 

U\  =  ^^.      (2) 
X       y        2 

5+5  =  l|5.     (4) 

X     y       2 
1  =  11. 

X 


y    2 
»  =  f. 

A_l  =  _8,       (1) 
•2x     y 

A+3_23.        (2) 

[ix     y  ^  ' 

A_3^_9,      (3) 
2x     y 

l  =  \.  (4) 

(4)  in  (1). 
»  =  4. 

fl2  +  5  =  20,         (1) 

X     y 

5 +  12  =  57  J.       (2) 
x     y 
15  ,  15     155       ,„. 

7  +  7  =  ^"      ^^^ 
6+5  =  155.       (4) 

5__35 
X         6' 
a:  =  -J. 
6_95 
y     8" 
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[185, 


40 


8a;     Sy 


6x     Uy 

(l)x3,  ?l-?  =  30. 

8a;     y 

(2)xll,         ^_  2  =  187. 
6x     y 


167 
1 


=  167. 


41. 


(I)x3, 


V  +  1 


0) 
(2) 
(8) 
(4) 


(6) 


X 

Substituting  (6)  in  (3), 

--=-33. 

y 

^4-^-A^=12.     (2) 

x-1     y  +  1  ^  "^ 

(3)-(2),  -i-r=3.      (4) 

x—l 

.-.  a;  =  f 
Substituting  (4)  in  (1), 

'    -  =  2. 


f=-i. 


43. 


(2)x3, 


x-1 
2 


y-1 


=  14,     (1) 


a:-l      y-  1 

_6 8_ 

x-l     y-1 


=  6, 


=  18. 


(3)-(l), 


1 


^  =  4. 

X-  1 
/.ar=J. 
Substituting  (4)  in  (2), 

.•.y  =  f. 
1=  .J_ 

y     2-x' 
6         6 


48. 


ly     2-a;^ 
Substituting  (1)  in  (2), 

2-a;~2-^a;^^' 
Solving,        x  =  l. 
Substituting  (3)  in  (1), 

f4         1 


44. 


X     y  +  Z 

7         3 


[a;     y +  3 
Substituting  (1)  in  (2), 

2  =  1?-10. 
a;      X 

.•.a;  =  i. 
Substituting  (3)  in  (1), 

y=-¥. 


-10. 


(3) 
(4) 


0) 
(2) 

(3) 

0) 

(2) 
(3) 


Page  186 


2  f  aa;  +  6y  =  w, 

\  6a:  —  ay  =  c. 
(l)xa,       a2a.^a62/=am. 
(2)x6,       b^x-aby  =  bc, 
(3) +  (4),  (,a^-^b^)x  =  am-hhc. 

•  a;  —  ^^  +  ^<? 

o2  _^  62  ' 
(l)x6,    a6a;+62y  =  6m. 
(2)  X  a,    a6a;  —  o^y  -.  ^^ 
C6)-(6),  (a2+52)2,:=5,^_^c, 

•  w  _  6m  —  ac 

a2  +  62  • 


8i 


(1) 

(2. 

(5: 


3  I  aa:  -  6y  =  m, 

\  cx  —  dy=r, 
X  d,  adx  —  bdy  =  c?«i. 
X  6,   6ra;  —  bdy  =  br. 

—  (4),(arf-6c)a;=  dm  —  br. 

.    ^  _  dm  —  br 

ad  — be 
X  c,   acx  —  bey  —  cm. 
X  a,  rtca;  —  ady  =  ar, 

—  (6),(ad— 6c)y  =  cm  —  ar. 

od  —  6c 


(2) 
(8) 


(5) 
(6) 
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^  t      ax  =  by, 

Xx  +  y^idb, 

(2)  X  «,     ax-\-  ay  =  a^b. 

Substituting  (1)  in  (3), 

by  -^  ay  =  aV>. 

a% 


y  =  - 


(4)  X  6, 


0  +  6 
by=S^. 
a  +  b 
Substituting  (6)  in  (1), 

ax  = • 

an-  6 

•    X-  ^^'   , 
0  +  6 


(1) 
(2) 
(3) 


(4) 
(6) 


\  re  (x  —  y)  =  2  a. 


(1)  X  n,  mnx  -f-  mny  =  an.  (3) 

(2)  X  w,  mnx  —  mny  =  2  aw.        (4) 

(3)  4-  (4),        2  rwna;  =  aw  +  2  aw. 

.      _  an  +  2  aw 
2w» 
Substituting  (5)  in  (1), 

__  an  —  2  aw 
2  wn 


(6) 


''•  I   6a;  -  C2/  =  n.  (2) 

(1)  X  c,         acx  —  acy  =  5  c.         (3) 

(2)  X  a,       a6ic  —  acy  =  an.         (4) 
(4)  —  (3),  (a6  —  ac)a;  =  an  —  6  c. 

an  —  6  c 


a;  =  - 


a6  —  ac 


(1)  X  b,      abx  —  aby  =  5  6.  (5) 

(2)  X  a,      a6x  —  acy  =  an.  (6) 
(6)  -  (6),  (a6  —  ac)y=an  —  5  6. 

.    y  _  an  —  5  6 
a6  —  ac 

-  fo(a-x)=6(y-6),(l) 

^'  I  aa;  =  6y.  (2) 

(2)-(l),  -a2+2ax  =  6«. 


(1)  +  (2), 


2a 
aa  =  2  62/  -  62. 

a2  +  62 

^         26 


8. 


r  a:4-y  =  6-a, 

\6a;— ay+2a6=0. 
From  (1),         y  =  i)—a  —  x. 
Substituting  (3)  in  (2), 
6a:  -  a6  +  a2  -f-  ajK  +  2  a6  =  0. 
•  J.  _■  —  «^  —  g6  __  —  a(a-f  6) 
a  +  6  a  +  6 

that  is,  05=— a. 

Substituting  (4)  in  (1), 
y  =  b. 


9. 


f     X— y  =  a  —  6, 
\aa;+6y  =  a2-62. 


(1) 
(2) 
(3) 


(4) 


From  (1),  ac  =  a  —  6  +  y 

Substituting  (8)  in  (2), 

y  =  *-^f^-  (4) 

a  -f-  6 

Substituting  (4)  in  (3), 

^_.  0^4-06-2  62 
a  +  6 


10. 


I     6a;  —  ay  =  0. 


From  (1),     6a;  +  ay  =  2  a6. 
(3)  +  (2),  2  6a;  =  2a6. 

.'.  x  =  a. 
(3) -(2),  2ay  =  2a6. 

.-.  y  =  6. 


Page 

(1) 

(2) 
(3) 


11. 


X     y     a 
1_1_1 

»     y     b 


(1) 
(2) 


187 

(1)  +  (2), 


(1)  -  (2), 


a;     a     6 

_a  +  6 

a6 

^=  2a6 

a  +  6 

1      1 


2 


6 
-  a 


y  = 


ab 
2ab 
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**  —  -  =  -.  1 

(l)-(2),  ^=^  +  ^^=^=0. 

X       y 

y  X 

Substituting  (8)  in  (1), 

X       X 

.-.  a;=  — (a-f-6). 
Substituting  (4)  in  (3), 


2  +  |  =  2a6, 
a     0 

db     ah 


IS. 


lJ._ 

ah' 


2  6. 


(l)^a, 

/.  X  =  a26. 
Substituting  (4)  in  (1), 

a6  +  ?  =  2a6. 
.-.  y  =  aft*. 


a     0 

6     a     2* 

62     ah     2  6 


14. 

(l)-^a, 
(2)  ^  6, 


(3)  +  (4),(i +!).:=  JL+1. 
\62     aay        26     a 

gl+^%^q  +  26 

a262  2a6 

.  ^  _  a6  (g  +  2  6) 

2  (a2  +  62)  * 

Substituting  (5)  in  (1), 

&(«4-26)      y_^ 

2(a2 +62)^6       * 


(1) 
(2) 

(3) 

(4) 

(1) 
(2) 
(3) 

(4) 


(1) 
(2) 
(3) 
(4) 


(6) 


a6«  +  26«  +  2(a«H-6a)y 

=  2  a26  +  2  6». 
•  y  ■_  2  a26  -  o62  _  a&(2  q  _  &) 
2(02  +  62)      2(a2  +  62)* 

"•  y+l-a-6  +  r^^^ 

I  X  -  y  =  2  6.  (2) 

From  (2),         «  =  y  +  2  6.       (3) 
Substituting  (8)  in  (1), 

y4-2.6-f  l_g  +  6-fl 
y  +  l  a  —  b  -h  1 

Reducing  to  mixed  numbers  and 
canceling  1  from  each  member, 
26   _       26 

y  +  1     a— 6  -fl 
y-fl  =a-6  +  l. 
/.  y  =  a  -  6.  (4) 

Substituting  (4)  in  (8), 
x  =  a  +  b. 


16. 


1 


X  —  a     a  — y 


x  —  y 
From  (1),  x=:2a  — y. 

(8)  in  (2),.    ^^     =q. 


ia  —  2y 

1 


=  1. 


.-.  y  =  a  —  1. 

Substituting  (4)  in  (3), 

X  =  a  -f- 1. 


17. 

(1)  X  6, 

(2)  X  c, 

(3)  -  (4), 


2  +  ^=c, 
a     b 

6     c 

^+y  =  6c. 
a 


^_£^=6c-«J. 


0) 

(2) 
(3) 


(4) 

(1) 
(2) 
(3) 
(<) 


a       6 

(62  —  ac)  X  =  ab  (6c  -  cd). 
.^^«6c(6-d) 
62-ac 


6 


(5) 
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(2)  X  6, 
(6) -(6), 


M  = 


c 
b^_ay 
c       b 
(62  -  ac)  y 


'.y  = 


bd.  (6) 

bd  —  ac, 

bc(bd  —  ac), 
bcjbd—ac) 
b^-ac 


18. 


a  ,6. 
X     y' 


X     y' 
(l)xn,       «?^  +  ^  = 

(2)x6,       ^  +  ^: 
a;        y 

(3)-(4),(a»-6m)i  = 


(l)xm,  — +  y  = 
(2)xa,  H*  +  «!^: 
(6)-(6),(on-6m)l  = 

y 

.\y  = 


:C, 
=  6. 

=  cn. 
--be. 

:  cw  —  6e. 

_an^bm 
en  —  6c 
:  cm.  (5) 


0) 

(2) 
(3) 
(4) 


ae. 

ae  —  cm. 

an—bm 
ae  —  em 


(8) 


19. 


ax     by 
1       1 


bx     ay 

(1)  X  6, 

A+i 

ax     y 

(2)  X  a, 

(3)  +  (4), 

bx     y 
bx     ax 

1.   Let 
and 

Then, 
and 

Adding, 

■  d. 

■.be. 

■ad. 


(1) 
(2) 
(3) 
(4) 


=  ad  +  bc.  (5) 


•From  (5),  tfl  +  b"  =abx(ad+be). 
■  3.^      a^  +  ft" 

(l)xo,  -  +  f  =  ac.  (6) 

(2)  X  6,  1-A  =  6(i.  (7) 

X     ay 

(6) -(7),      ^  +  A  =  ac-6d.  (8) 
by     ay 
From  (8),  a^  +  6^  =  aby(ac-bd). 


•  y  = 


a2  +  62 


a6(ac  — 6d) 
ISO.    Substituting  given  values, 

iF=  16  a,        (1) 
t72=i.a.36.(2) 
From  (2),  a  =  4. 

Substituting  (3)  in  (1), 

F=eo, 
21 


.(2) 
(3) 


Substituting  first  values, 
f       Z  =  a  4-  49  .  2, 

[2600  =  26(a  4-0- 
Substituting  (1)  in  (2), 

a  =  l. 
Substituting  (3)  in  (1), 

^  =  99. 
Substituting  second  values, 
f  50  =  a4-24d, 
[650  =  ^-(aH- 60). 
From  (2),      a  =2. 
Substituting  (3)  in  (1), 
d  =  2. 


(1) 
(2) 

(3) 


(1) 
(2) 
(8) 


28. 


2047  = 


2  =  a  .  210, 
2l-a 


Substituting  (1)  in  (2), 
2047  =  2048  a  • 
.-.  a  =  l. 

Substituting  (3)  in  (1), 
.      I  =  1024. 


(1) 

(2) 

(3) 


Page  188 

X  =  the  larger  number, 
y  =  the  smaller  number. 
a;  +  y  =  14,  (1) 

x-y  =  S,  (2) 

2x         =  22  ;  .  •.  a;  =  11,  the  larger  number. 
Substituting  11  for  x  in  (1),  11-f-y  =  14  ;  .-.  y  =  3,  the  smaller  number. 
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2.  Let  X  =  the  first  number, 
and  y  =  the  second  number. 

Then,  2a;  +  3y  =  84,  (1) 

and  2  ar  -f  5  y  =  60.  (2) 

Subtracting  (1)  from  (2),         2  y  =  16  ;  .  •.  y  =  8,  the  second  number. 
Substituting  8  for  y  in  (1),  2  a;+24  =  S4  ;  .  *.  x  =  6,  the  first  number. 

3.  Let  X  =  the  first  number, 
and  y  =  the  second  number. 

Then,  a;H-y=18,  (1) 

and  a:  +  2  y  =  20.  (2) 

Subtracting  (1)  from  (2),  y  =  2,  the  second  number. 

Substituting  2  for  y  in  (1),  x  +  2  =  18  ;  .  ,  x  =  16,  the  first  number. 

4.  Let  X  =  the  number  of  cents  per  box  of  raspberries, 
and  y  =  the  number  of  cents  per  box  of  cherries. 


Then,                                 2xH-3y  =  64, 

(1) 

and                                       8  X  H-  2  y  =  66. 

C^) 

Multiplying  (1)  by  8,      6  x  +  9  y  =  162. 

(3) 

Multiplying  (2)  by  2,       6  x  +  4  y  =  112. 

(4) 

Subtracting  (4)  from  (3),          6  y  =  60  ;  .  •.  y  =  10. 

Substituting  10  fory  in  (l),2x+30=  54;  .-.  x=12. 

Hence,  raspberries  were  12  ^  per  box,  cherries  10  ^  per  box. 

5.  Let                                          X  =  the  number  of  S-gr.  capsules, 

and                                                    y  =  the  number  of  2-gr.  capsules. 

Then,                                     x  +  y  =  220, 

0) 

and                                        8  X  H-  2  y  =  600. 

(2) 

Multiplying  (I)  by  2,       2  x  +  2  y  =  440. 

(3) 

Subtracting  (3)  from  (2),            x  =  60. 

Substituting  60  for x in  (1),  60  +  y  =  220  ;  .-.  y  =  160. 

Hence,  there  were  60  3^r.  capsules  and  160  2-gr.  capsules. 

6.  Let                                            X  =  the  number  of  glasses  @  5  ^, 

and                                                    y  =  the  number  of  glasses  @  10  f. 

Then,                                     x  +  y  =  860, 

0) 

and                                      5x  +  10y  =  6600. 

(2) 
(3) 

Multiplying  (1)  by  5,       5  x  +  5  y  =  4250. 

Subtracting  (3)  from  (2),         5  y  =  1260 ;  .-.  y=2o0,  the  number  @  10^. 
Substituting  260 for  y  in  (l),x+ 250  =  850  ;  .  .  x  =  600,  the  number  @  6>?. 

7.  Let  X  =  the  number  @  12  ^, 
and  y  =  the  number  @  10  f. 

Then,  x  +  y  =  36,  (1) 

and  12  X  H-  10  y  =  250  +  160,  or  400.  (2) 

Multiplying  (1)  by  10,  10  x  +  10  y  =  360.  (3) 

Subtracting  (3)  from  (2),  2  x  =  40  ;  .  •.  x  =  20,  the  number  (a  12  ^. 

Substituting  20  for  x  in  (1),  20-f  y  =  36  ;  .-.  y  =  16,  the  number  @  10  j?. 

8.  Let  X  =  the  number  for  adults, 
and  y  =  the  number  for  children. 

Then,  x  +  y  =  300,                                    •  (1) 

and  ix  +  }y  =  125.  (2) 

Multiplying  (2)  by  4,  2  x  +  y  =  600.                         '  (3) 

(3)  -  (1),  X  =  200,  the  number  for  adults.  (4) 

Substituting  (4)  in  (1;,  y  =  100,  the  number  for  children. 
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9.  Let  X  =  the  number  of  l-doUar  bills, 

and  y  —  the  number  of  2-dollar  bills. 

Then,  x  +  2^  =  38,  (1) 

and  a;H-2y  =  50.  (2) 

Subtracting  (1)  from  (2),  y  —  12,  the  number  of  2-dollar  bills. 

Substituting  12 for jf in (l),x  + 12  =  38;  .-.a  =  26,  the  number  of  1- 

dollar  bills. 

10.  Let  ^  X  =  number  of  pounds  one  Brazil  tree  yields, 
and            '                             y  =  number  of  pounds  one  Ceylon  tree  yields. 

Then,  2  a;  =  8  2^ +  4,  (1) 

and  3a;=10y-f- 10,  (2) 

Multiplying  (1)  by  3,  6  x  =  24  y  4- 12.  (3) 

Multiplying  (2)  by  2,  6  a;  =  20  y  +  20.  (4) 

Subtracting  (4)  from  (3),  4  y  =  8  ;  .-.  y  =  2.  (5) 

Substituting  (6)  in  (1),  a;  =  10. 

Hence,  one  Brazil  tree  yields  10  pounds,  and  one  Ceylon  tree  yields 
2  pounds. 

11.  Let  X  =  the  number  of  cents  for  the  first  ten  words, 
and                             y  =  the  number  of  cents  for  each  additional  word. 

Then,  a;  +  5  2/  =  40,  (1) 

and  a:  +  12  2^  =  54.  (2) 

Subtracting  (1)  from  (2),         7  2/  =  14  ;  .-.  2^  =  2. 

Substituting  2  for  2(  in  (1),  a;  +  10  =  40  ;  .  •.  x  =  30. 

Hence,  10  words  cost  80^,  and  each  additional  word  2^,  or  the  rate 
is  30-2. 
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12.  Let  X  =  the  number  of  men, 
and  y  —  the  number  of  women. 

Then,  x  +  2(  =  1000,  (1) 

and       /  2.50  x  +  L60  j^  =  2340.  (2 ) 

Multiplying  (l)by  1.50, 1.50x+1.502/  =  1600.  (3) 

Subtracting  (3)  from  (2),  x  =  840. 

Substituting 840  for  x  in  (1),  840+2^  =  1000  ;  .\  y  -  100. 
Hence,  there  were  840  men  and  160  women. 

13.  Let  X  =  the  number  of  inches  in  length, 
and  y  =  the  number  of  inches  in  width. 

Then,  x  -  2(  =  6,  (1)  • 

and  -  2x  +  2  2^=60.  (2) 

Dividing  (2)  by  2,  x  +  2^  =  30.  (3) 

Adding  (1)  and  (3),  2  x  =  36 ;  .•.  x=18,  the  length  in  inches. 

Substituting  18  for  x  in  (3) ,    18 -f-  y  =  30 ;  .  •.  2^ = 12,  the  width  in  inches. 

14.  Let  X  =  the  number  of  months  sea  duty, 
and  y  =  the  number  of  months  shore  duty. 

Then,  x  +  2^  =  12,  (1) 

and  150  X  +  127i  y  =  1620.  (2) 

Multiplying  (2)  by  2,      300  x  +  255  2^  =  3240.  (3) 

Multiplying  ( 1 )  by  300,  300  x  +  300  2^  =  3600.  (4) 

Subtracting  (3)  from  (4),  45  2^  =  360  ;  .  •.  2^  =  8. 

Substituting  8  for  y  in  (1),      x  +  8  =  12  ;  .-.  x  =  4. 
Hence,  he  was  4  months  on  sea  duty  and  8  months  on  shore  duty. 
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15.  Let 

and 

Then,  x  -f  y  =  94, 

and  a;  —  y  =  74. 

Adding  (1)  and  (2),  2  a;  =  168 ;  . 

Substituting  84  for  a;  in  (1),  84  -f  y  =  94  ;  .  •. 

Hence,  a  shaft  weighed  84  T.,  a  capital  10  T. 


X  =  the  weight  of  a  shaft  in  tons, 
y  =  the  weight  of  a  capital  in  tons. 


.a;  =  84, 
y  =  10. 


(1) 
(2) 


16.  Let 

and 

Then,  }«H-iy  =  700, 

and  ia;  +  2(Jy)  =  800, 

or  ix  +  ly  =  800. 

Subtracting  (1)  from  (2),  J  y  =  100 ; 

Substituting 400 f or y in (2),  i a; +200  =  800  ; 


X  =  the  number  of  tickets  to  the  grounds, 
y  =  the  number  of  tickets  to  the  grand  stand. 

(1) 


»  =  400. 
a:  =  1200. 


(2) 


Hence,  there  were  1200  tickets  to  grounds  and  400  to  grand  stand. 


17.  Let 

and 
Then, 

and 

Multiplying  (1)  by  2, 
Subtracting  (2)  from  (3) , 


X  =  the  number  of  cents  duty  per  M  on  shingles, 
y  =  the  number  of  cents  duty  per  M  on  laths. 


40  a; -h  160  y  =  6200,  (1) 

80  a; -f   70  y  =  4160.  (2) 

80  a;  +  320  y  =  10,400.  (3) 

260  y  =  6260;  .-.  y=26. 

Substituting  26  for  y  in  (1),  40  a;  +  4000  =  6200 ;  ,.  x  =  30. 

Therefore,  the  rate  per  M  on  shingles  was  30  ^  ;  on  laths,  26^. 


18. 

and 


Let 


Then, 

and 

Solving, 

Hence,  the  fraction  is  |. 

19.   Let 

Then,  by  Ist  condition, 

and  by  2d  condition, 
Reducing  (1), 
Substituting  (3)  in  (2), 

whence, 


X  =  the  numerator  of  the  fraction, 

y  =  the  denominator. 

a;-f  1^3 

y        4' 

X     ^1 

y4-2     2 

a;  =  6,  and  y  =  8. 

-  =  the  fraction. 

y 

x—2__x     1 
y       y    2' 
x     _  «  _  6^ 
y+4~y     8 
y  =  4. 
a_a_6. 
8~4     8' 


G) 

(2) 

(S) 
(4) 


:6. 
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90,   Let  X  =  the  digit  in  tens'  place, 

and  y  =  the  digit  in  units'  place. 

Then,  10  x  H-  y  =  the  number, 

and  lOy  ■\-  x  =  the  number  with  its  digits  reversed ; 

.-.  10a;H-y=7(x  +  y), 

and  10a:H-y-27  =  10y  +  a:. 

Solving,  X  =6^  and  y  =:S. 

Hence,  10  sc  +  y  =  60  +  3,  or  63,  the  number. 

21.  Let  X  =  d^t  in  tens'  place, 
and  y  =  digit  in  units'  place, 
whence,                                10  a;  +  y  =  the  number. 

Then,  x  -f-  y  =  12, 

and  10  a;  4-  y  =  6(a;  H-  y)  H-  3. 

Substituting  12  for  x  +  y  in  the  2d  equation, 
9  05  +  12  =  72  +  3; 
.•.a:  =  7, 
whence,  from  the  Ist  equation,      y  =  6. 
Hence,  the  number  is  70  +  6,  or  75. 

22.  Let  X  =  digit  in  tens'  place, 
and  y  =  digit  in  units'  place, 
whence,                               10  a;  +  y  =  the  number. 

Then,  12£±1  =  8, 

x-hy 
and  x  —  Sy=l. 

Solving,  x  =  7,  and  y  =  2, 

Hence,  the  number  is  70  +  2,  or  72. 

23.  Let  X  =  number  of  feet  in  length, 
and  y  =  number  of  feet  in  width. 

Then,  (x  +  6)  (y  +  2)  =  a^  + 140,  (1) 

and  (x  + 10)  (y-h7)=xy  +  390.  (2) 

Reducing  (1) ,  2  a;  +  6  y  =  130.  (3) 

Reducing  (2) ,  7  a;  + 10  y  =  320.  (4) 

Solving  (3)  and  (4),  x  =  20,  and  y=:}f.^ 

Hence,  the  floor  is  20  feet  long  and  18  feet  wide. 

24.  Let  X  =  number  of  miles  an  hour  the  crew  can  row  in  still  water, 
and  y  =  number  of  miles  an  hour  the  stream  runs.  * 

Then,  since  the  rate  of  the  crew  in  still  water  is  increased  by  that  of  the 
current  when  they  row  downstream,  and  decreased  by  that  of  the  current 
when  they  row  upstream,  and  since  the  time  is  equal  to  the  distance 
divided  by  the  rate, 


x+y     x—y     2 

and  .J2_^__6_^3.  (2^ 

x-^y     x  —  y     2 

Subtracting  (1)  from  (2),  — —  =  0.  (3) 

x+y     x—y 

(See  next  page.) 
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Clearing  of  fractions,  4a$  —  4y  —  2a;  —  2y  =  0. 

x=:Sy.  (4) 

Substituting  (4)  in  (1),  ?  =  ? ; 

.•.y  =  4.  (6) 

Substituting  (6)  in  (4),  x  =  12. 

Hence,  the  rate  of  the  crew  in  still  water  is  12  miles  an  hour,  and  the 
velocity  of  the  stream  is  4  miles  an  hour. 

85.   Let  X  =  number  of  miles  he  can  row  in  still  water, 

and  y  =  number  of  miles  an  hour  the  stream  runs. 

Then,  since  his  rate  of  rowing  is  increased  when  he  rows  downstream, 
and  diminished  when  he  rows  upstreain,  by  the  velocity  of  the  current, 
and  since  the  time  is  equal  to  the  distance  divided  by  the  rate, 

^+-i^=ii.  (1) 

and  _§_  =  _i_.  (2) 

x-hy    x  —  y 
From  (2),  y  =  Ax.  (3) 

Substituting  (3)  in  (1),  x  =  ^,  (4) 

whence,  by  (3),  y  =  J. 

Hence,  the  man's  rate  of  rowing  in  still  water  is  2|  miles  an  hour,  and 

the  velocity  of  the  stream  is  1^  miles  an  hour. 

26.  Let        X  =  number  of  tons  necessary  to  fill  a  car, 
and  y  =  number  of  tons  necessary  to  fill  a  pocket. 

From  problem,  26  a;  =  7  y  +  J  y,  (1) 

and  i  y  =  2  a;  -  16.  (2) 

From  (2),  y=4a;-32.  (3) 

Substituting  (3)  in  (1),  a;  =  48.  (4) 

Substituting  (4)  in  (3),  y  =  160. 

Hence,  the  capacit^^of  a  car  is  48  tons,  and  the  capacity  of  a  pocket  is 
160  tons. 

27.  Le^  X  =  number  of  pounds  of  water  1  pound  of  coal  can  evaporate, 
and  y  =  number  of  pounds  of  water  1  gallon  of  oil  can  evaporate. 

From  problem,  100  x  —  6  y  =  60,  (1) 

and  60a;- 4  y=- 10.  (2) 

Multiplying  (1)  by  2,  200  a;  -  12  y  =  100.  (3) 

Multiplying  (2)  by  3,   180  a:- 12  y  =  - 30.  (4) 

Subtracting  (4)  from  (3),      20  a;  =  130. 

.•.a;  =  6i.  (6) 

Substituting  (6)  in  (1),  y  =  100. 

Hence,  1  pound  of  coal  can  evaporate  6^  pounds  of  water,  and  1  gallon 
of  oil  can  evaporate  100  pounds  of  water. 
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28.    Let  X  =  number  of  pineapples  in  first  size  crate, 

and  y  =  number  of  pineapples  in  second  size  crate. 

Then,                          460  x  +  376  y  =  24,300,  (1) 

and     *                             676  a:  H- 660  y  =  86,000.  (2) 

Reducing  (1),                    6 a;  +  5  y  =  824.  (3) 

Reducing  (2),                 27  a;  +  22  y  =  1440.  (4) 

Multiplying  (3)  by  9,    64  a;  +  46  y  =  2916.  (6) 

Multiplying  (4)  by  2,     64  a;  +  44  y  =  2880.  (6) 

Subtracting  (6)  from  (6),             y  =  36.  (7) 
Substituting  (7)  in  (3),                 x  =  24. 

Hence,  crate  of  first  size  held  24  pineapples,  and  crate  of  second  size 
held  86  pineapples. 

89.   Let  X  =  number  of  gallons  of  naphtha, 

and  y  =  number  of  gallons  of  petroleum. 

From  problem,  ^x-\-^y  =  12,400,  (1) 

and  jyi aj  4-  iji  2,  =  14,600.  (2) 

Multiplying  (1)  by  16,  4^^  a;  +  if^y  =  186,000.  (8) 

Multiplying  (2)  by  13,  iJ5  x  +  ip  y  =  188,500.  (4) 

Subtracting  (3)  from  (4),         ^x  =  2600. 

.-.  x  =  800.  (6) 

Substituting  (6)  in  (1),  y  =  1200. 

Hence,  there  were  800  gallons  of  naphtha  and  1200  gallons  of  petroleum. 

80.  Let      X  =  number  of  cubic  meters  removed  per  hour  by  contract, 
and  y  =  number  of  cubic  meters  actually  removed  per  hour. 

From  problem,                               y  =  1400  +  x,  (1) 

and                                                 iy  =  ix.  (2) 

Reducing  (2) ,                            18  y  =  26  x.  (3) 

Substituting  (1)  in  (3) ,  18(1400-f-x)  =  26 x.  (4) 

Solving  (4),                                     x  =  3600.  (6) 
Substituting  (6)  in  (1),                 y  =  6000. 

Hence,  the  contract  rate  is  3600  cubic  meters  per  hour,  and  the  actual 
rate  is  6000  cubic  meters  per  hour. 

81.  Let  X  =  number  of  days  it  will  take  A, 
and  y  =  number  of  days  it  will  take  B. 

Then,  -  +  -  =  h  0) 

X     y     12 

and  5  +  ??  =  l.  (2) 

X     y 
Multiplying  (1)  by  6  and  subtracting  the  result  from  (2), 

21^2. 
y      12' 
.-.  y  =  86; 
whence,  substituting  in  (1),  x  =  18. 

Hence,  A  can  do  the  work  in  18  days,  and  B  in  36  days. 

STAND.  ALG.  KEY  —  9 
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88.  Let 

and 

Then, 
and 


X  =  number  of  days  it  would  take  larger  machine, 
y  =  number  of  days  it  would  take  smaller  machine. 

-  =  amount  larger  machine  does  in  1  day, 


-  =  amount  smaller  machine  does  in  1  day. 

y 


-l-H 

and 

1+5.1.                           m 

Multiplying  (1)  by  8, 

l-H 

(2)-(8), 

6_1 
X      i 

.•.«  =  10.                                              (i) 

Substituting  (4)  in  (1), 

y  =  16. 

Hence,  the  larger  machine  can  do  it  in  10  days,  and  the  smaller  in 

16  days. 

83.   Let                X  =  number  of  days  it  would  take  1  man, 

and                           y  =  number  of  days  it  would  take  1  boy. 

Then,                     -  =  the  amount  one  man  can  do  in  1  day, 

X 

and                          -  =  the  amount  1  boy  can  do  in  1  day. 

h\'k' 

and 

h\'k 

Multiplying  (1)  by  6, 

f-?-l-                <" 

Multiplying  (2)  by  4, 

f-?=l-                <" 

Subtracting  (4)  from  (8), 

10_  1  ^ 
X      24' 

.-.  x  =  240,   . 

and 

-^  =  20. 
12 

Hence,  12  men  can  do  the  work  in  20  days. 
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84.   Let                                     X  =  number  of  days  it  takes  A, 
and                                               y  =  number  of  days  it  takes  B. 

Then,                                 1  +  1=1, 
X     y     a 

(1) 

and                                      ^  +  ^  =  1. 
X     y 

(2) 

Multiplying  (1)  by  n,        ^  +  ?^  =  ^ . 
X     y     a 

(8) 

Subtracting  (3)  from  (2),  *^  ""  ^  =  ^  "  ^ ; 
X            a 

whence,                                       ^_o(«ft-n). 

a  —  n 


Similarly,  (1)  x  w  -  (2),        y  =  «  (^  -•  ^)  . 

m  —  a 

Hence,  A  can  do  the  work  in  ^  (^  ""  "^  days,  and  B  in  ^(^~^)days. 

a  —  n  m  —  a 

35.  Let  X  =  number  of  days  A  must  work, 
and  y  =  number  of  days  B  must  work. 

Then,  -+^  =  1»  (1) 

c     a 

and  x-\-y  =  a. 

Clearing  (1)  of  fractions,  dx-\-cy=  cd. 

(2)  k  c  -  (3),  (c-d)x~ac'-cd, 

...  a.^c(«--d)^ 

(3)  -  (2)  X  d,  (c  -  d)y  -cd^  ad, 

...  y^<^(c-«). 

Hence,  A  must  work  ^^<^-^)  days,  and  B  ^iln^days. 
c  —  d  c  —  d 
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36.  Let  X  =  number  of  dollars  in  principal, 

and  y  =  number  of  hundredths  indicated  by  rate. 

Then,  since  the  interest  for  one  year  is  equal  to  the  difference  between 
the  amount  and  the  principal,  divided  by  the  number  of  years, 

^=2472-^  ,j. 

100  i       '  ^  "^ 

^='^-  (^> 

Eliminating  xy  by  comparison, 

4  (2472 -a;)  ^  3  (2528  -  x)  ,3. 

3  4  *  ^  ^ 

Solving  (3),  a;  =  2400.  (4) 

Substituting  (4)  in  (1),  y  =  4. 

Hence,  the  principal  was  $2400,  and  the  rate  4%, 
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87.   Let  z  =  number  of  dollars  invested  at  5%, 

and  y  =  number  of  dollars  invested  at  4  %. 

Then,  x  +  y  =  4000,  (1 

and  .06  a;  +  .04  y  =  176.  (li 

Multiplying  (2)  by  26,  1 .26  x  -hy  =  4376.  (8 

Subtracting  (1)  from  (3),  .25  «  =  376. 

.-.  a:  =  1500.  (4 

Substituting  (4)  in  (1),  y  =  2600. 

Hence,  he  invested  $  1600  at  6  %  and  f  2500  at  4  %. 


38.   Let  X  =  number  of  dollars  invested  at  r? 

and  y  =  number  of  dollars  invested  at «  %. 

Then,  z  +  y  =  a,  (1) 

and                                   iE  4.  _3?.  =  ft.  /9^ 

100^100  ^^' 

Clearing  (2)  of  fractions,  rx+ay  =  100  b,  (S) 

Multiplying  (1)  by «,        «e  +  «y  =  «a.  (4) 

Subtracting  (4)  from  (3), 

(r  —  «)  a:  =  100  6  -  «i. 

...  J  ^100  ft -gq 

r—  8 
Multiplying  (1)  by  r,      ra;  +  ry  =  ra.  (5) 

Subtracting  (3)  from  (5), 

(r  —  «)y  =  ra- 1006. 
...  y  -  ra  -  100  6 
r  —  8 
Hence,  he  invested 

m±^U2.  doUars  at  r%,  and  ra-100b  ^^j^  ^ 
r—8  r  —  8  "^ 


89.   Let  X  =  number  of  dollars  in  principal, 

and  y  =  number  of  hundredths  indicated  by  rate. 

Then,  since  the  interest  for  one  year  is  equal  to  the  difference  between 
the  amount  and  the  principal,  divided  by  the  number  of  years, 

100~    «    •  (^) 

100  8  ^^'^ 

Eliminating  xy  by  comparison,  x  =  ^^  ~  ^.  (3) 

8  —  t 

Substituting  (3)  in  (1)  or  in  (2), 

y_100(a-6) 

bs  —  at 

Hence,  the  principal  was  ^^~  ^^  dollars,  and  the  rate  ^^  ^^  ~  ^^  qL 
«-«  bs-at    ^ 
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40.   Let  X  =  number  of  persons, 

and  y  =  number  of  cents  each  should  pay. 

Then,  xy  =  total  expense. 

By  the  first  condition,  xy  =  ax  +  b.  (1) 

By  the  second  condition,  xyz=cx-~d,  (2) 

Eliminating  xy  by  comparison,      ax  +  6  =  cas  —  d ;  (3) 

whence,  x  =    "^   -  (4) 

e  —  a 

Substituting  (4)  in  (1)  or  in  (2),  y  =  «^?±^. 

b-\-d 

Hence,  there  are     "*"  ■  persons,  and  each  should  pay       "*"      cents. 
c  —  a  b-\-d 


41.  Let     x  =  number  of  gallons  per  hour  discharged  by  larger  pump, 
and  y  =  number  of  gallons  per  hour  discharged  by  smaller  pump. 

Then,  a;  +  y  =  w,  (1) 

and  x  =  ^.  (2) 

a 

Substituting  (2)  in  (1),  y  =  ^^^"P^.  (8) 

a 

Substituting  5  for  a,  4  for  6,  and  1250  for  n», 
(2)  becomes  x  =  1000, 

and  (3)  becomes  y  =  260. 

Hence,  the  larger  pump  discharges  — ,  or  1000,  gallons  per  hour ;  and 

a 

the  smaller  discharges  ^^^  ~"  ^\  or  250,  gallons  per  hour. 


42.   Let        x  =  number  of  miles  per  hour  1st  train  runs, 
and  y  =  number  of  miles  per  hour  2d  train  runs. 

Since  they  are  m  miles  apart,  and  approach  each  other  at  the  rate  of 
(x  +  y)  miles  per  hour,  meeting  in  b  hours, 

-^  =  6.  (1) 

x-^y 

Also,  since  the  first  train  has  traveled  ax  miles  when  the  second  starts 
by  the  2d  condition, 

r!^^^^  =  c.  (2) 

Reducing  (1),  bx-^by  =  m,  (3) 

Reducing  (2),  (a -\- c)x -\- cy  =m,  (4) 

Subtracting  (3)  from  (4),  and  transposing  the  terms  containing  y, 
(a  —  6  +  c)x  =  (6 — e)y, 

.•.x  =  -^^i-y.  (5) 


a  —  b  +  c 


(See  next  page.) 
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Substituting (5)  in  (3),    ^-^  y  +  a5-6»4-&Cy  ^ ^ 


a  —  b-i-c 


a  —  b  +  c 


Substituting  (6)  in  (5), 


a6  ^ 


Substituting  800  for  w,  9  for  c,  IJ  for  a,  and  10  for  6,  in  (7)  and  (6), 

X  =  60,  and  y  =  30. 

Hence,  the  rate  of  the  train  from  A  is  *"^    ""  ^^ ,  or  60,  miles  per  hour; 

ab 

and  the  rate  of  the  train  from  B  is  ^^^  —  o  -tc)  ^  ^^  ^  miles  per  hour. 

ab 


48.  Let 

X  =  number  of  baiTels  alone  needed, 

and 

y  =z  number  of  bags  alone  needed. 

Then, 

i  =  the  amount  one  barrel  holds. 

and 

-  =  the  amount  one  bag  holds. 

y 

From  problem, 

^  +  ^=1,                                           (1> 
X     y 

and 

«  +  ^=^-                                           (2) 
X     y     n 

Multiplying  (1)  by  6, 

^  +  ^  =  6.                                             (3) 

X      y 

Multiplying  (2)  by  d, 

ad  .bd__  dm                                        /^^ 
X       y        n 

Subtracting  (4)  from 

(3), 

bc  —  ad_^     dm 

Substituting  (6)  in  (1), 


y  = 


.  ben  —  adn 

bn  —  dm 

adn  —  ben 


(5) 
(6) 


Substituting  the  given  values  in  (5),  a;  =  ^^ — ^^  =  20. 

Substituting  the  given  values  in  (6),  y  =    \^  ~  -.^     =  '^^• 

12  —  16 

Hence,    ^cn-:_«^  barrels  alone   were  needed  and  ^^^  ~  ^^"  bags 
bn  —  dm  an  —  cm 

alone.    Also  20  barrels  alone  were  needed  and  76  bags  alone. 
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x  +  Sy  —  z 

2x  +  6y  -{■  4z 

(3)  X  3,  9a;-3y+62! 
(I) +(4),  10ac  +  5« 
2x-\-z 
(3)x5,  15x-6y  +  102! 
(2) +  (6),  nx  +  Uz 
(5)xl4,  28x  +  14« 
(8) -(7),  11 X 

X  : 

Substituting (9)  in  (6),  sr : 
Substituting  (9)  and  (10) 


■  10,  (1) 

:67,  (2) 

:  16.  ' 

:46. 

:55. 

11.  (5; 


(5) 
(6) 


=  75. 

=  132.    (7) 

=  164.    (8) 

=  22. 

=  2.       (9) 

=  7.     (10) 

in(l), 

=  6. 


a;  +  y  +  2  =  63,  (1) 

a;  +  2y  +  32:  =  106,  (2) 

x  +  3y  +  40  =  134.  (3) 

(2)-(l),  y  + 2^1  =  62.  (4) 

(3) -(2),  y  +  z  =  29.  (6) 

(4) -(6),  z  =  2S.  (6) 

Substituting  (6)  in  (6),  y  =  6.  (7) 
Substituting  (7)  and  (6)  in  (1), 
a;  =  24. 

a;  -  y  4-  «  =  30,  (1) 

3y-^x-'Z=l2,  (2) 

.  7  2f-y  +  2a:  =  141.  (3) 
(l)  +  (2),                 .    2y  =  42. 

y  =  21.  (4) 
Substituting  (4)  in  (1), 

x  +  «  =  61.  (6) 

(3)-(l),  a;  +  65:=lll.  (6) 

(6) -(6),  6^  =  60. 

z  =  12.  (7) 
(5) -(7),                       «  =  39. 

"    Ba- 62^  +  2^  =  63,  (1) 

6.  x-\-y-z  =  9,  (2) 

13a;~9y  +  3;5  =  71.  (3) 

(2)x2,    2a;  +  2y-22  =  18.  (4) 

(n  +  r4),         10x-Sy  =  7l,  (6) 

(2)x3,    3x+3y-3«  =  27.  (6) 
(3)  +  (6),          16x-6y  =  98. 

8x-3y  =  49.  (7) 
(5) -(7),                     2x  =  22. 

X  =  11.  (8) 

Substituting (8)  in  (6),  y  =  13.  (9) 
Substituting  (8)  and  (9)  in  (2), 
«  =  16. 


x  +  3y +  4^=83,    (1) 

x  +  y  +  «  =  29,    (2) 

6x  +  8y  +  30  =  166.  (3)' 

2y  +  3«  =  64.    (4) 

6x  +  6y  +  6«  =  174.  (6) 

2y-3«  =  -18.(6) 

4y  =  36. 

y  =  9.      (7) 
6«  =  72. 
«  =  12.    (8) 
(2)-(7)-(8),  x  =  8. 

2x  +  3y  +  40  =  29,    (1) 

3  X  +  2  y  +  6  a  =  32,    (2) 

4  X  +  3  y  +  2  «  =  26.    (3) 
,_,,        x  +  y-3aj  =  -7.  (4) 

l)  +  (3),  6x  +  6y+62  =  64. 

X  +  y  +  2  =  9.      (6) 
4«=16. 
«  =  4.      (6) 
x-y  +  «  =  3.      (7) 
2y  =  6. 
y  =  3.      (8) 
(8),  x  =  2. 

3x-2y  +  2r  =  2,      (1) 
2x  +  6y +  2^=27,    (2) 
x  +  3y +  3^  =  26.    (3) 
6  X  +  3  y  +  3  2?  =  29.    (4) 
4x  =  4. 
X  =  1.      (6) 
Substituting  (5)  in  (1), 

-2y  +  aj=-L  (6) 
Substituting  (5)  in  (3), 

3  y  +  3  «  =  24. 
y  +  «  =  8.      (7) 
(7)-(6),  3y  =  9. 

y  =  3.      (8) 
(7)-(8),  z  =  5. 

I2x-3y  +  4«-t7=4,  (1) 
4  X  +  2  y  -  «  +  2  t?  =  13,  (2) 
x-y  +  2«  +  3t?  =  17,  (3) 
3  X  +  2  y  -  2;  +  4  17  =  20.  (4) 
(l)x2,4x-6y  +  8«-2i7  =  8.  (5) 
(6)  +  (2),  8x-4y  +  7«  =  21.  (6) 
(2)x2,  8x+4y-22  +  4t7  =  26.  (7) 
(7)-(4),  6x+2y-2^  =  6.  (8) 
(1)  x3,  6x-9y+12«-3i?  =  12.  (9) 
(3)  +  (9),7x-10y+14«=29.  (10) 
^^^'",  16x-8y  +  14«  =  42.  (11) 
(10),  9x  +  2y  =  13.  (12) 
(See  next  page.) 


(4)-(6). 


7. 

(3)-(2), 


(6)- (4), 

(2)-(l). 
(5)-(7). 

(5)-(6)- 


ffiiS; 


(6)x2, 
(11) -( 
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(15) 
(16) 
(17) 


(8)x  7,  36  ar  +  14  2^-7^  =  42. 
(6) +  (13),  43x  +  10y  =  63. 
(12)  X  6,  46x  +  10y  =  65, 

(16) -(14),  2  a;  =  2. 

0!=  1. 

Substituting  (16)  in  (12), 

.      y  =  2.     , 
Substituting  (16)  and  (17)  in  (8), 

2  =  3.    (18) 
Substituting  (16),  (17),  and  (18) 
in(l),  17  =  4. 

-5y  +  30: 
+  Ty-z 
6y  +  62 
(2)x2,  '2x  +  Uy-22 
(4)- (3),  9y-7z. 

(3)x2,  4a;  +  10y+102  = 
r6)-(l),  16y  +  7;?  = 
(6)  +  (7),  24y  = 

y  = 

Substituting  (8)  in  (7), 
7«  = 
«  = 
Substituting  (8)  and  (9) 


10. 


f4a:-( 
\'2x-\-i 


(2) 
(3) 
(4) 

(6) 
(6) 
(7) 
(8) 


|2a;  +  y  —  30  +  4w  =  44, 
3x-2y  +  2  — to=— 1, 
4x-y-{-2z-\-w    =66, 
6a;-3y+42-w  =  39. 
To  eliminate  to.     (2)  x  4, 
12a;-8y  +  42  — 4w=-4; 

(1)  +  (5),14x-7y  +  2  =  40; 

(2)  +  (3),7a;-3y  +  32r=64; 
(4)-(2),  2a;-y +32  =  40.  , 
To  eliminate  x  from  (6),  (7),  &  (8). 
(7)x2,  14a;-6y  +  62=108;  (9) 
(9)-(6),  y  +  62  =  68;  (10) 
(8)x7,  14x-7y+2l2  =  280;  (11) 
(ll)-(6),  202  =  240; 

2=12.     (12) 
To  eliminate  2  from  (10)  &  (12). 
Substituting  (12)  in  (10), 

y  =  S.       (13) 
Substituting  (12)  and  (13)  in  (8' 

a  =  6. 
Substituting  (14),  (13), 
and  (12)  in  (3),      w  =  15. 

r   7x-l=Sy,  (1) 

12                 Il2-l  =  7t7,  (2) 

^»-                  42-l  =  7y,  (3) 

[  19  a:  -  1  =  3  v.  (4) 


8), 
(1- 


^14) 


(2) -(3),  7z=Sl(v-y). 

z  =  v  —  y, 
(4)-(l),  12x  =  3t7-3y. 

4  a:  =  «  —  y. 
From  (6)  and  (6),  2  =  4  x. 

(1)  x  7,        49x-7=21y. 

(2)  X  3,        332- 3  =  21 17. 
Substituting  (7)  in  (9), 

132x-3  =  21t7. 
(10)-(8),  83x+4  =  21(t7-y). 
Substituting  (6)  in  (11), 

83x  +  4  =  21(4x) 
x  =  4. 
Substituting  (12)  in  (7), 

2  =  16. 

Substituting  (12)  in  (1), 
y  =  9. 

Substituting  (12)  in  (4), 
17  =  26. 


(6) 

(6) 
(7) 
(8) 
(9) 

;io) 


(12) 


18.  }ix  +  iy  +  izz=z 

Clearing  of  fractions, 

6x  +  3y  +  22  = 

20  X  +  16  y  +  12  2  = 

16  X  +  12  y  +  10  2  = 

(5)-(4),14x+12y+102  = 

(6)-(7),  x  = 

Substituting  (8)  in  (4)  and 

3y  +  22  = 

and  12y  +  102  = 

(9)x6,  16y  +  102  = 

(Il)-(IO),  8y  = 

y  = 

Substituting  (12)  in  (9), 


32,    (1) 

16,    (2) 
12.    (3) 

192,  (4) 

900,  (6) 

720.  (6) 

708.  (7) 

12.  (8) 

(6)» 

120,  (9) 
640.  (10) 
600.(11) 
60. 
20.  (12) 


14. 


2  =  30. 

f*a;-iy  +  i2  =  3,  (1) 

\ix-ly  +  iz=h  (2) 

\ix-ly-\-iz  =  5.  (S) 

(l)x2,  ix-|y  +  i2=6.  (4) 

(4)-(3),      A^-Ay  =  l.  (5) 

(2)xiix-ty  +  i2  =  i.  (6) 

(6)-(3),        lx-,Vy=-i  (7) 

(5)x3,  Jx-iy  =  3.  (8) 

(8) -(7),  AVy  =  ¥. 

y  =  60.  (9) 
Substituting  (9)  in  (8), 

X  =  60.  (10) 
Substituting  (9)  and  (10)  in  (1), 

2  =  20. 
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15. 


3 

2a:-3 


2 


-\-2z=zi 


(1) 

(2) 
(3) 


3a:-y  =  3(0-l) 
Heducing  the  given  equations, 

2a;  —  y+42  =  44, 
Sx-y-Sz=-S. 
(4) +(6),   3a;  +  13  2!  =  13L 
(6)-(6),        a;-7^=-47. 
(8)x3,        3x-2l2=-141. 
(7) -(9),  34.2!  =  272, 

z  =  S, 
Substituting  (10)  in  (8), 

X  =  9. 
Substituting  (10)  and  (11)  in  (3), 
y  =  6. 
"3  a;  +    y-«  +  2«  =  0,       (1) 
3y-2ic  +  2;-4«  =  21,     (2) 
X— y  +  22!-3t7=6, 
.4x+2y-32:+i?  =  12. 


(4) 
(5) 
(6) 
(7) 
(8) 
(9) 

(10) 


16. 


To  eliminate  z. 

(l)  +  (2),     x  +  4y-2«  =  21;     (6) 

adding  (2),  (3),  and  (4), 

3x  +  4y-6«  =  39;     (6) 
adding  (1)  x  2  to  (3), 

7  X  +  y  +  «  =  6.       (7) 
To  eliminate  y  from  (6),  (6),  &  (7). 
(6)-(6),  2x-4«  =  18, 

or  X  —  2 »  =  9.       (8) 

Subtracting  (6)  from  (7)  x  4, 

26x+10t7=-16, 
or  6x  +  2«=— 3,    (9) 

(8) +  (9),  6x  =  6. 

X  =  1.      (10) 
Substituting  (10)  in  (9), 

17  =-4.  (11) 
Substituting  (10)  and  (11)  in  (7), 

y  =  3.     (12) 
Substituting  (10),    (11),  and   (12) 
in  (2),  z=-2. 


18. 


f «  +  y  =  9, 
^  y  +  «  =  7, 

I  «  -f  X  =  5. 


Page  195 


(1) 
(2) 
(3) 


Adding  the  given  equations, 
2  X  +  2  y  +  2  2!  =  21, 

X  +  y  +  «  =  V^.  (4) 

Subtracting  (2),  (3),  and  (1),  suc- 
sessively,  from  (4), 
X  =  3J,  2/  =  6 J,  and  «  =  1  J. 


iv  +  X  4-  2^  =  15, 
x-\-y-\-z  =  18, 
y+z^v  =17, 
z  -\-v-\-x=\6. 
Adding  the  given  equations, 

Sv-\-Sx-\-Sy-\-Sz  =  m. 
t7  +  X  +  2/  +  ;g  =  22. 
Subtracting  (2),  (3),  (4),  and  (1)', 
successively,  from  (5), 
t  =  4,  X  =  6,  y  =  6,  and  z  =  7. 


0) 
(2) 
(3) 
(4) 


(5) 


:6, 


20. 


1+1= 

X     y 

1  +  1  =  10, 

y    1 
1  +  1=8. 

\.Z       X 


(1) 

(2) 
(8) 


Adding  the  given  equations, 

?  +  2  +  ?  =  24. 
X     y     z 

-  +  -  +  -=12.      (4) 
X     y     z 
Subtracting  (2),  (3),  and  (1)  suc- 
cessively, from  (4), 

i  =  2,  1  =  4,  and  ^  =  6. 
X  y  z 

.••«  =  4,  2^  =  J,  and  «  =  J. 


xy    ^1 
x  +  2/     6' 

21.  J    yg  ^1 

y  +  «    6' 
zx    __1 

z  +  X     7 
Taking  reciprocals  Ax.  5, 

1^1  =  5, 

y    X 


From  (1), 
From  (2), 
From  (3), 


(1) 
(2) 
(3) 


1+^6, 
z     y 

1  +  1  =  7. 

X      z 

(See  next  page.) 


(4) 
(6) 
(6) 
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Adding  (4),  (5),  and  (6), 

?  +  ?+?=18. 
X     y     2 

1  +  1  +  1=9.        (7) 
X     y     z 

Subtracting  (6),  (6),  and  (4),  suc- 
cessively from  (7), 

1=3,  1  =  2,  and  1  =  4. 
X  y  z 

.-.  «  =  J,  y  =  i,  and  2  =  J. 

rx+3y  +  ;?  =  14,      (1) 
22.  jat  +  y  +  3;2=16,      (2) 

l3a:  +  y  +  ;2  =  20.      (3) 
Adding  the  given  equations, 
6ac  +  6y  +  5«  =  60. 

a;  +  y+«  =  10.      (4) 
Subtracting  (4)  from  (3),  (1),  and 

(2)  in  succession, 
2a;  =  10,  22/  =  4,and22:  =  6. 
.-.  as  =  5,  y  =  2,  and  «  =  3. 


28 


y  +  5:  +  t,_x  =  22,      (1) 

«  +  V  +  X  -  y  =  18,     (2) 

vH-x  +  y-5J=14,     (3) 

lx+y  +  «-«  =  10.      (4) 

Adding  the  given  equations, 

2i?+2a;  +  2y  +  2«=64. 

»  +  X  +  y  +  2?  =  32.      (5) 
Subtracting  (4),  (1),  (2),  and  (3), 

in  succession,  from  (5), 
2 1?=22, 2  x=10, 2  y=14,  and25;=18. 
.'.  V  =  11,  X  =  6,  y  =  7,  and  «  =9. 


1  +  1-1  =  0. 
X      y 

24.  ^1  +  1  +  3=0, 

y     z 

1  +  1-2  =  0. 
"fe     X 

Adding  the  given  equations, 

X      y       ;8 

1  +  1+1  =  0. 

X     y     z 


(1) 
(2) 
(3) 

(4) 


Subtracting   (2),   (3),  and   (1),  in 
succession,  from  (4), 

1 


and 


-3  =  0, 

X 

1  +  2=0, 

y 

1+1  =  0. 


From  (5),  (6),  and  (7), 
«=ii  y  =-  i»  and2=-  1. 


25. 


'    xy    _1 

x  +  y     8' 
yg   _l' 

gx     _1^ 

''g  +  x"~2' 


(6) 
(6) 

(7) 


(1) 
(2) 
(3) 


TaMng  the  reciprocals  of  both  mem^ 
bers  of  each  equation,  Ax.  6, 

1  +  1  =  8,         (4) 
y     X 

1+1  =  4,        (6) 
z     y 

1  +  1  =  2.         (6) 
X      g 

Adding  (4),  (5),  and  (6), 

?  +  ?  +  ?  =  14.       (7) 
X     y     z 

Subtracting  (6),  (6),  and  (4),  each 
multiplied  by  2,  in  succession, 
from  (7), 


whence, 

whence, 

and 

whence 


X 

?.10. 
V 

y  =  t; 

«=-l. 
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27. 


{axy  —  X  —  y  =  0, 
bzx  —  z  —  X=:Oj 
cyz  —y  —  z  =  0, 


Dividing  (1)  by  xy,  (2)  by  zx,  and  (3)  by  yz, 

„-i-i  =  0, 
y     X 

6-1-1  =  0. 
X      z 

z     y 
Adding  (4),  (6),  and  (6), 


?  +  ?+?  =  a  +  6  +  c  (7) 

X     y     z 

Adding   (6),    (5),   and    (4),   each   multiplied  by   2,    in    succession, 

to  (7), 

-  =  a-\-b-c, 

X 

whence,  x  = = ; 

a-^-b  —  c 

?  =  a  -  6  +  c, 

y 

whence,  y  = 


b  +  c' 

z 
whence, 


z 


b  -\-  c  —  a 


28. 

'  X 

-\-y-z  =  0, 
x-y  =  2b, 

x-\-z=Sa-\-b. 

58 

(3) 

Adding  the  given  equations, 

Subtracting  (4)  from  (3), 
Subtracting  (2)  from  (4), 

Sx  =  Sa-\-Sb. 
x  =  a-\-b. 
z  =  2a. 
y  =  a—b. 

(4) 

29. 

'  «  4- «  =  2  a, 

x-\-y  =2a-z, 
y  +  z  =  a  +  b, 
V  —  z  =  a-j-  c. 

s 
s 

Subtracting  (3)  from  (3), 

Subtracting  (6)  from  (1), 
Subtracting  (4)  from  (6), 
Subtracting  (7)  from  (3), 

x  —  z^a  —  b  —  z, 
x^a—b. 
t?  =  a  +  6. 
z  —  b  —  c, 
1/  =  a  +  c. 

(6) 
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80. 


Adding  (1),  (2), 
Adding  (1)  and  (6), 


y-\-z—Sx  =  2ai 
«  +  «  —  3y  =  2  6, 
jc^-y  —  82  =  2c, 
2  X  +  2y  -I- 1?  =  0. 
and  (3),  -x-y-z  =  2a-\-2b-\-2c, 
—  4a:  =  4a+26  +  2c. 
.-.  x=-  i(2a  +  6  +  c). 
Adding  (2)  and  (6),  -  4y  =  2o +46  + 2c. 

.•.y  =  ~i(26  +  c  +  a). 
Adding  (3)  and  (6),   '  -4«  =  2a  +  26 +  4c. 

.•.«=-i(2c+a  +  6). 
Substituting  (6)  and  (7)  in  (4),  «  =  3  a  +  8  6  +  2  c 

fabxyz  +  «cy  —  ayz  —  6«x  =  0, 
bcxyz  +  ayar  —  bzx  —  cxy  =  0, 
caxyz  +  62a:  —  cxy  —  ayz  =  0. 
Dividing  each  equation  by  •. 

X     y     z 

a  .  6  ,  c_ 
as     w     «" 


a^«,  transposing,  etc., 


:6c, 


and 


Adding  (4),  (5),  and  (6), 
Subtracting  (5)  from  (7), 

Subtracting  (6)  from  (7), 

Subtracting  (4)  from  (7), 
82. 


+  -  =  ca. 

X     y     z 

^  +  ^  +  ^  =  a6  +  6c  +  ca. 
X     y     z 

^=ab  +  ca, 

X 

6  +  c 
?-^  =  a6  +  6c. 


y 
y  = 

2c 

z 


2 


a  +  c 
=  6c  +  ca. 


2f  = 


a  +  6 


Subtracting  (1)  from  (2), 
Subtracting  (2)  from  (3), 
Subtracting  (6)  from  (4), 
Subtracting  (6)  from  (6), 
Subtracting  (5)  from  (1), 


^       a;  +  y  +  «  =  a  +  6+c, 
a;  +  2y  +  30  =  6+2c, 
.a;  +  3y  +  42!  =  6+3c. 


y  +  2«  =  c  —  a. 

y+z  =  c. 
z  =  -'a. 

yz=za  +  C, 
aj  =  a  +  6. 
''»  +  fl;  +  y  =  a  +  26  +  c, 
33  a;  +  y  +  2  =  3  6, 

y  +  2  +  «  =  a  +  6, 
[z  +  v  +  x  =  a+Sb'-c, 
Adding  given  equations,  Sv-\-Sx-\-Sy-{-Sz  =  Sa-\-9b. 

V  -\-x-\-y  -\-z  =  a  +  Sb. 
Subtracting  (2),  (3),  (4),  and  (1)  successively  from  (5), 
V  =a,  a;  =  2  6,  y  =  c,  and  z  =  h  —  c. 


(1) 

(2) 
(3) 
(*) 
(5) 

(6) 

(7) 


(1) 
(2) 
(3) 

(4) 

(6) 

(8) 

(.1) 


^1> 
(2) 

(3) 

(4) 

(6) 

(6) 


(3) 
(4) 

(6) 
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S4. 


(ax^by-\-cz  =  S,  (I) 

^+y  =  ^.  (2) 

y^z  =  '-±^^  (3) 

Multiplying  (3)  by  c,  cy-\-cz  =  ^^  =  1  +  ? .  (4) 

Subtracting  (4)  from  (1),    ax-{'(b—c)y  =  2  —  --  (6) 

h 

Multiplying  (2)  by  a,  oa;  +  ay  =  1  +  - .  (6) 

h 

Subtracting  (6)  from  (5),     (6-c-a)y=l-^-^  =  -^""^""^ 


b     b  b 

y  =  l-  (7) 

Substituting  (7)  in  (2)  and  in  (3),     a:  =  i  and  «  =  1. 

a  c 

Page  197 

1.  Let  X  =  first  number, 

y  =  second  number, 
and  z  =  third  number. 

Then,  ix  +  iy  +  iz  =  12,  (1) 

Ja;  +  iy  +  J«  =  9,  (2) 

and  a;  +  y  +  «  =  38.  (3) 

Subtracting  (3)  successively  from  (1)  x  4  and  (2)  x  5, 

x  +  iy  =  10,  (4) 

and  ix-\-iy  =  7,  (6) 

Subtracting  (4)  from  (5)  x  f ,         ^V  =  !• 

.  •.  y  =  12,  second  number, 
whence,  fron*  (4),  x  =  6,  first  number, 

and  from  (3),  z  =  20,  third  number. 

2.  Let  •  x  =  first  part, 

y  =  second  part, 
and  z  =  third  part. 

Then,  a;  +  y  +  «  =  800,  (1) 

x-\-iy-{-iz  =  m,  (2) 

and  }a;  +  y+}2  =  400.  (3) 

Subtracting  (1)  from  (2)  x  2,  and  (3)  from  (1), 

x-iz  =  0,  (4) 

and  Ja:  +  }^  =  400.  (6) 

From  (4),  z  =  bx.  (6) 

Substituting  (6)  in  (5),  J  a:  +  ^^^  ar  =  400. 

.'.  x=  100,  first  part, 
whence,  from  (6),  z  =  600,  third  part, 

and  from  (1),  y  =  200,  second  part. 
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8.   Let  X  =  number  of  days  it  will  take  A, 

y  =  number  of  days  it  will  take  B, 

and  z  =  number  of  days  it  will  take  C. 

Then,  4  +  :.  =  ^.  0) 

(2) 
and  i  +  i  =  _L.  (3; 


(4) 

Subtracting  (3),  (2),  and  (1)  successively  from  (4),  and  solving, 

a:  =  14^, 
y=34f, 

Hence,  it  will  take  A  14^^  days,  B  34^  days,  and  C  18^  days. 

'  4.   Let  X  =  number  of  miles  from  A  to  B, 

'  y  =  number  of  miles  from  B  to  C, 

and  z  =  number  of  miles  from  C  to  A. 

Then,  z-\-y=  ISO,  (1) 

X  +  2  =  110,  (2) 

and  y-\-x=  140.  (3) 

Adding  the  given  equations  and  dividing  by  2, 

a:  +  y  +  2  =  190.  (4) 

I  Subtracting  (1),  (2),  and  (3)  successively  from  (4), 

i  a:  =  60,  y  =  80,  0  =  60. 

Hence,  B  is  60  miles  from  A,  C  80  miles  from  B,  and  A  50jniles  from  C. 

6.   Let  X  =  digit  in  hundreds'  place,  ^ 

y  =  digit  in  tens'  place, 
and  z  =  digit  in  units'  place. 

Then,  a: +  y -1-2=  14,  (1) 

100a;  +  10yH-2-|-693  =  1002  +  lOy  +  x,  (2) 

and  z  =  y-\-6.  (3) 

Reducing  (2),  a;  -  2  =  -  7.  (4) 

Subtracting  (4)  from  (1),  y-\-2z  =  2l.  (5) 

Adding  (3)  and  (5),  Sz  =  27. 

.-.2  =  9,  (6) 

whence,  in  (3),  y  =  3.  (7) 

Substituting  (6)  and  (7)  in  (1),  x  =  2. 

Hence,  the  number  is  239. 


Digitized  by  VjOOQIC 


197]  SIMULTANEOUS  SIMPLE  EQUATIONS  143 

6.  Let  X  =  number  of  dollars  A  has, 

y  =  number  of  dollars  B  has, 
and  z  =  number  of  dollars  C  has. 

Then,  x  - 100  =  y  + 100,  (1) 

2(a:- 100)  =  0  +  100,  (2) 

and  4  (y  - 100)  = « -f  100.  (3) 

Eliminating  z  between  (2)  and  (3)  by  comparison, 

a;-100  =  2(y-100).  (4) 

Eliminating  x  between  (4)  and  (1)  by  comparison, 

2(y-100)=yH-100. 
.-.  y=300, 
whence,  by  substitution,  x  =  600,  and  z  =  700. 

Hence,  A  has  $  500,  B  $300,  and  C  $700. 

7.  Let  x  =  number  of  gallons  first  jar  holds, 

y  =  number  of  gallons  second  jar  holds, 
and  z  =  number  of  gallons  third  jar  holds. 

Then,  x-\-y-\-z  =  4z,  (1) 

x-\-y  +  z  =  2x-\-4,  (2) 

x-\-y  +  z  =  Sy  +  2.  (3) 

From  (1),  x  =  Zz—y,  (4) 

From  (2),  x  =  y  -\-z  —  4.  (5) 

Eliminating  x  between  (4)  and  (5),  transposing,  etc., 

y  -  «  =  2.  (6) 

From  (3),  a;  =  2y-«H-2.  (7) 

Eliminating  x  between  (5)  and  (7),  and  transposing, 

y  -  2  0  =  -  6.  (8) 

Subtracting  (8)  from  (6),  z  =  8, 

whence,  by  substitution,  y  =  10,  and  x  =  14. 

Hence,  the  capacity  of  the  largest  jar  is  14  gallons,  of  the  second,  10 
gallons,  and  of  the  third,  8  gallons. 

8.  From  problem,      Sa +Sb -\-2c  +  2  d  =  4230,  (1) 

2a  +  26H-3c-f3d  =  4320,  (2) 

3a  +  26+2cH-2d  =  3870,  (3) 

and                                        a-\-2b+2c  +  d  =  2470.  (4) 

Multiplying  (l)by3,  9a+96+6c  +  6d=  12690.  (5) 

Multiplying  (2)  by  2,  4  a  +  4  6  +  6  c  +  6  d  =  8640.  (6) 

Subtracting  (6)  from  (6),             6  a  +  5  6  =  4060.  (7) 

Subtracting  (3)  from  (1),                         6  =  360.  (8) 

Substituting  (8)  in  (7),                             a  =450.  (9) 

Subtracting  (4)  from  (3),                2a-\-d  =  1400.  (10) 

Substituting  (9)  in  (10),                            d  =  500.                     ,  (11) 
Substituting  (8),  (9),  and  (11)  in  (1),     c  =  400. 
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Page  203 
16.  y=3a:-7. 


X 

y 

Point 

-1 

-10 

A 

0 

-    7 

B 

1 

-   4 

C 

2 

-    1 

D 

3 

2 

E 

4 

5 

F 

It 

i-jf 

iCi 

'^t 

Jj^ 

H 

-<t 

4° 

7 

nt 

Ijc 

7 

_t 

^B 

7 

^4 

A  line  drawn  through  4,  5,  C,  2>,  etc.,  is  the  graph  ofy  =  Sx—7. 
17.   y  =  2a;H-l. 


X 

y 

Point 

-3 

-6 

A 

-2 

-3 

B 

-1 

-1 

C 

0 

1 

D 

1 

3 

E 

2 

5 

F 

3 

7 

0 

4 

9 

H 

' 

~ 



'  ^ 

~" 

f 

— 

) 

H 

/ 

r." 

G 

i 

v\ 

,x 

/ 
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/ 

J 

e: 

/ 

0 

/ 

^ 

^ 

h 

/ 

B 

>A 

A  line  drawn  through  A^  B,  C,  D,  etc.,  is  the  graph  of  y  =  2  »  -f  1. 
18.   y  =  2a;-l. 


X 

y 

Point 

-3 

-7 

A 

-2 

-5 

B 

-1 

-3 

G 

0 

-1 

D 

1 

1 

E 

2 

3 
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3 

5 

G 

4 

7 

H 
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?~ 
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N.| 
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/ 

'> 

} 

F 

Y 

/ 

z 

/ 

i 

b 

t 

} 

B 

( 

) 

k 

A  line  drawn  through  4,  B,  C,  2),  etc..  is  the  graph  of  y  =  2  re  -  1. 
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19.    Solving  for  y, 
y  =  3x-4. 


X 

y 

Point 

-2 

-10 

A 

-  1 

-    7 

B 

0 

-    4 

C 

1 

-    1 
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2 

2 
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•> 

5 
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y( 

- 

- 

,i 
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^/ 

'^ 

/ 

i 

E 

'    ;d 

/ 

/ 

{ 

c 

I 

Jb 

4 

A  line  drawn  through  A,  J?,  C,  2),  etc.,  is  the  graph  of  3x  —  y  =  4. 


20.   Solving  for  y, 
y=4x-  10. 


X 

y 

Point 

0 

-10 

^ 

1 

-   6 

5 

2 

-   2 

C 

3 

2 

D 

4 

6 

E 

— 

— 

~ 

~ 

r 

J 

fc 

^ 

>  A 

\>'. 

/ 

f 

> 

f 

^D 

! 

/ 

/ 

! 

B 

/ 

/ 

^ 

A  line  drawn  through  A,  B,  C,  D,  etc.,  is  the  graph  of  4a:—  2^  =  10. 
21.   Solving  for  y,  y  =  J  (x  -  2) . 


X 

y 

Point 

-6 

-4 

^ 

-4 

-3 

5 

-2 

-2 

c 

0 

-1 

D 

2 

0 

E 

4 

1 

F 

6 

2 

G 

" 

/ 

K^ 

^ 

-^ 

■n 

G 

?^ 

**<»' 

^ 

F 

t^ 

k 

fi-J 

'^ 

■^ 

> 

D 

i-J 

V^ 

^ 

t 

•y. 

-> 

^ 

B 

-^ 

\ 

_ 

_ 

_ 

A  line  drawn  through  A,  B,  C,  2>,  etc.,  is  the  graph  of  x  -  2y  =  2. 

STAND.    ALG.   KEY  —  10 
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22.    Solving  for  y, 


X 

y 

Point 

-4 

-6 

A 

-2 

-3    * 

B 

0 

0 

C 

2 

3 

D 

4 

6 

E 

" 

7 

~ 

;» 

)} 

k 

.4 

7 

iX 

/ 

7 

b 

f^ 

J 

/ 

) 

0 

/ 

/ 

J 

/ 

_ 

J 

A 

_ 

J 

A  line  drawn  through  A^  B,  (7,  2>,  etc.,  is  the  graph  of  3  a;  =  2^^. 

28.   Solving  for  y, 
y  =  l-2x. 


X 

y 

Point 

-3^ 

7 

A 

-2 

5 

B 

-1 

3 

C 

0 

1 

D 

1 

-l 

E 

2 

-3 

F 

3 

-6 

Q 

\ 

^ 

► 

A^ 

V 

r* 

\ 

X 

^ 

B 

V 

s 

\ 

c 

I 

\ 

D 

\ 

\ 

e' 

V 

\ 

F 

V 

^ 

g' 

( 

A  line  drawn  through  A,  B,  C,  JD,  etc.,  is  the  graph  of  2a;  +  y  =  1. 

24.   Solving  for  y, 

y  =  2-iz. 


X 

y 

Point 

-6 

6 

^ 

-3 

4 

B 

0 

2 

C 

3 

0 

D 

6 

-2 

E 

9 

-4 

F 

\ 

,T 

•h 

A 

•s 

V 

^^< 

B^ 

^ 

N 

N 

C^ 

^ 

s 

N- 

? 

N 

s, 

s 

r 

^. 

V 

S 

. 

F* 

k 

A  line  drawn  through  A,  i?,  C,  Z>,  etc.,  is  the  graph  of  2x  H-  3y  =  6. 
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1.  y  =  a;  -  2. 

When     «=—  4,  y  =  —  6; 
when  a;  =  6,  2/  =  4. 

Locate  ^  =(-4, -6),5=(6,4). 

A  straight  line  drawn  through  A 
and  B  is  the  graph  of  y  =  x  —  2. 


2.  y  =  2  —  a. 

When     a;  =  —  6,  y  =  7  ; 
when  X  =  6,  y  =  —  3. 

Locate  ^  =(- 5,  7),  5=^(6,-3). 

A  straight  line  drawn  through  A 
and  ^  is  the  graph  of  y  =  2  —  x. 


-1    ik                       N, 

Jt^^                  5^5^ 

^^7                           ^^-, 

t?                                \R 

Z ^ 

:z ^ 

7                                                               ^ 

7                                                         s>^ 

7                     i_                                           S  — 

7                                                                       \ 

^2                                                                                     Se 

^A                                                              a*^ 

3.  y  =  9  -  4  X. 

When     X  =  0,  y  =  9 ; 
when  X  =  3,  y  =  —  3. 

Locate  ^  =(0,  9),  J5  =  (3,  -  3). 

A  straight  line  drawn  through  A 
and  B  is  the  graph  of  y  =  9  —  4  x. 


4.  y  =  4x-9. 

When     x=0,y  =  -9; 
when  X  =  3,  y  =  3. 

Locate   ^  =  (0,  -  9),  B  =(3,  3). 

A  straight  line  drawn  through  A 
and  B  is  the  graph  of  y  =  4  x  —  9. 


^ 


~J5 

H 

5.  y  =  10— 2x. 

When   X  =  0,  y  =  10  ; 
when        y  =  0,  X  =  5. 

Locate  ^=(0,  IQ),  B  =  (6,  0). 

A  straight  line  drawn  through  A 
and  B  is  the  graph  of  y  =  10  —  2  x. 


6.  y  =  2  X  -  10. 

When     x  =  0,  yrr-lO; 
when  y  =  0,  X  =  6. 

Locate  ^=(0,  -  10),  B=(6,  0). 

A  straight  line  drawn  through  A 
and  B  is  the  graph  of  y  =  2  x  —  10. 


J^ 

A^ : 

^S5- 

:iiii""^fe"i" 

^5 

0-        ^(- 

j^r 

:::ii:::g?^iiiii: 

i::ii::-piiiiii: 

/ 

^~~ii^z^~ 
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7.  y  =  -2x-4. 

When     a;  =  —  6,  y  =  6 ; 
when  a:  =  0,  y  =  —  4. 

Locate  ^  =(-5,6),  5  =  (0,-4). 

A  straight  line  drawn  through  A 
and  B  is  the  graph  of  y  =  —  2x  —  4. 


8.   Solving  for  y,  y  =|  as  —  2. 

When   x=— 6,  y  =— 6; 
when        a;  =  6,  y  =  2. 

Located  =  (-6,  -6),  ^=(6,  2). 

A  straio:ht  line  drawn  through  A 
and  J5  is  the  graph  of  2  x  —  3  y  =  6. 


\. 

^K^                                                  s< 

^i^                                             ^^& 

vs                                           ^ 

!S5l.                                                                  ^^ 

V*                                1^  ^ 

—    2!_          _                                 ^\!^^ 

^           --                 -,+^5^ 

3                         ^i^ 

\                               H^ 

V                          ^s 

B^ 

9.    Solving  for  y,  y  =  3  -  J  y.  10.    Solving  f or  y,  y  =  f  x  —  6. 

When    X  =  0,  y  =  3 ;  When    x  =  0,  y  =  -  5  ; 

when         X  =  8,  y  =  —  3.  when         x  =  4,  y  =  6. 

Locate  ^  =  (0,  3),  ^  =  (8,  -  3) .         Locate  ^  =  (0,  -  5),  5  =  (4,  6). 

A  straight  line  drawn  through  A       A  straight  line  drawn  through  A 

and  B  is  the  graph  of  3  x  +  4  y  =  12.  and  B  is  the  graph  of  5  x  —  2  y  =  10. 


'^  f\ 

=     T 

^* 

^> 

N^v, 

^t 

^^     - 

^^ 

^>, 

-     -                       ^        4/ 

S*: 
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11.    Solving  for  y,  y  =  7  X  —  14. 

When    x  =  l,  y=— 7; 
when         X  =  2,  y  =  0. 

Locate  ^  =  (1,  -7),  ^  =  (2,0). 

A  straight  line  drawn  through  A 
and  B  is  the  graph  of  7  x  —  y  =  14. 


12.   Solving  for  y,  y  =  2  —  J  X. 

When    X  =  0,  y  =  2  ; 
when  x  =  8,  y  =—  2. 

Locate  ^  =  (0,2),  5  =(8,  -2). 

A  straij^iit  line  drawn  through  A 
and  B  is  tlie  graph  of  4  —  x  =  2  y. 
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18.    Solving  f or  y,  y  =  —  J  «. 

When    ac  =  0,  y  =  0  ; 
when  X  =  6,  y  =  —  4. 

Locate  A  =(0,  0),  B  =(6,  -4). 

A  strarif^ht  line  drawn  throu«:h  A 
and  B  is  the  graph  of  2  x  +  3  y  =  0 


iiiiii::|-iii===ii 

::i:ii:fi:!i-:::ii 

------------ifc- 

14.   Solving  for  y,  y  =  }  (x  —  3). 

When    a;  =  —  6,  y  =  —  2  ; 
when         5C  =  7,  y  =  1 . 

Locate  ^=(-6,  -2),  5=(7,  1). 
•  A  straight  line  drawn  through  A 
and  B  is  the  graph  of  a-  —  4  y  —  3=0. 
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-^^>^^ 

15,   Solving  for  y,  y  =  4x  4-  2. 

When  x=—  3,  y=--6; 

wben  X  =  0,     y  =  2. 

Located  =(-3,  -6),5=(0,  2). 

A  straight  line  drawn  through  A 
and  B  is  the  graph  of  8x— 3y=  —6. 


16.   Solving  f or  y,  y  =  2  X  —  3. 

When  x  =  0,  y=— 3; 

when  X  =  5,  y  =  7. 

Locate  ^  =(0,  -  3),  £  =(6,  7). 

A  straight  line  drawn  through  A 
and  B  is  the  graph  of  --2x+y=— 3. 


========^=1=====  ============^k=== 

iiiiiiii^Siiiiiii     :ii:iiii:ig?iiii 

17.   Solving  for  y,  y  =  J  X  4-  2. 

When       ic=-8,  y=-4; 
when  X  =  4,      y  =  6. 

Locate  ^  =  (-8,  -4),  -B=(4,  6). 

A  straight  line  drawn  through  A 
and  B  is  the  graph  of  — 3x4-4 y =8. 


18.  Solving  for  y,  y  =  f  —  f  x. 

When  x=0,  y  =  2J; 

when  X  =  6,  y  =  —  7^. 

Located  =(0,  2^),  5=(6,  -7J). 

A  straight  line  drawn  through  A 
and  B  is  the  graph  of  5  x  +  3  y  =  7^. 
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19.   Solving  for  y,  y  =  2  a;  —  6. 

When  x  =  0,  y=-Q; 

when  x  =  6,  y  =  4. 

Locate  ^  =  (0,  -  6),  ^  =  (5,  4). 

A  straight  line  drawn  through  A 
:ind  B  is  the  graph  of  x  —  ^  j/  =  3. 


20.  Solving  for  y,  y  =  6  —  f  X. 

When  5C  =  0,  2/  =  6  ; 

when  X  =  6,  y  =  —  3. 

Locate  ^=(0,  6),  ^  =  (6,  -3). 

A  straight  line  drawn  through  A 
and  B  is  the  graph  of  i  ar  -|-  J  y  =  :i 
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21.  Solving  for  y,  2/  =  J (7  a:  —  4). 

When       x  =  -2,y=-Q; 
when  05  =  1,      y  =  1. 

Locate ^=(-2,  -6),  -B=(l,  1). 

A  straight  line  drawn  through  A 
and  B  is  the  graph  of  .7  x  —  .3  y =.4. 

Page 

2.  The  graphs  of  the  equations 
intersect  at  P  =  (5,  4). 
Hence,  x  =  6  and  y  =  4. 
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4.  Since  the  graphs  of  the  equa- 
tions are  everywhere  seven  unit* 
apart  vertically,  they  are  parallel 
straight  lines  and  have  no  point  in 
common. 

Hence,  the  equations  are  incon- 
sistent. 


3.  The  graphs  of  the  equations 
intersect  at  P  =  (2,  1). 
Hence,  x  =  2  and  y  =  1. 
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5.  The  graphs  of  the  equations         8.  The  graphs  of  the  equations 
intersect  at  P  =  (3.6,  2).  coincide.    Hence,  the  equations  are 

Hence,  a;  =  3.6  and  y  =  2.  indeterminate. 
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6.  The  graphs  of  the  equations 
coincide.  Hence,  the  equations  are 
indeterminate. 


9.  The  graphs  of  the  equations 
intersect  at  P  =  (  -  6,  3) . 
Hence,  5C  =  —  6  and  y  =S. 
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7.  The  graphs  of  the  equations 
intersect  at  P  =  (—  1,  —  4). 
Hence,  x=--l  and  y=— 4. 


10.  Since  the  graphs  of  the  equa- 
tions are  everywhere  two  units  apart 
vertically,  they  are  parallel  straight 
lines  and  have  no  point  in  common. 
Hence,  the  equations  are  incon-j 
sistent. 
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11.  The  graphs  of  the  equations       15.  The  graphs  of  the  equations 


intersect  approximately  at 
P  =  (4.6,  1.3). 
Hence,    x  =  4.6  and  y  =  1.3. 


coincide.     Uence,  the  equations  are 
indeterminalt. 
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12.  The  graphs  of  the  equations 
intersect  approximately  at 
P  =  (4.9,  3.1). 
Hence,    x  =  4.9  and  y  =  3.1. 
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16.   The  graphs  of  the  equations 
intersect  approximately  at 
P  =  (1.2,  2.3). 
Hence,    x  =  1.2  and  y  =  2.3. 


18.  The  graphs  of  the  equations 
intersect  approximately  at 
P  =  (5.5,  1.2). 
Hence,    x  =  5.5  and  y  =  1.2. 
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14.  The  graphs  of  the  equations 
are  parallel  straight  lines  and  have 
no  point  in  common.  Hence,  the 
equations  are  inconsistent. 


17.   The  graphs  of  the  equations 
intersect  approximately  at 
P  =  (1.6,  1.6). 
Hence,    x  =  1.6  and  y  =  1.6. 
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18.   The  graphs  of  the  equations       21.   The  graphs  of  the  equations 


intersect  approximately  at 
P  =  (l.l,  .4). 
Hence,    x  z  1. 1  and  y  =  .4. 


intersect  at  P  =  (—  1,  -  1.5). 
Hence,      x  =  —  1,  and  y  =  —  1.6. 
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32.   The  graphs  of  the  equations 
coincide.     Hence,  the  equations  are 
19.   The  graphs  of  the  equations  indeterminate, 
intersect  at  P  =  (-  6,  0}. 
Hence,      x  =  —  6  ana  y  =  0. 
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28.   The  graphs  of  the  equations 
,^    _,  ,       ^  ^,  ^.         intersect  at  JP  =  (  1.6,  .5). 

20.   The  graphs  of  the  equations       jjence,      x  =  1.6  and  t/  =  .6. 
intersect  at  P  =  (5,  2).  '  ^ 

Hence,      x  =  6  and  y  —  % 
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INVOLUTION 
Page  212 

16.  (x  +  2)«  =  flj8  +  8a;2(2)+  3a;(2)2  +  (2)«  =  3* +  6x^+12x +  S. 

17.  (o  +  3)8  =  «»  +  3a2(3)+  3  a(3)2  +  (3)8  =  a8  +  9 a^  +  27  a  +  27. 

18.  (X  +  4)8  =  a8  +  3ar2(4)  +  3a;(4)2  +  (4)8  =  ^8  +  i2a;2  +  48  a;  +  64. 

19.  («  +  6)8  =  iB8  +  3x2(6)+  3a;(6)a  +(6)8  =.3^ +  13x^ +  7dx+  125. 
90.  (X  -  2)8  =  ^8  _  3  a;2(2)  +  3x(2)2-(2)8  =  x8  -  6a;2  +  12  x  -  8. 

Page  213 

28.  (a;+2y)4  =  a:*  +  4a;8(2y)+6  3ca(2y)2  +  4a;(2y)8+(2y)* 

=  x*  +  8  a:8y  +  24  5C  V  +  82  ccy8  +  16  y*. 

29.  (2  X  -  y)8  =  (2  x)8  -  3(2  x)^  +  3(2  x)y^  -  y8 

=  8  X8  -.  12  a;2y  +  6  Xy2  _  y8. 

80.  (2  X  -  5)8  =  (2  x)8  -  3(2  x)2(5)  +  3(2  x)  (5)2  -  (5)« 

=  8x8  -  60x2  +  150x- 126. 

81.  (X2  -  10)*  =  (X2)*  -  4(X2)8(10)  +  6(X2)2(10)2  -  4(x2)  (10)8  +  (10)* 

=  x8  -  40x6  +  600  X*  -  4000x2  +  10000. 

82.  (1-3  x2)*  =  (1)*  -  4(1)8(3  x2)  +  6(1)2(3  x2)2  -  4(1)  (3 x2)8  +  (3  x^y 

=  1  -  12x2  +  64  X*  -  108x6  +  81  x8. 

88.    (6  x2  -  a6)8  =  (6  x2)8  -  3(5  x'^)\ab)  +3(6  x2)  (a&)2  -  (a6)8 
=  126  x6  -  75  a6x*  +  16  a262a;2  _  ^358. 

84.  (1  +  a262)4  =(l)44.4(l)8(a2ft2)4.6(l)2(a2ft2)2  +  4(l)(a2&2)8^(<j22^2)4 

=  1+4  a2ft2  ^  6  ^4ft4  +  4  a6ft6  ^  ^BftS. 

85.  (2  ax  -  6)6= (2  axy  -  5(2  ax)*  6  +  10(2  ax)8  62  _  I0(2ax)2  68 

+  6(2ax)6*-66 
=  32  a^xfi  -  80  a*6x*  +  80  0862^8  -  40  a268x2  +  10  a5*x  —  b^ 

86.  (1  -  tc)^  =(1)7  -  7(l)6x  +  21(1)5x2-  36(l)*x8  +  35(l)8x* 

-21(1)2x6+ 7(1)X6-X7 

=  l_7a; +  21x2- 35x8  + 35  X*- 21x6  + 7x6- x7. 

87.  (1  -  2  x)6=  (1)6- 6(1)6(2  x)+  16(l)*(2x)2- 20(1)8(2  x)8 

+  15(1)2(2 x)*  -  6(l)(2x)6  +  (2x)6 
=  1  -  12x  +  60x2-160x8  +  240  X*  -  192x6  +  64x«. 

88.  (x-i)6=x6-6x6(«  +  16x*(J)2-20x8(i)8+16x2(i)*-6x(i)6+(i)5 

=  a;6  _  3  a;5  +  j^5  a^  _  I  a;8  +  i|  a;2  _  ^a^  a;  +  ^. 

39.  (ia;-i2/)*=(ia;)*-4(ix)8(iy)+6(ix)2(Jy)2-4(ix)(Jy)8+(Jy)* 

=  ^^-'i^  +  ix^^-^xy^  +  i^^. 

40.  (2  a  +  J)6  =  (2  a)6  +  6(2  a)*(J)  +  10(2  a)8(J)2  +  10(2  a)2(})8 

+  6(2a)(i)*+(i)6 
=  32  a6  +  40  a*  +  20  a8  +  6  a2  +  I  a  +  ^\. 


41. 


(ri)'-{i)'-'mi>^m-ii}(iHi)' 


=  ^_4^  +  6-4lL%2^. 
y*       y^  x2  ^  X* 
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-(r9'=er-«er(9*"©'(9'--(f)'ar 

-Ki)'0'-'(;)(9'H9' 

=  27  o*  +  I  o<6  +  I  o'''6»  +  ,b  6»- 


45. 


46. 


^*'-iHt}'OTi)0'{TMm'<T)' 


\6 


=fe)*-KfJ'<->+'»(A)'<'"'-»{r.)'-'' 

+  6(^)(2«)*-(2a:)« 

=  -J—  -  -^  +  ^  -  20  X  +  40  »!»  -  32  a<. 
32a*     8a«     X 

47.  (!-«)• 

=  1_1 +  1|_  20  +  15 a2-6o<  +  a«. 
a»     a<     a« 

48.  (x  +  l)'  =  x'  +  7««(l)  +  21x»gJ  +  85x«(l)'  +  36x.Q* 

'     +2X.(l)%7x(l)V(l)' 

=  3^74.  7a*  4- 21 0:8  4- 36 a: +  55 +  ^+1+1. 
X       ofi      xy     x* 

=  («  +  6)8  -  3(a  +  6)2(c  +  d)  +  3(a  +  &)  (c  +  d)a  -  (c  +  d)» 

^  flS  +  3a2ft  4.  3flf62  4.  ft8  _  3(a2c  4.  2a6c  4-  6^c  +  a^d  +  2a6(i  +  b^d) 

+  3(ac2  +  2  acd  +  ad^  +  bcf^  +2hcd+  hd^)  -  (c8  H-  3  d^d  +  3  crf--^  +  d"^) 
~  a^  4-  3  a26  4.  3  ^^2  4.  54  _  3  ^2^  ^Qahc-  3  ft2c  _  3  a^d  -  d  abd  -  3  ft^rf 

4-  3ar2  4-6acd  +  Sad^  -j-Sbc^  4-  6  6c(?  4-  3  6d=2-  c»-  3c2(i-  3cd2  -  ^s. 
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51.    (a  +  X -  y)*  =(a  +  X  -  yy 
=  (o  4-  xy  -  8(a  4-  x^y  +  3(a  +  x)y^  -  y» 

=  a^  -{-  Sa^  +  Sax^  +  x^  -Sy{a^  +  2ax  -h  a^)  ■\-  S  ay^  +  Sxy^  -  y^ 
=  a^  i-  Sa^  +  Sax^  -\-  3fi -  S a^ -  Qaxy --  S3^  +  Say^  -{-  Sxy'^  -  y^ 

62.    (a  —  m  —  n)^  =(^0-^7/1  —  n)' 
=  (a  -  t»)8  -  3(a  -  m)2n  +  3(a  -m)n^-  n« 

=  a'  -  3  a^m  +  3  am'^  -m^-Sn(a'^  —  2  am  +  w^)  +  3  an^  -  3  mn^  -  n^ 
=  a*  —  3 a«m  +  3 am^  -m^-SaH-^6 amn  —  3 mH  +  3  on*  -  3 mn^  -  n\ 

68.   (a-a:  +  y)8=(a-a:  +  y)« 
=  (a  -  x)8  +  3(a  -  fl:)2y  +  3(a  -  a;)ya  +  y« 

=  flfS _  3 a2a;  +  3 oa;2  _  a;8  +  3 y(a2 -  2aa:  +  2:2)4.  3 ^^^2 ^Zxy^  +  y^ 
=  a«  -  3  a^x  +  3  0x2  -  x8  +  3  0=^  -  6  oxy  +  3  x2y  +  3  oy2  _  3  a:y2  4.  y8. 

64.    (a  —  X  —  yy  =  (a  — x  —  y)* 
=  (a  -  x)8  -  3ra  -  xyhf  +  3(a  -  x)y2  -  y* 
= a8  -  3  a^x  +  3  ax2  -  x^  -  3  y  (a2  -  2  ox  +  a2)  +  3  ay2  _  3  ^^2  _  yz 

=08  -  3  o^a;  +  3  ax*  -  x^  -  3  a'^y  +  6  oxy  -  3  x2y  +  3  ay2  -  3  xy2  _  yS. 


67.   (a  +  26-3c)8=(rt  +  26-3c)8 
=  (a  +  2  6)3  -  3(a  4-  2  &)2(3  r)  +  3(a  H-  2  6)(3  c)2  -  (3  c)« 
=a8+3  a2(2  6)+3  a(2  6)2-j-(2  6)3-9c(a2+4  a64-4  62)4.27  ac2-f  54  6c2-27  r^ 
=08  4.  6  a26  4. 12  a62  4.  8  63  _  9  o2c_36  a6c-36  62c+27  oc2+54  6c2-27  d". 

58.  (a  +  6  +  «  +  yy  =  (a+  6  4-  x  4- y)^ 

=  (a  +  6)8  4-  3(a  4-  6)2(x  +  y)  4-3(a  4-  6)(x  H-  y)2  4-  (x  4-  y)» 

=a8  +  3  a26  4-  3  a62  +  68  +  3(a^x  4-  2  a6x  -f  l)^x  4-  o^y  4-  2  aby  4-  6^) 

4-  3(ox2  4-  2  axy  4-  ay'^  4-  6x2  4.  2  6xy  +  6y2)  +  ^8  4-  3  x2y  4-  3  xy2  4-  y3 
=a8  4.  3  a2ft  4.  3  afts  4-  68  4-  3  052x4.  6  a6x  4-  3  62x  4-  3a2y  H-  6  aby  4-  3  6^^^ 

+  3  ax2  4-  6  oxy  4-  3  rty2  4. 3  i^^^i  4.  6  6xy  4-  3  6y2  +  X84-  3  x2y  +  3  xy'^^f^ 

59.  (a  4-  6  -  X  -  y)8  =  (a  +  6  -  X  +  y)8 

=  (a  4-  6)8  -  3(a  4-  6)2(x  4-  y)  +  3(cr.  4-  6)  (x  4-  yY  -  («  4-  y)« 

=  a8  4.  3  a2ft  +  3  afti  +  68  -  3(a2x  4-  2  a6x  4-  62x  4-  a^y  4-  2  aby  4-  62y) 

+  3(ax2  4.  2  axy  4-  ay'^  4-  6x^  4-  2  6xy  4-  6y2)  _  (a^a  +  3  ^Sy  4.  3  xy'^  4-  r') 
rflS  4. 3  ^26  +  3  a62  4-  68  -  3  a2a;  _  6  a6x  -  3  62x  -  3  rt2y  _  6  a6y  -  3  b'^y 

+  3  ox2  +  6  axy  +  3  ay2  4.  3  5x2  4. 6  6xy  +  3  6y2  -  x8-  3  x2y  -  3  xy2  -yl 


Digitized  by  VjOOQIC 


213,  220] 


EVOLUTION 
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61,    (a  -  6  _  a  -f  y)*  =  (a  -  6  -  x  -  y)^ 
=  (a  -  6)8-  3(a-  6)2(a;  -  y)  +  3(a  -  b)(x-yy-^  (x  -  y)« 
=o3  _  3  a^b  +  3  a62  _  68  _  3(^23;  _  2  afta;  +  523;  -  a2y  +  2  a6y  -  62y) 

+  3(0x2  _2axy  +  ay^  -6x2  +  2  bxy  -  6^^  _  (^3  _  3  3.2^  4  3  ^.^2  _  y^\ 
=  a^ -  Sa%  +S  ab^  -  b^  -  S a^  -{■  6 abx -Sb^  +  Ha^y -  6 aby -\- S IP^ 

+  3  0x2  -  6  axy  +  3  ay2  _  3  53.2  4  6  2>xy  -  3  fty^  -  x^  +  3  x2y  -3  xy^-\-y». 


62.    (o  -  6  -  X  -  y)«  =  («-  6  -  X  +  y)8 
=  (0  -  6)8  -  3(0  -  6)2(x  +  y)  4-  3(o  -  6)(x  +  y)2  -  (x  +  y^ 
=  08-3  o26  +  3  o62  -.  68  __  3(o2x-  2  o6x  4-  523:  4-  o^y  -  2  o6y  +  62^) 

H-  8(0x2  +  2  oxy  +  oy2  _  6x2  _  2  6xy  -  62/2)  -  (x»  +  3  x2y  +  3  xy2  +  yS) 
=08  -  3  o26  4-  3  o62  _  68  -  3  o^x  +  6  abx  -Sb^x-Sa^  +  (^  aby  -Zbhf 

+  3  ox2  +  6  oxy  +  3  oy2  -  3  6x2  -  6  6a:y  -  3  6y2  _  x8  -  3  x2y  -  3  «y2_y8. 


10. 


11. 


12. 


13. 


14. 


15. 


EVOLUTION 
Page  220 

26o2-40o  +  16|5o-4 
26  o2 

lOo 
IO0-4 

-  40  0  +  16 

-  40  0  +  16 

900x24-60x  +  l|30x  +  l  * 
900x2 

60x 

eox  +  i 

60X  +  1 
60X+1 

X 
X 

2  +  xy  +  ly2|3,  +  iy 
2 

2x 

2x  +  \y 

ry  +  \yl 
xy  +  iy^ 

4x*-52x2+169|2x2-l3 
4x* 

4x2 
4x2-13 

-52x2  +  169 
-52x2  +  169 

|d8-in2 

-  i  d^n^  4-  i  n* 

(0  +  6) 
(a +  6)' 

2_4(a  + 6)  + 4|  (0  +  6) -2  =  0  +  6-2 

2(o  +  6) 
2(aH-6)-2 

_4(o+6)  +  4 
-4(o  +  6)  +  4 

Digitized  by 


Google 
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KEY  TO   STANDARD  ALGEBRA 


ISJO 


16. 


17. 


18. 


19. 


20. 


21. 


9a^--12  3e»  +  10g«-4a;  +  l|3a;g--2a  +  l 

9iB* 


6x2 
6x2— 2a; 


-  12x»  +  10x2 

-  12x8+   4x2 


6  x2  -  4  X 
6x2-4x  +  l 


6  x2  -  4  X  +  1 
6x2-4x+l 


X*  -  6  x8y  +  13  x2y2  -  12  xys  +  4  y*|x2  -  3  xy  +  2  y2 

X* 


2x2 

2  x2  -  3  xy 


2  x2  -  6  xy 

2  x2  -  6  xy  4-  2  y2 


-  6  x8y  +  13  x2y2 
-6x8y+    9xV 


4x2y2-12xy8  +  4y* 
4xV-12xy8  4  4y* 


x8  -  2  a^a^  -    a*x*  +  2  a«x2  -f  a^lx*  - 
x8 


r2r2  . 


■a^x! 


2x* 
2x*-a2x2 


-  2  C{2x6  _ 

-  2  aSajQ  4. 


a*x* 
a*x* 


2x*-2a2a;2 
2x*-2q2a;2_q4 


-  2  a*a-*  f  2  oOx^  +  a^ 

-  2  q^y*  +  2  fl«y2  -f  a» 


25  X*  -  30  x«  +  29  x2  -  1 2  X  +  4  [5x2-3x4-2 
25  X* 


10x2 
10x2-3x 


10x2-6x 
10  x2  -  6  X  +  2 


-  30  r3  4-  29  x2 
-30x^4-   9x2 


20x2-12x4-4 
20  x2  _  12  X  4-  4 


1-2x4-5  x2 -4  x8  4-3  x*-2x64-x6|l-x4-x2-x8 


2 

2-x 

-2x4-3x2 

-  2  X  4-    x2 

2-2x 
2-2x4- x2 

2x2-4x8  4-3X* 
2x2-2x84-    X* 

2-2x4-2x2 

2  -  2  X  4-  2  x2  -  x^ 

-2x^^  +  2x*-2x5  4-«^ 
-2x8-l-2x*-2x5  4-x6 

a* 


t*-  2  a%  4-  2  a2c2  _  2  6c2  4-  62  -f  c*|a2  -  6  4-  c2 


2a2 
2a2_6 


-  2  a26  4-  2  a=2c2  -  2  6c2  4-  6^  +  c* 

-  2  a2?)  4-  b^ 


2o2_2  6 
2  a2  -  2  6  4-  c2 


2  rt-c2  —  2  6c2 

2  q2c2  _  2  ftc2 


4-c* 
4-c* 


4  a2  _  12  a6  4-  9  b'^  4- 16  ac  -  24  be  4- 16  c2|2a-36+4c 
4a2 


4a 
4a-36 


-  12  ab  4-  9  62 

-  12  ah  4-  9  62 


4a-66 
4a-664-4c 


16  ore -24  6c  4-  16  c2 
16  ac  -  24  6c  4- 16  c^ 


Digitized  by 


Google 


220] 
23. 


24. 


EVOLUTION 
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9^ 

6  X  -SOxy  +26y^ 

6x-6y\  —  30  xy  +  25  y^   


6  X  -  10  y 
6x-10y  +  3g 


18  x«  -  30  y2f  +  9  02 
18xg~30yg  +  9gi» 


f  +  l|«^  2511+5 


25. 


26. 


27. 


9 

2a 
3 

s+^^+«4 


-|-3n 


25 
4n2 

5 
n 

n 

15  +  9n2 
15  4-9n2 

25(?2      5d      . 
16r2        r 
26df 
16  r2 


6d 
4r' 


5r2 

5(2 

+  4 

2r 

r 

5d__ 

2 

_5d 

+  4 

2r 

r 

64+8      *+^^  +  2^ 


64 

x2 
4 

X2        X 

4  "^2 

X8 

8 

X8        X2 

8  "^4 

-f-... 
-f-... 

Digitized  by 


Google 
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KEY  TO  STANDARD   ALGEBRA 


a;2  +  2x-l-?4-^Jx4-l-- 


[220 


a^ 


2x 
2a;  4-1 

2x-l 

2x4-1 

2x4-2 
2x4-2 

_1 

X 

_2-?  +  i 
X      x« 

X        X2 

2x3  4- X 
2x2  4-x 

+i 

20:^     2       1 
6        6      26 

5       5      25 

a.  +  1  +  l 


30.      x84-4x7-2x«- 

2x* 


[+2 
)  x6-3  X*  4-32  x8  4-4  x2- 16x4-4  |xM-2xf--3x2--4^ 


2x4  4-2  x» 


4x'-2x6 

4xM.4x« 


2a;*+4x3 

2x*  +  4a^^3^ 


-6a:6_20x6-  3x* 
-Hxg-12x54-  9x^ 


2x*4-4x8-6x'^ 
2a^+4x3-6x'^-4x 


-  8x5-12x44-32x84-  4x» 

-  8x5-16x*4-24x34-16x2 


2x4  +  4x8-6x2-8x 
2x*  4-4x3-6x2-8x4-2 


4x44-  8x3-12x2-16x4-4 
4x^4-  8x8-12x2-16x4-4 


81. 


4x4 
4x4 


4x2__3x^  ,  2^      jl2x^__x__  J 

y^       y^       y        I  y^      y 


4x2 

4x8      3x2 

y^ 

f         2/2 

4x2      X 

4X8^      X2 

2/'-^       y 

2/8              ?/2 

4x2      2x 

_i|  +  2. 

y      y 

8/'        » 

4x2      2x      J 

_lf  +  2. 

2/2         2^ 

y      y 

Digitized  byLjOOQlC 
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32. 


EVOLUTION 


4 


161 


a*  +  ax 

o2  +  2a» 

a»  +  2(ix  +  ^ 
3 

a^x^     2ax*     x* 
3     '      3     ■*"  9 

a2a:2      2ax»      X* 
3     '      3     ■*■  9 

98. 


9 


2a» 

_4af 

+  4a2 

3 

3 

2f-^. 

4  a* 

H-4a2 

3 

3 

2f      4a 

^-2a6  +  ^ 

3 

3                   4 

'f     4«+| 

f-2«6  +  ? 

3                 2 

3                   4 

84. 


4mf 

3 
4m8 


4i?i«     4ms  .  19m*      3m«      73tiig  .  3m  .   9  |2tii«        g     w  .  3 
9  315"*"6  60'*'l0      161    3  "^6     4 

9 


-m2 


_4m6      19m* 
3    ■*■    15 


4m^ 


+  m* 


4m^ 

3 
4m8 


-2m2 


3    -^'»^  +  i 


4m*     3mf  _73m^ 

15  6  50 


4  m* 
15 


2m?  ,  m? 
"    5         25 


3  5 

i!?»?_2m2+2m  +  ? 
3  6        4 


-     3m2  ,  3m  ,    9 

^"-2"-^l0-  +  16 

^8_3m2  +  3m      9 

2  10       16 


STAND.  ALO.  KBT  —  11 


Digitized  by 


Google 
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KEY   TO  STANDARD   ALGEBRA 


[220,  221 


86. 


r8-4r74-At^+4rS-Vr*4-VW»-fMrg-6r-f9|r*-lr»4-fr-3 


2r* 
2r*-*r8 

2r*-ir8 

2r*-it*+4r 
2r*-^r84-4r-3 

-6r*+V»^            -6r+9 

Page  221 


87. 


l-gj  l-^fl-jga-^gs 


1 

2             -a 
2-ia    —a 

+  iaa 

2-a 

2  -  a  -  i  a2 

-ia2  +  ia8  4T^a* 

2-0- Ja2 

|-1«»-A«* 

If  I' 


i!^ 


88. 


024.1    a  +  — —-^  -^— 

n2  2  a     8a8      16a5 


2a 

2a 

!^A 

2a4-- 

1 

4a2 

1 
4a3 

8a*     64a« 

2a+-- 


1_  J_ 
a     4a3 


J 1_ 

Iso*     64a6 


39. 


^2,lU.l_     1     , 


1 


2x     8x8     16{b6 


2x 

2X-1 
2a 


-1 


2X-1 

«     8a;8 


1_ 

4x2 

4«2^8x*     64x8 


X      4x8 


J 1_ 

'8x*     64x8 


Digitized  by 


Google 


221,  223] 
40. 


41. 


42. 


EVOLUTION 


4_a|2-«-^-J^ 


168 


4      64      612 


4-^ 


-a4- 


16 


a2 
64 

a2 
16 

16     128     4096 

'-5- 

a2 
"32 

a8        a* 
128     4096 

y2  +  3 


2y      "-" 


9         27 
8y8     16y5 


2y 

2» 

3 

0 
8y» 

9_ 

9        27         81 
4y2     Sy*     64ye 

22^  +  -- 


3 9_ 

y     4y8 


a2  +  26 


I    27        81 
I  8y*     64  y« 

^a      2a8      2a« 


2a 
2aH- 


26 

2^  +  ^ 


2a  + 
2a  + 


26 

a 
26 


62 
2a8 


62 


_6^__6^ 

_-0  .^      • 


6^ 
a2      a*  '  4a6 


2a  +  ^- 


2_6 
a 


6^ 
a* 


16^ 


6^ 
4(i« 


6'71'21 

4 

20x2  =  4011  71 
40  +  3  =  43|l29 


230  X  2  =  460 
460  H-  9  =  469 


Page  223 


1 239 


42  21 
42  21 


4'20'25 
4 


1205 


200  X  2  =  400 
400  +  6  =  406 


20  26 
20  26 


Digitized  by 


Google 
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KEY  TO  STANDARD  ALGEBRA 


[223,  224 


9' 64' 81  1 309 
9 


300x2=600 
600  4-9=609 


64  81 
64  81 


9. 


24' 80.04  149^ 
16      


40  X  2  =  80 
80  +  9  = 


490  X  2  =  980 
980  +  8  =  988 


8  80 
8  01 


79  04 
79  04 


10. 


11. 


10. 96' 61  13^ 
9      


30  X  2  =  60 
60  +  3  =  63 


1  96 
1  89 


330  X  2  =  660 
660  +  1  =  661 


6  61 
6  61 


.00' 12' 26  1.035 
9    


30  X  2  =  60  3  25 
60  +  5  =  66|3  25 


Page  224 


12. 


18' 66' 24  [432 
16 


18. 


13' 32. 25 
9 


136.5 


40  X  2  =  80 
80  +  3  =  83 


2  66 
2  49 


30  X  2  =  60 
60  +  6  =  66 


4  32 
3  96 


430  X  2  =  860 
860  +  2  =  862 


17  24 
17  24 


360  X  2  =  720 
720  +  5  =  726 


36  25 
;W  25 


14. 


I'll. 09' 16  110.64 


100  X  2  =  200 
200  +  6  =  206 


11  09 
10  25 


1060  X  2  =  2100 
2100  +  4  =  2104 


84  16 
84  16 


88. 


3.00'00'00'00 

1 


11.7320+ 


10  X  2  =  20 
20  +  7  =  27 


2  00 
1  89 


170  X  2  =  340 
340  +  3  =  343 


11  00 
10  29 


1730  X  2  =  3460 
3460  +  2  =  3462 


71  00 
69  24 


17320  X  2  =  34640 1 1  76  00 

Since  the  square  root  of  3  is  1.7320+  and  the  square  root  of  4  is  2,  the 

1  7320 

square  root  of  j  to  four  decimal  places  is  — ,  or  .8660. 

2 


24.    i  =  .8. 


.80' 00' 00' 00 
64 


[.8944 


80  X  2  =  160 
160  +  9  =  169 


16  00 
15  21 


890  X  2  =  1780 
1780  +  4  =  1784 


79  00 
71  36 


8940  X  2  =  17880 
17880  +  4  =  17884 


7  64  00 
7  16  36 


Digitized  by 


Google 


*224] 

25.    I  =  .626. 


EVOLUTION 


70  X  2  =  140 
140  4-  9  =  149 


13  60 
13  41 


7900  X  2  =  16800  9  00  00 
16800 +  6=  16806 1 7  90  26 


165 


.62' 60' 00' 00   1.7906 
49  


26 


.60' 00' 00' 00 
49 


70  X  2  =  140 
140  +  7  =  147 


11  00 
10  29 


770  X  2  =  1540 
1640  +  4  =  1644 


71  00 
61  76 


7740  X  2  =  16480 
16480  +  5  =  16486 


9  24  00 

7  74  26 


1.7746 


27.  S  =  .88333333+. 


.83' 33' 33' 33+  L9128 
81         


90  X  2  =  180 
180  +  1  =  181 


2  33 
1  81 


910  X  2  =  1820 
1820  +  2  =  1822 


52  33 
36  44 


9120  X  2  =  18240 
18240  +  8  =  18248 


16  89  33 
14  69  84 


28.  5  =  .22222222+. 


40  X  2  =  80 

80  +  7  =  87 


.22'22'22'22+ 
16 


470  X  2  =  940 
940  +  1  =  941 


6  22 

6  09 


4710  X  2  =  9420 
9420  +  4  =  9424 


13  22 
9  41 


3  81  22 
3  76  96 


1.4714 


i  =  .876. 


.87'60'00'00 
81 


90  X  2  =  180 
180  +  3  =  183 


930  X  2  =  1860 
1860  +  5  =  1865 


6  50 
5  49 


9360  X  2  : 
18700  +  4: 


10100 
98  25 


:  18700 
:  18704 


7  7500 
7  48  16 


|Ji3o4 


Digitized  by 


Google 
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KEY  TO  STANDARD  ALGEBRA 


[224,23 


S.OO'OO'OO'OO  12^23004^ 

4 

20  X  2  =  40  1 1  00 
40+2  =  421  84 


220  X  2  =  440 
440  -f  3  =  443 


1600 
13  29 


X  2  =  4460 
4460  +  6  =  4466 


27100 
2  67  96 


22360x2  =  447201  30400 

Since  the  square  root  of  6  is  2.2360+  and  the  square  root  of  16  is  4,  the 

5  2  2S60 

square  root  of  —  to  four  decimal  places  is  -^ — ,  or  .6690. 

Page  226 
8.  x»  -  3x«y  4-  3xy»  —  y»|a;  -  y 


Ssfl  —  3  x2y  -h  3  scy^*  -  y« 

3  gg  -  3  zy  +  yg  I  -  3  z^  +  3  gy-^  -  y» 

w8  -  9  to2  4-  27  m  -  27|w-3 


3m3 

3  m^  -  9  m  -f  9 


-  9  wi2  -f-  27  m  -  27 

-  9  ??>2  +  27  m  -  27 


8  m8  -  60  m^n  +  160  mn^  -  126  n^  |2  iw  -5b 
8m3 


12»»« 

12  m^  -  30  wn  -f  26?!^ 


-  60  mhi  +  160  w»2  -  126  n« 

-  60  m^n  -f  160  mn^  -  126  u' 


27  z8  -  189  z-V  +  441  xy^  -  343  y8|3z~7y 
27  z8 


27  z2 

•27  z2  -  63  zy  +  49  y^ 


-  189  z2y  +  441  xy2  -  343  y8 

-  189  x^y  +  441  zy^  -  343  y» 


7. 


126  a«  +  676  a^x  +  1216  ax'^  +  729x8|6aH-9x 
126  a* 


76  a2 

76  gg  +  136  qz  4-81x2 


676  a^x  4-  1216  ax^  4-  729  z^ 
676  a^x  4- 1216  az2  +  729  z« 


1000  p«- 
1000  jpg 


300  p*g  4-  30l)2g2  _  g8|10p2_^ 


300  p* 

300  j?^  -  30p2g  4-  q^ 


-300p*gH-30p2^2_^8 
-  300  p^g  4-  30  pV  _  qz 


w8  H-  6  m6  +  16  w*  4-  20  w8  4- 16  w2  4-  6  w  4- 1  |m24-2w>4-l 


3  TO* 


6w54-16to*4-20to8 


3w*4-6TO8-f  4?n2   6mS+12TO*4-    8to« 


3t)>4  4.  12  77184-  12to2 

3  TO*  +  12  w8  4-  16  w2  4-  6  m  4-  1 


3  TO*  4-  12  to8  4-  16  to2  4-  6  TO  4- 1 
3  TO*  -f  12to8  -f  16  to2  4-  6  to  4-  1 


Digitized  by 


Google 
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10. 


»a^  +  16a;a-6a;  +  l|a«->2x  +  l 


3^4 


-  60:6  ^.  15 a;4_  20x8 
~6x6  +  12g*-    8x8 


3x*-12x8+i2a;2 
3a:*-12a:8^15a;2-6a;+  1 


3a:*-12«8  +  15a.2-6a:  +  l 
3  g*  -  12  g8  4. 16  a;2  _  e  a;  ^  1 


11. 


a« +  3a^  4.  9a4  +  i3ic8  +  iBa^a  +  12  a;  +  8[^jM  +  2 


3a:* 

3  g*  +  3  a:8  ^  a.2 


3  a*  +  9a:* +  13x8 
8  x6  +  3  ic*  4.      ^ 


3a:*  +  6x8  +  3a;2 


6  a:*  +  12  x8  +  18  x2  4. 12  a;  +  8 
6  a:*  +  12  a:8  ^  18  a;2  +  12  g  +  8 


12. 


a«  +  12  a:6  +  63  x*  +  184  aH»  +  316  x2  +  300  X  +  125[3^_+£x+^ 
x8 


3x*+12x8  +  16xg 


12  x6  +  63x*H- 184x8 
12xS  +  48x*+   64x8 


3  X*  4-  24  x8  +  48  x2 

3  X*  +  24  x8  +  63  x2  +  60  X  +  26 

18. 


16x*  +  120x8  +  316x2  +  300X+ 126 
16x*  + 120x8 +  316x2 +300x4-126 


g6+6xs-18x*-112x8+180x2+600x-1000|x2+2x--10 


3x* 

3x*  +  6x8  +  4x2 


6x5- 18x* -112x8 
6x6  +  12x*+     8x8 


3x*+12x8+12x2 
3x*+12x8-18x2-60x+100 


-30x*-120x8+180x2+600x-1000 
-30x*-120x8+180x2+600x-1000 


14. 


l-6a+21a2-44a8+63a*-64qH27(ig|l-2a+3o8 

1 


3 

3-6a+4aa 


-6a+21a2-44a8 
-6q+12a2-  8q8 


3-12a+12a2 

3-12  a+21a2-18g8  4-9  a4 


9  a2-36  a8+63  a*-64  0^+27  cfi 
9a2_36a8_t,63q4_54^64.27q6 


16. 


8  n8+36  w*+42  n^-O  n8-21  n^+O  n8-n^|2n+3n2-n8 
8n8 


12  n2 
12n2+18n8+9n* 


12n2+36n84.27n* 

12  w2+36  n8+21  w*~9  n^+n^ 


36w*+42w5-  9n8 
36n*+64n5+27n<^ 


-12w5-36ne-21n7+9n8-n9 
-12  n6-36  n8-21  n^-^Qnfi-n^ 


16. 


x8-12x2  +  64x-112  +  l??-^  +  l 


X-4+? 


3x2 

3x^-12x  +  16 


-  12x2 +  64x- 112 
-12x2  +  48x-   64 


3x2-24x  +  48 
3x2-24x  +  64-?^  +  i- 

X         X2 


6x  — 


^Q  ■  108      48  .   8 
X        x2      x8 


«^       .0,  108      48,   8 
9x-  48+—--  +  - 
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17. 


a»68x»     3a26x8      3<?cx'^      (fiofi 
c8  c  6  68 

a868x« 

C8 


abafi     cx2 
c  b 


Sa^bhfi 

3a26x8     3acx7      c8x8 
c              6           68 

c2 

^^'^     30X^1^ 

BaV^afi  .  Sacx'     <Axfi 

(ja                        62 

c              6           68 

18. 


a^4-6x*  + 15x2 +  20  +  ^  +  ^  +  11x2  +  24-^ 
ofi  x2     X*     a^  I ^ 


8x* 

8x4+   6x2+   4 

6x*  + 16x2  +  20 
6x*+12x2+    8 

8x*  +  12ai2  +  12 

8x*  +  12x2  +  16  +  i  +  i 

X2        X* 

3x2  +  12  +  l|  +  l  +  i 

5^2        X*       0^ 

3x2  +  12  +  l|+i  +  l 
x2     X*     a^ 

19. 


x8      2a^^4x      8^2               ^         1x2^ 
1  

X8 


8 

a? 

8       8       1 

x2      2x     4 

3     ,   27      49 
2x2      4x       8 

3         3        1 
2x2'^4x      8 

3      3      3 

X2       X        4 

3      3      27 
x2      X       4 

8x  +  4x2 

^      6  +  ^^*     6x2  +  8x8 
X                2 

X               2 

90. 


!L»_8n2  +  5L?_88  +  12?-^  +  A 
8  ^2  ^  n       n2^n8 

8 


3n2 
4 

^f     6n  +  16 
4 

_3n2  +  ^l^      88 
-  3  n2  +  24  n  -  64 

4 
3w'.12n  +  61 

24       4 
n  ^n2 

3  »  24  +  ^^2  ^^  +  ® 
2                   ?i        m2      n8 

3n_24  +  l^*2  48  8 
2                   w        n2      n8 

2         ^n 
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21. 

3c* 
8c*-8c<dH-<AP 


[c«-c<i-2(r» 
c^  «  3  c^d  -  3  dda  + 1 1  c»d8  +  6  cad*  -  12  cd*  -  8  d* 


-8c6d-3c*d^  +  llc«d« 
-3cgdH-3c*da~      (^^ 


8c*-6c8d  +  3cad2 
3c*-6c8d-3dad'4-6cd»4-4d* 


-  6  c*d2  +  1 2  c«d«  +  6  c-«d*  -  1 2  cd*  -  8  d8 

-  6  c*d^  +  12 c«d^  +  6c'^d*- 12  cd»- 8 d8 


Page  227 

f»     9r»,30r     ^r,30«     Oa^     ««|  r     q,« 


3ff 

3ra     9r  ,g 


«3         s 


3r2      18r  ,07 

3»^      ISr.Qrt      9s,  «» 


3r      18  I  ''^^^      9ga      8» 

«  r         »^       r* 

3r      18      30g     9ag     g« 


28. 

27  JK* 

27  X*  -  8  aja  + 


27.^-9x*  +  65x»-^  +  115-i+l 


3     x^ 


9 


-9a:*4-65a:a-??5 
27 


-9ar*  + 


27 


27a:*-6aja+  \ 

64a:2_ 

le  +r'- 

-i+8 

8 

3a;2 

a:*     «• 

27aj*-6a;«  +  ^- 

.2.  +  1 

Mora- 

12 +]!<>- 

-1+8. 

3 

a;a     «• 

3x« 

«♦      a< 

24. 


4aJ 
3 


[2a«     3  a      . 
3  2 

8«?  +  2a'-i^  +  »^-6a«+l^-?l«?  +  »5-l 
27^  82  8  4^2 

8a» 
27 


^+8a«+»^ 


8«T_^+2|f_6^+4|a. 


2a7 


9a6 


27  a» 


4(i«  ,  ^   .  .  27a2 

l^  +  6a*-2a«+?Ia?_^  +  l 

o  4  ^ 


.i«!  _6a«  +  2a»-?^-«?  +  »«-l 

3  4  2 
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86. 


&^^3&?     66^^76^_^6^^36^^_6^|&^^6?      h 


o7 


a* 


3&« 

3  68     6  67     7  6« 
a^        d'        a» 

0* 

'i^'f  +  'e 

368     367     66 

a*        a*      a° 

a^        a8      a^ 

3  6«  J  6  66  1  8  6* 

3  67      6  6«      6  66     3  6*      6* 

a*        a*       0^ 

a8        a»       aio       a^      a^a 

i^  +  «|%6|l^ 

368     62 

3  67     6  66     6  66     3  6*      68 

a*        a^        cfi 

d^      a8 

o8        a»       aio       a^^     o^^ 

3w4 

3  n*  -  I  w8  +  i  ng 


i-J,fn8 


3  n*  -  3  n8  +  X  ,. 


-~f  n6+|n^-fn8 


27. 

ir*-^r8  +  ^r' 


■h  ^-  \  r6-i.r*+^  r8+i^  »^- Y  ^-27  |^f^-^r-~3 


-4r6+4r*->-    " 


iJfL 


|r«-f  tr  +  9 


_    r*+  3r84-V^ra-J\f  r-27 


_    r*4-  3r8+^ 


28. 

a^  +  fa^  +  i 


ia^  +  }a*y  +  a:*y2 _  a*y8 _  ja;2j^  +  lajys  «  ^  y6 


f  «6y  +     a^y2  _  /gSyS 
|g6yH-|a:*y2  4.a^ 


X*  +  3  x8y  4-  3  x2y2 

a^+3g8y  +  2x2y2-2gy8+|y* 


-ia^y2_2«8j/8-.4«2y4  +  iajy5_^y6 
-  ^  g<y2  -  2  x8y8  -  jggy*  +  jgy^  -  i^y6 


29'791  131 
27 


3(30)2  =  2700 
3(30  X  1)  =  90 
12  =       1 


2791 


2  791 


2  791 
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64'872  188 
27 


3(30)2  =  2700 
3(80  X  8)  =  720 
82  =64 


3484 


27  872 


27  872 
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5. 

3C40)2  =4800 
3(40x8)=  960 
82      =  64 


110'692  1 48 
64 


6824 


46  692 


46  692 


681'472  188 
612 


3(80)2  .=,19200 
3(80x8)=  1920 
82      =64 


21184 


169  472 


169  472 


6. 

3(60)2  =10800 
3(60  X  7)  =  1260 
72      =   49 


300'768I67 
216 


12109 


84  763 


84  763 


941 '192  [98 
729 


3(90)2  =  24300 
3(90  X  8)  =  2160 
82      =64 


26624 


212  192 


212  192 


9. 

3(10)2 
3(10  X  3) 
32 


2'406'104  1134 
1 


300 

90 

9 


399 


3(130)2 
3(130  X  4) : 
42 


=60700 

:  1660 

16 


62276 


1406 


1197 


209  104 


209  104 


10. 


69'426'631  [411 
64 


3(40)2    =  4800 
3(40x1)  =   120 
12        =      1 

6  426 

4921 

4  921 

3(41(J)2   =  604300 
3(410  X  1)  =   1230 
12        =      1 

606  531 

605631 

606  631 

11. 


3(30)2 


28'372'626  1306 
27 


2700 


3(300)2  =270000 
3(300  X  6)  =  4500 
62       =    26 


274626 


1372 
1  372  626 

1  372  626 


12. 


48.228'644  13.64 
27 


3(30)2   =  2700 
3(30x6)  =   640 
62      =    36 

21228 

3276 

19  666 

3(360)2  =388800 
3(360x4)=  4320 
42      =    16 

1672  644 

393136 

1  672  644 

18. 


3 (20)2  = 
3(20x6)  = 
62       = 


17'173. 612  126.8 

8       


1200 

300 

26 


1526 
3 (260)2  = 187600 
3(260x8)=  6000 
82       =64 


193564 


9  173 


7  626 


1  648  612 


1  648  612 
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96.443'993  1 
64  ' 


3(40)2  =  4800 
3(40x6)  =  600 
62  ^     =         26 


6426 
3(450)2  =607600 
3(460x7)=  9460 
72  =         49 


616999 


31443 


27  125 


4  318  993 


4  318998 


15. 


.000'024'389  I  .029 

8         ' 


8(20)2  =1200 
8(20x9)  =  640 
»2  =81 


1821 


16  889 


16  389 


16. 


. 

001'906'624 

1 

8(10)2    =300 
8(10x2)  =  60 
22       =4 

906 

364 

728 

3(120)2   =  43200 
3  (120  X  4)  =  1440 
42       =    16 

178  624 

44666 

178624 

.124 


17. 


.000'912'673  I  .097 
729         ' 


3(90)2  =24300 
3(90x7)  =  1890 
72  =       49 


26239 


183  673 


183678 


18. 


• 

269'694'072 
216 

3(60)2    =   10800 
3  (60  X  3)  =     640 
32       =      9 

43  694 

11349 

34  047 

3(630)2   =  1190700 
8(630x8)=   16120 
82       =     64 

9  647  072 

1206884 

9  647  072 
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926.859'376 
729 


9.76 


8(90)2    =  24300 
8(90  X  7)  =   1890 
72       =    49 

197  859  , 

26239 

183  673 

8(970)2   =2822700 
3(970x6)=  14650 
62       =    25 

14  186376 

2837275 

14  186  376 

614'600.058'197  1 
512 


80.13 


3(80)2    =    19200 

2  600 

3(800)2   =  1920000 
3(800x1)=    2400 
12       =       1 

2  600  068 

1922401 

1  922  401 

3(8010)2  =192480300 
3(8010x3)=    72090 
32       =       9 

677  667  197 

192562399 

677  667  197 

2.000'000'000  I  1.269 
1  ' 


3(10)2    =    300 
3(10x2)  =    60 
22       =4 

1000 

364 

728 

3(120)2   =  4320Q 
3(120x6)=   1800 
62       =    26 

272  000 

45026 

226  125 

3(1260)2  =4687500 
3(1250x9)=  33750 
92       =    81 

46  876000 

4721331 

42  491979 

300 

210 

49 

S.OQO'OOO'OOO 
1 

3(10)2 

3(10  X  7)  = 
72       = 

4  000 

559 

3  913 

3(170)2   = 

86700 

87  000 

3(1700)-^   = 
3(1700x9)  = 
9-* 

8670000 

45900 

81 

87  000  000 

8715981 

78  443  829 

1.709 
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2L 


.800'000'000  I 
729 


.928 


3(90)2 
3(90  X  2) 
22 


24300 

540 

4 


24844 


3(920)2 
3(920  X  8) 
82 


:  2539200 

:      22080 

64 


2561344 


71000 


49  688 


21  312  000 


20  490  752 


.leO'OOO'OOO  1.542 
125  


8(50)2    =   7500 
3(50x4)  =   600 
42       =    16 

35  000 

8116 

32  464 

8(540)2   =  874800 
3(540  X  2)  =   3240 
22       =4 

2536  000 

878044 

1756  088 

25.   Since,  Ex.  22,  the  cube  root  of  6  is  1.709+,  and  since  the  cube  root 

of  64  is  4,  the  cube  root  of  A  to  three  decimal  places  is  ,  or  .427 

4 

86.  }  =  .666666666+. 


27.  }=.875. 


.666'666'666+  I 
512 


.873 


3(80)2    =   19200 
3(80  X  7)  =   1680 
72       =     49 

154  666 

20929 

146  603 

3(870)2   =  2270700 
3(870  X  3)  =   7830 

8  163  666 

2278539 

6  835  617 

.875'000'000  1.956 
729 


3(90)2   =24300 
3(90x5)  =  1360 


52 


=   25 


25676 


8(950)2=  2707500 
3(950x6)  =  17100 
62      =36 


2724636 


146  000 


128  375 


17  625  000 


16  347  816 
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28.   ;A=.1876. 


.187'600'000  1.672 
126 


3(60)2  =  7600 
8(60x7)=  1060 
72     =    49 

62  600 

8699 

60  193 

8(670)2  =974700 
3(670x2)=  3420 
22'     =    4 

2  307  000 

978124 

1  966  248 
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1.  V(i«  -  12  08  4-  36  =  V(a«  -  6)  (a*  -  6)  =  a«  -  6. 

2.  v^l26~76a;  +  16x2-.a;8=^(5__a;)(5«a;)(6-x)=5-aj. 
8.  16~32a;  +  24a;2».8x8  +  ic*l4-4x  +  a;2 


16 


8 

8  -4a; 


-  32  a;  +  24  a;2 
-32a;  +  16g2 


4-4g;  +  g^|2-g 
4 


8-8« 
8-8a;  +  a^ 


4 
4-x 


-4x4- ie2 
-  4  g  +  x2 


Hence,  the  fourth  root  of  16  -  32  a;  +  24  a;2  -  8  x*  +  x*is  2  -  «. 

4.   g* 4- 12 x8y  +  54 x2y2 ^  108 ayg  +  81  y*|a;2  +  6 xy  +  9y2 

x^ 

2x2              12x8y  +  64x2y2                                       X24- 6xy +  9y2[a;  + 3y 
2  a;2  4-  6  xy|  12  g8y  +  86  xhj^ ^ 


2  a;2  4- 12  ay  18  xhP'  4- 108  xy8  4-  81  y*     2  x 

2  x2  -}-  12  xy  4-  9  yg  1 18  xV  4- 108  xy^  4-  81  y*     2  x4-  3  y 


6  xy  4-  9  y^ 
6xy4-9y2 


Hence,  the  fourth  root  of  x*4-12  x^y  4-  64  x2y24-108  xy84-y  y*  is  x  4-  3  y. 
6.  16m*-32w84-24m2-8m4-l|4m2-4m4-l 


16  w* 


8m2 

8  w2  -  4  m 


-  32  m8  4-  24  m2 

-  32  m8  4- 16  w2 


4w2-4w4-l|2_m-l 
4m2 


8  wi2  -  8 »» 
8  ?n2  —  8  m  4- 1 


8  w2  —  8  w  4- 1 
8  m2  -  8  m  4- 1 


4m 
4m-l 


—  4w4- 1 
-4m4- 1 


Hence,  the  fourth  root  of  16m*- 32TO«4-24m2- 8m  4- 1  is  2  w  -  1. 
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12  a^+60  X*- 160  a;8+240  jr2- 192  a;+64  (^-4«+4 


*3a^-12rg8+16g8 


-12«6+60x*-160x« 
--12g64.48g*--  64 g8 


3x*--24x8+48aj2 

3  X*  -  24  a:8 -H60^-48x+16 


12  X*-  96x8+240x2-192x4-64 
12  X*--  96x«+240g2~192x+64 


The  square  root  of  x^  —  4  x  +  4  is  found  to  be  x  —  2. 
Hence,  the  sixth  root  of  x«  -  12  x^  +  60  x*  -  160  x^  +  240  x^ 

is  X  —  2. 

11.  3376  =  3«x58;  12.  1296  =  2*  x  8* ; 

.-.  v'3375  =  3  X  5  =  15.  /.  -^296  =  2x3  =  6. 


■192x4-64 


13. 


6' 06' 26  1226 
4 


20  X  2  =  40 
40  4-  2  =  42 


220  X  2  =  440 
440  4-  6  =  446 


1  06 
84 


10  X  2  =  20 
20  4-  6  =  26 


2'26  [16 
1  26 


22  26 
22  26 


14. 


4'66'56  1216 
4 


20x2=40166 
40  4-1  =4l|41 


210  X  2  =  420 
420  4-  6  =  426 


26  66 
26  66 


Hence,  v^60626  =  16. 
Hence,  \^46666  =  6. 


15. 


17. 


18. 


262144  =  2?  X  2«  X  2« ; 
\^262144  =  2x2x2  =  8. 


16. 


769376  =  3*  X  66 ; 
\/769376  =  3  X  6  =  16. 


631441  =  3«  X  3« ; 
.-.  v^631441  =3x3  =  9. 


6' 76' 48' 01   12401 

4  


24' 01  [4? 
16 


20x2  =  40  1  76 
40  4-4  =  44|l  76 


40  X  2  =  80 
80  4-  0  =  89 


8  01 
8  01 


240  X  2  =  480 


2400  X  2  =  4800 
4800  4-1=4801 


48 

48  01 
48  01 


V49  =  7. 


Hence,  V6764801  =  7. 


la 


20. 


4084101  =  35  X  76  ; 
.-.  v^4084101  =  3  X  7  =  21. 

16' 77' 72' 16   14096 
16 


40' 96  [64 


40  x2  =  80 

77 

400  X  2  =  800 
800  4-  9  =  809 

77  72 
72  81 

4090  X  2  =  8180 
8180  4-  6  =  8186 

4  91  16 
4  91  16 

60  X  2  =  120 
120  4-  4  =  124 


4  96 
4  96 


V64  =  8. 
Hence,  \/l67772l6  =  8. 
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21. 


24' 13' 76' 69  |4913 
16 


4' 913  [17 


40  X  2  =  80  8  13 
80  +  9  =  89  8  01 

490  X  2  =  980 

980  +  1  =  981 

12  76 
9  81 

4910  X  2  =  9820 
9820  +  3  =  9823 

2  94  69 
2  94  69 

3(10)2     =300 
3(10  X  7)  =  210 

7f =    49 

559 


3  913 
3  913 


88. 


Hence,  v^24137669  =  17. 

10'604'499'373  |2197 
8  


3(20)2 
3(20x1)   = 

12 

1200 

60 

1 

2  604 

1261 

1  261 

3(210)2 
3(210x9)  = 
92        = 

132300 

5670 

81 

1  343  499 

138051 

1  242  469 

3(2190)2   = 
3(2190x7)  = 

14388300 

45990 

49 

101  040  373 

144343;S9 

101  040  373 

2' 197 
1 

[13 

3 (10)2  _  300 
3(10  X  3)=  90 
32  =9 


399 


1  197 


L15I        Hence,  -5^10604499373  =  13. 


2.  8*  =  2. 

8.  8*  =  (8^)2  =  22  =  4. 

6.  (-8)*  =  -2. 

6.  (64)*  =  (64^)2  =  42  =  16. 

7.  32^  =  (32^)8  =  28  =  8. 


THEORY  OF  EXPONENTS 
Page  236 

8.   26*  =  (26*)«  =  (±  5)8  ==  i  125. 


9.   81*=(8li)8=(±3)«=±27. 


10.  64"*  =  - 


(64*)2 


.  1_. 
"42" 


2_ 
16* 


11.    (-8)-*= 


(-8)1     (-2)^    '' 


18.    (-32)"*= =  — L_^=-l. 

(-32)*      (-"2)8  8 
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18.    16"J=-J-  =  — i — =±-- 
lei      (±2)8      =^8 

Page  237 

86.  v^i  +  X*  +  8*  +  8x*-  5\/a- v^  =  «*  +  x*+4+3x*-6x*-3« 

=  4  X*  —  4  x»  —  6. 

87.  4v^  +  5a:0-3x"*  +  2v/Fi-8*-2xi 

=  4x*  +  6-3x~^  +  2x"*-4-2xt  =  2x*  +  l  —  — 

Page  238 

16.  (a*  +  6*)  (a*  -  6*)  =  («*)»  -  (6^)2  =  o  -  6. 

17.  (aj'  +  y*)  (x'^  -  yh  =  («*)^  -  (y*)*  =  a*  -  y*. 

18.  («"*  +  10)  (x"'^  -  1)  =  (a"*)2  +  9  x"*  -  10  =  x-i  +  9  «~*  - 10. 

19.  (x^  -4)(x^  +  6)  =  (x*)«  +  x?  -  20  =  X*  +  X*  -  20. 


20. 

x^-xiy'^  +  y"*                  21.   a*+6"*+oV^l 
xi  +  y"^                                       a^_6"ff 

+  xV* -  «V*  4-  y^                -o*6~*-a*6-*        -6-1-6-* 

X*                            +y"*            a                            +ai-6-i-6"^ 

22. 

x-«         +X-1       +x                +   «"^&  *               +&-H   ft-M 

+2a-ic*          +26~ici+2c 

o-2+2a-i6"^+3a-ic*+6-i+36"**c*+2c 
Page  239 

34.  (a  -  6)  -5-  (a*  +  6*)  =  [(a^)2  -  (6^)2]  ^  [(«!)  +(6^)]  =  a*  -  6*. 

35.  (a  -  6)  -^  (a*  -  6*)  =  [(«*)»  -  (6*)«]  -j-  [(«*)  -  (6*)] 

=  (a^)2  4-a*6*  +  (6^)2  =  a^  +  oM  +  6*. 
86.    (a  +  6)  ^  (a*^  +  hh  =  ICa^^  +  (6^^]  -  [(«*)  +  (&*)] 
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87.   a^  +  b^ 
a^  4-  ah^ 


-aM+62 


a* +  6* 


a^  -  ah^  +  b^ 


x^-x-^ 


J-x^ 


-aM-a^6* 


88.   x-l 


—  a:*  —  .r  3  —  1 


xt  +  gi  4- 1 


ri-: 


89.  x^-2  +  x^ 

-.l+x"^ 
-xQ+x"7 


40.   X-2-4X-1+3     |x-^  —  J 


-    x-»  +  3 
--    x-^  +  3 


41.   a2-68 


a^  +  h^ 


-  a*6^  -  68 

—  a^6^--a^6 


fli  -  qlfii  4  q6  ~  o^6*  -f  ff^6g  -  6* 


a*6-68 
d^h  +  a6^ 


-  a6*  -  6* 

-  o6*  -  a*6a 


a*62  -  6« 
o*62  4  0*6^ 


-  aH^  -  6« 


61.  ■>/«"i6-8  =  (a^6-8)^  =  a"Vi 

62.  ^x*y-«  =  (a?V^)*  =  «*y"*- 

1  r  *i_ 

63.  \/a^'  =  (a'6*')"  =  a«6^ 


46.  "V^  =  (x*)i  =  X*. 

46.  ■Va-^  =  (a-i)4  =  a-i. 

47.  ^a"^  =  (a~*)i  =  a"*. 
57.  (A  a"^6*)"^  =  (A)~*(a""*)~*(6*)"*  =  216  «&"*. 

68.  (i  m-in"*)  *  =  (i)*C»*-^)*Ci'"*)*  =  i  w"*»"*. 

69.  (4  x2«y-V)*  =  4^(x2«)^(2/-8)t(24)T  =  32  ^^"y'^%10. 

60.  (a*-  6*)2  =  (a*)2-  2(a*)(6*)  4  (6*)'^  =  a  -  2  a^ 6*  4  6. 
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61.  (a*  +  6*)«  =  (o*)»  +  3(a*)a(6*)  +  3(a*)(6*)2  +  (»*)• 

=  a*  +  3a6*+3aM  +  6. 

62.  (a-i  -  6' )5  =  (a-i)«  -  3(a-i)2(6*)  +  3(a-i)  (6*)a  -  (6*)« 

=  a-«  -  3  0^86*  +  3  a-^b^  -  hK 

68.    (x"i-y*)*  =  Ca;'b*-4(a"*)8(y*)+6(x"b2(y-)^--4(a;"*)(y*)« 

=  a5-8  -  4  aj"4yi  +  6  x-'y  -  4  x'^y^  +  y*. 

64.  (a-i  +  i)8  =  Ca-i)»  +  K<fhi\)  +  3(a-i)(i)'^  +  (i)« 

65.  (1 -«*)*  =  (l)*-4(l)«(a;*)  +6(l)2(x*)2-4(l)(a;*)«  +  («*)* 

=  l-4a;4+6x8-4x*  +  a^. 

66.  «2  _^  2  x^  +  3  X  +  4  x*  +  3  +  2  x"i  -f  x-i  |xH-x^  H- 1  4-g"^ 


2x 

2x  +  « 


2x*  +  3x 

2x*4-     « 


2x  +  2x* 
2  X  +  2  x^  +  1 


2x  +  4x*  +  3 

2  X  4-  2  x^  H-  1 


2  X  +  2  X*  +  2 

2  X  4-  2  x^  +  2  +  aT^ 


2  X*  +  2  +  2  x'*  +  x-^ 
2x*  +  2  +  2x"^+x-i 


67.     x2  -  2  X2^*  +  y  4-  4  xz-^  -  4  y^z-^  4-  4 «-«  |x-y^  +  2g-^ 
x2  ' 


2x 

2x-!/i 


-  2  xy*  4-  y 
•  2  xy^  4-  y 


2x-2y* 

2  X  --  2  y^  H-  2  g-^ 


4  x«~^  —  4  y^2?-i  4-  4  ^-^ 
4  xg-^  -  4  y^g-i  4-  4  g-a 


a  _  4  aifti  +  4  6*  4-  6  a^c*  -  12  6*c*  4- »  c*  |  q^  -  2  6^  +  3  c* 


2  a* 
2a*-26i 


-4a*6*4-46* 
-  4  flifti  -i-  4  6* 


2a*-46* 
2q*..46*4-3c^ 


6aM-12  6^ct4-9c^ 
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89. 

8a* 
3  a* 

a 
a 

Page  240 

2  +  6a* 4- 12 a* 4-8  la* 4-2 

2                                                 J    .              . 

+  6a*H-4 

6  a^  +  12  a*  4-  8 
6  o*  +  12  a*  +  8 

70. 

a-S a*6'  4- 3 a*6*-  6^  |  «*- 6* 
a 

3a» 

3a*-3a*6*  +  6* 

-8a*6*4-3a*6*-62 
-3a*6*  +  3a*6*-62 

71. 

12  a;"* 

12  a;"* -6a 

8  x-i  -  12  x'h  4-  6  x'*y2  _  y8  1 2  x'*  -  y 
8x-i 

:-*y  +  yV 

-12x"*y4-6x"*y2_y8 
-12x'*y+6x"*y2_y8 

72. 

a;i_6a;  +  16x*-20  +  16x"*-6x-i  +  a;"*|a;*-2  +  a;"i 
X* 

3x 

6x*+   4 

-6x4-15x^-20 
-6x  +  12x*-   8 

3a;- 
3x- 

12  X*  4- 12 

12a;i  +  15-6x"*  +  x-i 

3xi  -  12  4-  15x"*-  6x-i  +  x'* 
3x^-12  +  15x"*-6x-i  4-a;"* 

74.  By  §152,    a-^- 6-2  =  (a-i +  6-i)(a-i-6-i)  =  f  i4-|V^- ^V 

76.  By  §162,      9  -  x-a  =  (3  4- x-^)  (3  -  x-i)  =  f  3  +  i ^3  -  iV 

76.  By  §162,    16  -  a-*  =  (4  4- a-^)  (2  +  a-i)  (2  -  a-^) 

77.  By  §169,    27  -  6-8  =  (3  -  6-1)  (9  +  3  6-1  +  6-2) 

78.  By  §  159,  6-?  4-  y-«  =  (&-^  4-  y'^)  Q>-'^  -  6-^^"^  +  y-^) 

79.  By  §169,    x^  -  x-«  =  (x  -  x-i)  (x^  4- a^  4- x-^) 
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80.  By  §148,   a^^ 2 +  «-«=  (a  +  a-i)(a  +  a-i)  =  (a  +  lVa  +  ^V 

81.  By  §  148,  6*-8+16  ft-*  =  (62  -  4  b-^)(b^ -  4  6-2) 

§  152,  =  (6+2  6-1)  (6-2  6-1)  (6 +2  6-1X6-2  6-1) 

'(-l)('-i)(-f)('-f)- 

82.  §156,      12-x-i-«-2=(4  +  a:-i)(3-ari)  =  ^4+lW3-iy 
1.   §156,  2-3a;-i-2ara  =  (2  +  x-i)(l-2a;-i)  =  [2  +  iWl-?V 


88 
84 


(xi)2  - 


90. 


72. 
X  =  49. 

86.      «*  =8. 

(»')*  =  8*. 
x=16. 


86. 


J-. 


9. 


(x^)^  =  9f 
x  =  243. 

87.  «*  =  81. 

(«*)*  =  81*. 
x  =  27. 

88.  Ja;*  =  72. 

x^  =  216. 

(a:*)*  =  216*. 
a;  =  36. 

89.  x'^  =  12. 
(x'^)-2  =  12-2. 


fy/^h 


Ja;*  =  25. 

x*  =  100. 

(X*)*  =  100*. 
x  =  1000. 

91.     2x"*=A. 

(05"*)"*  =  (A)"*. 

X  =  64*  =  16. 
(x-t)- 


96. 


x^  =  248. 

(x*)*  =  243* 
x  =  9. 

96.     X*  +  32  =  0. 

x*=-32. 
(x*)*=(-32 
x=-8. 


97. 


92.        x"^  =  6 

j;~*^-2  -  6-2 


x=i=l 


x*  =  a6. 

(x*)*=(a«)* 
x  =  a8. 


93. 


X 


r*^ 


^     ^     98.      x*-64  =  0. 


144. 


94. 


(x"*)"^  =  144"^ 

*  =  T7*5f  • 

>x~*  =  l. 


(a;~*)"^=(Ar*. 


r  3*  \  -6 


( 

X  =  26^  =  125. 
Page  241 


x^  =  64. 

(x*)*  =  64* 
x  =  32. 

99.   x"*-27=0. 
x~*  =  27. 
(x"5)-*=(27)-*. 

«  =  (A)*  =  4. 


100.  f^)-«  =  (4)-«=(34.2»)-  =  f^y  =  ^=JL. 

\i^^J         \2-il  .       V3J.2J/       3.2*     48 

/    9-8  \-i 


98 

1 

«*y2j 


^/x^2x-i _/  98  \i      gi^      27 
V  9«;      ~W/    ~aj2y~x2y' 
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io».  (l^»)-*= 


r_i6]-i 
X 

L  r*  J 

1 


_/16r*\"^_/  m^  \i_mi 


108. 


?»2wi 


Sa*  X  4a-i     3  a^  x  4 a"^     4 a-^      2 


105. 


6y/a^ 


qJ 


2a 


106      V^^x^^  =  q^x  6^  =,  _«i  -  ^ 

-^     (»»  X  3»  X  9)  -  27"+^  ^  (3g^  X  3»  X  3^)  -  27"-^^ ^  32+8»  -  3a»+8  ^      , 

82  X  33»  32+3n  32+3n 

-  Qg    g2yf  X  v^g~^  X  x^  _  xh/^  X  x"^  X  x^  __  a^^  x  x»  x  y^  _  x^y  _  ^ 


109. 


110. 


V^2x 

ary 

y-^ 

xxy 

X*  X  xy 

.*y 

9r+i       . 

3r+l 

32»-+2        3r«-r 
■  3r*-l  ^  3»-+l 

9. 

(3r-l)r+l    • 

(Zry-i 

m2  —  n* 

+  n4 

•  ni  ^  wji  +  n*  _ 

m 

—  n 
-n8 

1 

m2 

+  mn  +  n2 

111.  U\  M^^  ^"^^  =  ^^  ,,(a^*-6)(^U3)^i 

V        Vx/         x-3x*-18     2x^  +  6  x-6x*  ^ 


112. 


ai_fti\-i 


■i       8a- 
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=  — X  — =a;» 
ax*     c" 


r-.r-^.l 


A  iJ       L     »•     J  *^ 

Lwn*     nMJ 


117.   {-  2~1  -4-  32"l}-«  +  {16*  X  8^-1 


2«    .=,J2^^.4. 


(-  2)8      -  8 
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118. 


^-i^  +  l^%x¥-2x  +  i2^    x4-2|  +  ^ 


2  a* 
2x4-2« 

W2 


_4«*_j_4^ 

y\      y 

4tx^  ^  4g2 


»V-2x  +  Jy 


«i      2 


RADICALS 
Page  243 

1.  Proceeding  as  in  §  324,  since  2  =  l^  +  la,  make  the 
sides  of  the  right  angle  each  1  unit  in  length. 

Then,  the  length  OB  represents  V2  in  its  relation  to 
the  unit  length.  0 


2.  Proceedingasin§ 824, since  10=32+18, 
make  the  sides  of  the  right  angle  respec- 
tively 3  units  and  1  unit  in  length. 

Then,  the  length  OB  represents  VlO  in 
its  relation  to  the  unit  length.  0 


8.  Proceeding  as  in  §324,  since  13=32+22, 
make  the  sides  of  the  right  angle  respec- 
tively 3  units  and  2  units  in  length. 

Then,  the  length  OB  represents  Vi3  in 
its  relation  to  the  unit  length. 


4.  Proceeding  as  in  §  324,  since  17 
=  42  +  12,  make  the  sides  of  the  right 
angle  respectively  4  units  and  1  unit  in 
length. 

Then,  the  length  OB  represents  Vl7  0 
in  its  relation  to  the  unit  length. 
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5.  Proceeding  as  in  §  324,  since  34  = 
5^  +  3^,  make  the  sides  of  the  right  angle 
respectively  5  units  and  3  units  in  length. 

Then,  the  length  of  OB  represents  V34 
in  its  relation  to  the  unit  length. 


6.  Proceeding  as  in  §  324, 
since  53  =  7^  +  2^,  make  the 
sides  of  the  right  angle  respec- 
tively 7  units  and  2  units  in 
length. 

Then,  the  length  OB  repre-  ^ 
sents  \/53  in  its  relation  to  the 
unit  length. 

7.  Proceeding  as  in  §  324,  since  t  =  l  +  i=l^ 
+  (^)2,  make  the  sides  of  the  right  angle  respec- 
tively 1  unit  and  }  unit  in  length. 

Then,  the  length  of  OB  represents  V{  in  its  rela- 
tion to  the  unit  length. 

8.  Proceeding  as  in  §  324,  since  H  =  A  +  A 
=  (l)*+(^)^  =  (i)*  +  (i)^  make  the  sides  of  the 
right  angle  respectively  ^  unit  and  ^  unit  in  len^rth. 

Then,  the  length  of  OB  represents  V^  in  its  rela- 
tion to  the  unit  length. 


3. 

4. 

5. 

6. 

7. 

8. 

9. 
10. 
11. 
12. 
18. 
14. 
15. 
16. 
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VI2  =\/4ir3  =  V4  X  V3  =  2V3. 


V76  =  VISITS  =  V26  X  V3  =  5  V3. 

v^ = v^r>r2 = v^  X  \^ =2v^. 

Vl28  =  V64ir2  =  Vei  X  y/2  =  8V2. 
\/260  =  v^l26  X  2  =  v^l26  X  v^  =  6v^. 
V^  =  \Wx2  =  </iQ  X  ^2  =  2 \/2. 
VlQ2=Vsiir2=y/Sl  x\^  =  9v/2. 
>/l8T2  =  V9a2x2  =  v'&«2x\/2  =  8aV2. 
V266  =  V26  x  6  =\/26  x  V6  =  bVb. 


V©8c»  =  V49c2x  2c  =  \/49 c^  x  V2 c  =  7 c V2 c. 
VoOa  =  V25  X  2 a  =  V26  x  V2o  =  6 V2a. 
^^^40  =\^32  X  20  =  v^32  X  v^  =  2v/20. 
V243a6xio  =  V81  a*a;W  x  VSa  =9aW VSa. 
y/i2Safib*  =  y/^Ufi^  X  y/2b  =  4a^by/2b. 
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17.  (245 a8y-*)*  =  (49  a«y-  -•)*  x  6*  =  7  cfiy-^VE. 

18.  (o8  +  5  a2)i  =  Va%a  +  6)=  Vo^  x  \/aT6  =a VaT5. 

19.  Vl8a;-9  =  V9  (2x-l)  =  V9  x  V2x- 1  =3V2x- 1. 
80.  \/x6-2»8  =  v^rB8(ic8-2)  =  v^x\^«8^^  =  a;v^ic«^^. 

21.  V6a;2-  lOxy  +  6^2=  V6(a;-  y)2  =  V(a;-  y)«  x  Vs  =  (»-  y)  V5. 

22.  (3  aw2  +  6 aw  +  3 a)^  =  VS o(w  +  1)2  =  V(w  +  1)2  x  VSa 

=  (m  +  l)>/3a. 
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24.  \/i  =  \/|  =  V}xV^  =  iV2. 

25.  Vi=VS  =  V^X>/6=:jV6. 

26.  V|  =  V|=>/i  X  V6  =  JV6. 

27.  V|=>/A  =  V^x\/6  =  }v^. 

28.  v^=v^  =  v^x^/90  =  J^I^. 

29.  ^t  =  v^=v^xv^IOO  =  ii/IOO. 

>yps     >l9j/«      >9!/«  *      3y»       ' 

34.  Ji«=Jl2«=J3:xV3^  =  i-V3-^. 
>3a;i'      >9a;i'     >»a;^  S« 

36.  JH^I  =JI«^L  =  J— i-I  X  V«^=  -1-  Ve^ 

0-6    ^(a-6)-^        0-6     >>       (a-6)» 
a  —  6     '  (a  -  6)S 
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8.  v^=v^  =  6*  =  6i=V6. 

4.  v^=^P'=5*  =  6i=V5. 

6.  v^l^  =  v^2  =  4oJ=4oi=V4  X  10  =  2vl0. 

6.  \^7^  =  v^(3^  =  (3a)*=(8a)*=v^. 

7.  v^9  a-»6 V  =  v^9  a^b'^c^  •  c*  =  c  v^  (3  abc)'^  =  c(3  a6c)* 

=  c(3o6c)*  =  cV3a6c. 

8.  v^l21  a<^c*  =  \/121  aa  .  a*x*  =  ax\/(ll  a)^  =  az(ll  a)* 

=  aa;(ll  a)'  =  ax  Vila. 
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1.  Veoo  =  VlOO  X  6  =  vlOO  X  V6  =  lOVg. 

2.  >/6()0=Vl00x  6=Vl00x  V6  =  10V6. 
8.  \/l60  =  v'^2"^=v^32xv^  =  2v^6. 

4.  \/3000  =  v^lOOO  X  3  =  \/mO  X  \/3  =  10  v^ 

6.  \/T89  =  v^27x  7=\/27  x\^  =  8v^7. 

6.  Vsi  =  V4  X  21  =  V4  X  V21  =  2v^. 

7.  y/T2  =  \/Sx~^  =  </Sx</9=2y/9. 

8.  \/l92=v^64ir3=\/64x  v^  =  4^. 

9.  \/l44=\/l22  =  12*  =  12i=>/4ir3  =  2>/3. 

10.  {/8l=v/p  =  9*  =  9*=\/9. 

11.  v^§43  =  v^  =  7*  =  7^  =  V7. 

12.  v^289  =  </W  =  17*  =  17*  =  VT7. 

13.  V}=Vj=VixV3  =  J V3. 

>«3      \aj4      \jg4  a;a 

16.  V406 flfiys  =  V81  o*y2  x  vrS  =  9 a^yVba. 

17.  (136 x*y6)i  =  (27  a^)i  x  (6 rey^)*  =  3 ay v^5xy«. 

18.  \/8-20  6-'  =  V4(2-6  62)  =  V4  x  V2  -  6^-*  =  2V2  -  5  d^. 


19.   6>/4a2+4  =  6V4(aa  +  l)  =  6 V4  x  \/a2  -|.  i  =  lOVa^  + 1. 
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20.  v^a*62c4d8  =  ^o4&Vd2 .  rfe  =  d  y/(a^bc^dy 

=  dia^bc^d)^  =  d(a26c2d)*  =  dVc^^b^. 

21.  (16x-16)^  =  Vl6(a-1)  =  >/l6  x  V«^^=4>/x^. 

^-   a;-2y>'    2y         a;-2y>'        4y2 

=  ^^^2y(a:-2y). 

28.    V27c2-36c  +  12  =  V8(3c-2)2  =,  V(3c-2)2  x  V5 

=  (3c-2)\/8. 

24.    ^(x2-2xy  +  y2)  =  .y(i^~^=  (a;_y)i  =  (a;-y)i=  V5c^. 
25-    a-«^)\l+a;  +  a;2=(l-^)\  (l+x  +  x2)2 

=  (1  - «)(!  +  g + «^') \(i  +  xV x2)2  ^  v^r+^M^ 

=  (1  -  x)  vT+"^T«*. 

26.  V4a8-24o2xH.36ax2=:  V4a(a-3x)2=  V4(a-3x)2x  Va 

=  2  (o  -  3  x)  Vo. 

27.  (X*y-3x8y«  +  3x2y8-xy4)i=  \/xy(x-y)8=  v^(x-y)8x  Vt^ 

=  (x  —  y)  v^. 

2.  2V^=V5V2=V8.  10.  iV^  =  VJV2=\/i. 

8.  3V6  =  V9V6=Vi6.  11.  }Vx6=v^Vx6=V^^«^- 

4.  6V2=V26\/2=V60.  12.  iVftc  =  VjVSc  =  Vpc. 

6.  3v^=\/81v^  =  v^l62.  13.  jVj  =  v^VI  =  v^. 

6.  3v^  =  v^v^  =  v^.  14.  i\/i|=Vi|Vy=VJ?. 

7.  4V5=Vl6\/6=V80.  16.  |V|fa2  =>/|Vffa2  =  V^o^. 

8.  iV8=VJV8  =  v^.  16.  fv^  =  v/^\/f  =  v^. 

9.  a2v/6=\/^v^  =  v/a6ft.  17.  |v^=v/if^  =  ^- 

x  —  y^x-hy      ^(x  — y)2>'x  +  y      ^x  — y 

19.  ^±i Jl g-  =  J(^+^J«ZI= Jg+I. 

a-.4Al        a  +  4      >'(o-4)2\a  +  4     Afa-4 
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4.  See  next  column. 
6.    v^=v^. 

^  =  5i  =  5*  =  \/25. 

^  =  21=2^  =  ^^. 
V3  =  3i=3T*2  =  v^729. 
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4. 

8. 

Vs  =  s^  =  s^  =  \/m. 

9. 

VSS  =  (a6)l  =  (a6)  A  =  \/a«6«. 

^  =  2*  =  2A=^. 
10. 

\^  =  X*  =  a"  =  v^. 


7.   >^='v^. 

^=4^  =  4^  =  '^^. 

12.   V|  =  iV6  =  K6)i  =  K«)*=  1^1^216. 

^J<^  =  J  i/4^  =  J(4  «)*  =  J(4  «)*  =  }  V^I6P. 
2  V6  =  2(6)i  =  2(6)*  =  2  v^l^. 


1        ^ 
13.    v^  =  a^  =  x2»  =  v^. 


1  — 

Vfl^  =  (xyy  =  (a'y)2'»  =  Vx^. 

2  4^  

\/a^  =  (ay)*»  =  (xy)^  =  v^x*y*. 

14.   (a+6)Va^  =  (a+6)(a-&)2=(a  +  6)(a-6)*  =  (a+6)v^(a-6)«. 
v^5"35  =(a  -  6)*  =  (o-  6)*  =  \^(a  -  6)2. 

16.    vT+ft  =  (o  +  6)i  =  (a  +  6)*  =  \/(a  +  fe)^. 
\/53^  =(a  -  6)*  =  (a  -  6)^  =  \/(a  -  b)K 
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16.    v^=(6)*  =  (6)A  =  v^.  17.   v^  =  (3)*  =  (3)A  =  ?;/gi. 
V2=(2)i  =  (2)^«y  =  v^32.  v^=(4)i  =  (4)A  =  \/gi. 

. '.  V2  is  greater  than  V5.  .•.  VSis  greater  than  Vi. 

v^=(4)i  =  (4)*  =  v^.  8v^  =  3(2)^  =  3(2)*  =  3  v^. 

V3  =  (3)i  =  (3)*  =  </27.  Sy/i  =  3(4)i  =  3(4)J  =  3  v^. 

.*.  V3  is  greater  than  v^.  .•.  34^4  is  greater  tnan  3V2. 

18.    v^3=(3)*  =  (3)*  =  v'9.  19.    V2  =  (2)^  =  (2y^  =  \^. 

y/2  =(2)*  =(2)*  =  \/S.  v^  =  (4)*  =(4;^^  =  v^255. 

.-.  order  is  v^,  V2,  v^.  Hence,  the  ordei  is  v^,  v^,  V2. 

80.  v^  =  (2)*  =  (2)^  =  \/32. 

^  =  (3)*  =  (3)  A  =  '^, 

\^=(30)^  =  v^30. 
Hence,  the  order  is  y/2,  v^,  v^. 

81-  V2  =  (2)i  =  (2)*  =  v^. 

v^  =  (6)*  =  (5)*  =  v^. 

V2i=(2i)i  =  (2i)*=  v^lSf. 

v^4=(4)i=(4)*=v^. 
Hence,  the  order  is  v^,  Vl,  V2J,  V2. 

8«.  V7  =  (7)i  =  (7)  A  =  '^  =  '^n7,t)49. 

v/i8  =  (48)1  =  (48)A  =  ?J^483  =  v^ll0,692. 

^  =  (4)i  =  (4)  A  =:Vr*=  '^266. 

y/M  =  (63)i  =  (63)  A  =  '^6^  =  '{/3969. 
Hence,  the  order  is  V7,  v^iS,  v^,  v^. 

88. '  \/i  =  (4)*  =  (4)  A  =  '-^^256. 

V^=(2)*=:(2)A=?J/64. 
v^  =  (5)i  =  (5)  A  =  \yi25. 
v^  =  (13)i  =  (13)  A  =  '^/l69. 

Hence,  the  order  is  v^,  v^,  \^T60,  v^,  V2. 
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8.  \/50  + Vi8+ V98  =  6\^  +  3V2  +  7v^  =  16\/S. 
8.  V27+ VT2+ \/75  =  3V3  +  2V3  +  6\/3  =  10V3. 
"^  +  V80  +  V46  =  2V6  +  4  V6  +  3V6  =  9V6. 


9.  v^600+ v^l08+\/^r32  =  6\/i  +  3v^-2v^  =  6v^. 

10.  Vj+>/i^  + V}+Vri==}\/2  +  Jv^  +  tv^  +  }V2==4v^. 

11.  >4  + V76  +  |V3  + vT2=iV3  +  6\/S  +  }V3  +  2V3  =  8V8. 
18.  Vi  +  iV3  +  J\^?+ Vli7  =  jV3  +  iV3  +  iV5+7>/S  =  9V3. 
18.  v^+\^  +  \^26+\/l75=2v^+2V7+v^+6V7=3v^+7>/7. 

14.  \/576+ v^+ v^T92+ V99  =  5v^  +  2\/ll+4v^  +  3VU 

=  9\/B  +  6VlI. 
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15.  \^46-Vi66+V46  =  7V6-9V5  +  3\/6=s\/6. 

16.  Vl2  +  3V76-2V27  =  2\/3  +  16V3-6V^=llv^ 

17.  6V72  +  3Vl8->/60  =  30v^  +  9>/2-6\/2=:34V5. 

18.  v^l28  +  v^586-v^  =  4v^+7\^-3v^=8v^. 

19.  vll2-V3i3  +  V448==:4V7"-7V7  +  8V7==6%/7. 

20.  vl36-v^  +  ^^  =  3\/6-6v^+4v^=2v^6; 

21.  y^+<ri+</ri  =  2Vi+Vi+Sy/i  =  6</i=:i</26. 

22.  v^864-^4000+\/32  =  6>/4-10v/4  4-2v^4  =  -2\^ 

23.  \/l28ic  +  v^376a-\/64^=4v^+6v^-3v^a  =  v^2^+6\^ 

yix^      ^ys      yi  g2     X       ^y  z  \x     y     zj 

•    Mfrya      \    6ya    "^Aftya        \  52^2      \    52^2    "•">(  52^2 

STAND.   ALO.   KEY 13 
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S6. 

27. 
28. 

29. 

80. 
81. 

82. 

88. 
84. 

86. 


-  Vaibc  +  -r  y/abc 
ac  ao 


\hc     ac     ah  I  abc 

V(a  +  bye  -  V(a  -  by^c  =(^a'\-b)y/c -(^a-  h)Vc-  2  hVc. 


2a6x=  v^2a6x. 


86. 


6v^J^  +  4v^f-8v^-i^ 
=  4v^6  +  2v^-6v/5  =  0. 

+  2a;v^=(2a;-l)\/6«. 

v^a6« - v'a252^^  +  v^8a868x8  =  Vabx-  VabX'\-  V2c 

V3x3  +  30a;2^.75a;_V3ic8-6x2  +  3x 
=  V3 a;(xH- 6)2-  V3a;(a;-1)2 
=  [a;  +  5 -  (a; -  1)] \/3x"=  6>/3a. 

V5  a6  +  30  a*  +  45  a»  -  V6  a^  -  40  a*  +  80  a» 
=  V5  a8  (a  +  3)2  -  V6  a8(a  -  4)2 
=  [a  +  3~(a-4)]V5a8 
=7V5a8  =  7  aVE^, 

v/60  +  ^_4Vi+  v^:r24+^27- v^ 
=  5V2  +  v^  -  2V2  -  2v^  +  v^- 2  V2  =V^. 

V|  +6\/f  ~iVl8  +  ^J/36_^-f.  ^t^l25  -  2  VA 
= J  Ve  +  3  V6  -  |>/2  4-  V6  - -J Ve-h  VS  -  f  \/2 
=  V6  +  4V5~  V2. 

=  2  Vj  -  V}  +  f  V|  +  i  V|  -  V| 
--iiV6  +  AVi6: 

5  .  2"*  +  2"*  +  3  .  2~*  +  3  .  6-1 .  2*  +  J^ 

^3125 


2*     2*     2*         5        5 
-J/i     2-v^     4v'4 
2^48 
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4.  V2xV8=v^  =  4.  7.   2V6x3Vl0  =  6V60  =  30V2. 

5.  V2  X  V6  =  Vl2=2V3.  8.   3\/2(3  x  2V2  =  6\/i0  =  I2V1O. 

6.  V3x  Vl5  =  \/46  =  3V6.  9.    V^x3v^=  \/8x3v^  =  3v^72. 

10.  2v^3  X  3v^  =  6v'l36  =  18\^. 

11.  2v'6x3VB  =  2\/6x3\^  =  6v^216: 

12.  3>/3x2v^5  =  3\/27x2v^  =  6v''676. 

13.  v^  X  v^  =  Vm  X  v^lOO  =  v^l2600. 

14.  2v''260x  v/2  =  10\/ixv^  =  10v^. 

15.  2\/2ix  \/l8  =  4^/3  X  vl8  =  4^64  =  12 v^. 

16.  2\^  X  'v'612  =  2(2) A  X  (2)1^  =  2  X  2  X  21*^  =  4v^. 

17.  V2^ X  3 v^a^=  (2 xy)i  x  3(a;V)^  =  v'S^V  x  Sv^ScV 

=  3\/8lcV  =  Sxyy/Ss^. 

18.  Vw»  X  y/m^n  x  Vmn*  =  Vm*n*  x  Vm*??  x  Vwin* 

=  Vrn^n}^  =  wn  Vm??. 

19.  V2axy  x  VSy  x  Va^y  =  \/64  a«a^y«  x  \/x*y*  x  'v^a*a;V* 

=  'v^64ai2a;i8yi8=  flf;;r2,  y/Uxy. 

SO.    Vx-iy  X  v^aj-V  x  V«-^  =  Vac-iy  x  Vx'hf^  x  VarV 

=  Vac- V  X  v^^^^ 

21.  Va^=^x  v'o^P  X  \/(a-6)-2=  Va^n>  x  V(a-6)-Ax  VoF 

=  V(a  -  6)0  X  Va6  =  Va6. 

22.  Vjx  VJx  V|=  Vf  =  iVIO. 
28.    VJx  V|x  Vj=  V|  =  iV36. 

24.  v^x^xVi  =  v^x  Vi  =  v^x  ^i=v^  =  i^. 

25.  v^x  ^x  Vj=  v^x  v^f  X  v/^=v^S=^f  =  iV6. 

26.  16ix2ix  32^  =  2*x  2ix  2^'^  =  2^x  2^x  2^^=  2^  =2«=  64. 

27.  27^x9^x81^  =p3*X  3*  x  3*  =  31^^  x  3^^  x  3^*=  3r*  =  3^^ 

=  9v^. 
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29.  Vfr+Vs  86.   2V3  +  3V6 

V6—  Vs  3V3  +  2V6 

5+  Vl5  18  4-  9\/l5 

-\/l5-8  4VI6  +  3O 


-  3  18  4. 13  Vl6  +  30 
=  48  +  13  VT6. 

30-       .   ^+^  36.   3a+V6 

^-^  2a-V6 

7  +  ^11  6a2  +  2aV6 

-^"^  -3aV5-5 

7             -2  ;= 

_,5,  6a2-    aV6-6. 

81.           V6-V6  87.   2V6-3V6 

V6-.VI  4V3  -  VIO  _ 

6-V30  24V2-12V16 

-V30+6  -    4VI6  +  I6V2 

6-2V30  +  6  24V2-I6VT6  +  I6V2 

=  11-2V30.  =39v^-16Vl5. 

88.         5-    \/6  88-        ^ 

1^.    V6  a2_a6V2  +  62 

^_    ^^  a^  +  aby/2  +  b^ 

6V6-6  a*-a36V2  +  a252 

,  ,   .   /^     R  a86\/2-2a262  +  a68V2 

=  ^^^-  ^i ^ ^ 


88.  4V7  +  I 

4V7-I 


89. 

X  —  Vxyz  +  y« 


TT^ ~i  xVx  —  xVyz  +  yzVx  _ 

_  iii^  xVyz  —  yg\/i  4-  yzy/yz 

xyJx  -\-yzVyz 

84.  2V2+\/3 

4V2-f  V3  40.   ajV^-av^  +  yVic-yVy 

16  +  4  V6  Vg+    Vy 

2V6  +  3  x^  —  x\/^-\-xy  —  yV^ 

16  +  6V6-f3  xVxy  -  xy  -\-  yVxy  -  y^ 

=  19  +  6V6.  a^  —  y* 
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41.  (V3  +  V6)(V3-V6)  =  V9^^  =  2. 

42.  (V9+V6)(V9->/6)  =  V8r^  =  v/76  =  5V8. 
48.  (V6+\/TT)(V6-vT[)  =  V36-ll  =V26  =  5. 

44.  ( Vs a  +  aV'6)(V6 a  -  aV6)  =  V25a2- Sa^  =  \/20a2  =  2  aV6. 

45.  ( V?  c  +  V6^)  ( V7  c  -  V5C2)  =  V49  c^  -  5  c^  =  VW^  =  2  c  vH. 

46.  (Vl4a;+xV27)(Vl4x-x\'^)  =  >/196a«-27a;a=V'169^=13a;. 
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4.  V50  ^VS=  ^/^  =  V^-  =  |. 

5.  V72--2V6  =  iVl2=V3. 

6.  4V6-^V40  =  4\/J=\^. 

7.  6\/7-r-VT2e  =  6V?y  =  v5. 

8.  ^^v^=^H6-^  =  ^. 

10.  7V75-f-6V^  =  36V3-^10V7  =  }Vy  =  Jv^, 

11.  v^-5-v^=v^^66-f.v^32  =  v^=V'2. 
18.    2v^-.V8  =  2v^Ii4-*-2\/2 

=  v^T4i--\/8=\/l8. 
18.    v^-^V^=  ^^S2^-=-\/x8y8 

=  ^$  =  ^^«'^- 

14.    V2^-ir  ^a^^=bV2ab-^ab=:-y/2ab, 

a  

X     15.    \^^^^ -i- V2^  =  </€M  ^  y/Sc^  =  y/Yax 

16.  \/9l^ ■-- VSab  =  VW^b^ -r- y/W^filfi  =  y/Sab. 

17.  y/4^  ■-- </2s^  =  t^Sl^ -^  Vi^  =  y/W^ 

18.  Vir:r6^vT+T=^y^  =  V^S=JXT 

19.  3^i-V|  =  3v/i-^iv^  =  6v/^  =  2v^. 
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^     VS\  ViE-VS  2j     V2  I  V6--2V3+4 

V6-      1  '  V3-2V|4-V8 

=  V3- V6  +  2>/2. 
iV6  I  V2  +  2  +  ^\/42 
3Vj  +  6Vi+V7 
=  V3+V6+V7. 
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23.    (5v^  +  6\/3)-(v^  +  vl5)  =  (V^+\/76)-i-(Vl0+Vl6)==V6. 


24. 


5  +  6v^  +  36 
5  4-  2  V30     ' 
8\/30  +  36 
3V30  +  36 


V5  +  2V6 


V5  +  3>/6 


4.  (3V56)2  =  3-^(a6)*  =  9a6. . 

6.  (2v'3lc)«  =  22.34*=4v/9^. 

6.  (x\/2^)2  =  (a;2^2)2  =  x*  •  2*  =  x*v^. 

7.  (n2VT6)2  =  n*(4  6)^=4  6n*. 

8.  (av^)2  =  a2(rt2)i6i  =  a2.a.6^  =  a8V5. 

9.  (2\/6)8  =  28.6*  =  8.5.5i  =  40V6. 

10.  (3\^)8  =  88.2*  =  27.2.2i  =  54V2. 

11.  (2v^)8  =  28(a2)i  =  8a2. 

12.  (\/S2p)8  =  (a268)i  =  aid*  =  ab^  •  a^fti  =  ab^  v^. 

13.  (\/47?)8  =  (4  »8)4  =  (4n8)i  =  v/4^  =  2  nVn. 

14.  (-  2  V2^)*  =  16  (2  ab)i  =  16  (2  ab)^  =  64  a^fta. 
16.  (-V2\^)8=-(2)i«*=-2.2ixi=-2\/2^. 

16.  (-  V2  \/aa2)*  =  2*  (aa;2)t  =  4  a«2  (aa;2)i  =  4ax^  y/a^. 

17.  (-  2  V«  v^)6  =  (-  2)6xtyt  =  -  32  a;2y  .  xiyi 

=  -  32  5c2y  .  xiyi  =-32  a;2y  v^V- 

n     n 

18.  (-3a^x8)«  =  (-8)8a3«a;2»  =  729a«^2«. 
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19.  (2  +  V6)2  =  22 +  2.  2  V6  +  (V6)a 

=  4  +  4  V6_4  6 
=  10  +  4  V6. 

20.  (2  +  >/2)2  =  22  +  2.2  V2  +  (V^)a 

=  4  +  4  V2  +  2 
=  6  +  4  V2. 

21.  (2  +  y/%y  =  28  +  3  (2)2  Vs  +  3  •  2  (\/6)2  +  (  V6)« 

=  8  +  12  >/6  +  30  +  5  V6 
=  38  +  17  V6. 
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*28.    (2  -  \/3)8  =  28-3  (2)2  V3  +  3  .  2  (  V3)2  -  ( v^)8 
=  8  -  12  V3  +  18  -  3  V3 
=  26-15  V3. 

28.  (V7-V6)2  =  (V7)2-2V7V6  +  (V6)a 

=  7-2Vi2  +  6 
=  13-2  V42. 

24.  (2V^-V3)2=(2V2)2-2.2  V2V3  +  (\/3)a 

=  8-4V6  +  3 
=  11-4V'6. 

25.  (\/S±l)2  =  (Va)2±2V».l  +  ia 

=  a;  i  2  Vx  +  1. 

26.  (  Va  -  VEy  =  (\/a)8  -  3  ( Va)2  V6  +  3  Va (  V6)2  -  ( V6)« 

=  aVa-3aVS  +  36Va-6V6. 

27.  ( V«  i  1)8  =  ( V«)8  d:  3(  Va)2  .1  +  3  Vx(l)2  ^  (1)8 

=  xVxd:3a;  +  3Vx±l. 

29.  Vv^  =  (2i)i  =  2l=v^.  31.   Wx^  =  ^xi)i  =  xi  =  Vx. 

30.  Vv^=(6i)i  =  6i  =  v^.  32.   VT^  =(x8)i  =  x«  =  v^. 
88.    V^  =  (xV)i  =  x*  =  x.x*  =  x\/i. 


84.  VVo^  =  [(a"x2)«]i  =  (a»x2)IS  =  "^J/^ii^. 

86.  ^v¥^  =  [(2x)i]i  =  (2x)i  =  \^. 

86.  -y/VTa^  =  [(7  a8)i]i  =  (7  a^)i  =  \/fa8. 

87.  ^\/8^^  =  (8* mixi)i  =  (2* mixi)i  =  2* mixi  =  \/2tox. 

88.  ^^-  27  \/^  =  v^-  27  x8  =  ^  3  a;. 

89.  V-\/a^=- [(a&)2]i=-(a6)«=-\/a«6» 

40.  -y/-  64  \/^  =  (-  64)i[(ay)*]lf  =-  4  (ay)i  =-4  v^. 

41.  VTT^  =  Vv^(2ax2)2  =  [(2  ax2)*]i  =  (2  ax^)i  =  Woo?. 

42.  ^ Vffi^  =  \/a6x2  =  a2  \^ . 

48.  ( V8flW)i  =  [ V(2 ax)8]i  =  [(2 ax)i]i  =  (2 ax)i  =  vTox. 

i_  ^  Jl  1 

44.  (\/x^)"'»=  [(x2^)2]'»«=(icy)2«  =  Vxy. 
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1.  J_^5^g^5x  1.41421  ^3^^ 

•  ^/2         2  2 

2  2    _2V6_2  X  2.23607^  g^^^ 

*  V6         ^  ^ 

3  6    ^  6  V^  ^  6  X  1.41421  ^  3  x  1.41421  ^  p  ^p^g 

'  v^         4  4  2 

^      10    ^  10  V5  ^  10  X  2.23607  _  2  x  2.23607  _  ^  ^^^ 

'  V45         16  16  3 

g      16    ^  15  v/2  ^  15  X  1.41421  ^  8  x  1.41421  ^  ^  j^^^g 

•  V60         10  10  2 

6.  -1-  =  :^  =  2:???^  =.0804. 


9. 


10. 


11. 


VI26       25         .  25 

y/6  _  y/exVT^  ^y/mx  -^T728^\/62208^2v/972^\^^972 
Vl2"Vl2xVl2  12  12-12  6 


12.  Ji— ^=V^±^=V— 


-  2     ac  4-  2      Vx^  -  4 


:  X 


2''x  +  2        X4-2 


8. 
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8(2 -V3) ^3(2-V3)^g_3^3 


2  4-V3      (2+ V3)(2- V3)  ^-^ 

6(V5  4-V3)  ^6(V5+V3) 


•    v'6->/3      (V6-\/3)(\/6+ V3)  6-3 

^5CV6+\/3) 
2 

g     V3+  V2^(V3+a/2)(V3  4- V2)^3  4-2V6  +  2^g  ^  g^^-^ 
'    V3-V2      (V3-  V^)(\/3+ V2)  3-2 

g     5-3V2^(5-3V2)C2+  V2)  _4  -  >/2  _4  -  V2_ 
2~V2        (2- \/2)(2+ V2)         4-2  2 
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^    a  -  2 V&  ^  (q  -  2 V5)(a  -  2V&)  _  o«  -  4  aVft  +  46 
a  +  2V6     (a  +  2V6)(a-2>/6)  a2_4  5 

g    v^+  Vy_  (Vic+  Vy)(Vg+  Vy")_a;  +  2Viey  +  y 

^    4V^  +  6a/3  ^  2(8 V3  +  2\/2)(3\/8  +  2 V2)  ^  2(27  +  12  V6  +  8) 
8^/8-2^2      (3V3-2>/2)(8\/3+2V2)  *^7  -  8 

^70  +  24  Ve, 
19 

a;_V^TrT^(a;,Va;g~l)(a;-Va;g-l)^gg--2gv^^4-a;^-l 
aj4.Vx2:rT     (aj  +  V^^ITDCaj-Vx-i-l)  ga_(a;a,i) 

=  2xa-2a;\/aJ«-l-l. 

V^+  g  +  1  -  1  ^  (Vqa  +  q  4-  1  -  1)( V^+  g  +  1  -  1) 

Vaa  +  a  +  1  +  1      ( Vq^  +  a  +  1  +  l)(>/fl^  +  a  +  1  -  1) 
_q»  +  q  +  1  -  2Vq2  4-q+l  +  l_fla  +  a  +  2-  2Vag  +  fl  +  1 
a2  +  a  +  1  -  1  a^-\-a. 

y/x-^y  —  ^/x  —  y__{y/x-\-y^^/X'-  y)(>/3cT^  —  Vg"—  y) 
Vx  +  y  +  Vx  —  y     (Vx  +  y  +  Vx— y)(Vx  +  y  —  Vx  —  y) 
__  X  +  y  -  2  Vx^  -,ya  +  x-.y__2x~2  Vx^  -  y  ^  _  x  -  Vx^  -  y^ 
x  +  y-(x-y)  2y  y 

8- V8^(8-V3)(2  4  V3)^18  +  6>/3^^3  ^  g^/g 
2-\/3      (2- V3)(2+ VS)  4-3 

=  13  +  6  X  1.782  =  28.892. 

14.  _1_^       4(8 -V6)        ^12-4V6^3_^/^^3_g^3Q^y^ 

34.  V6      (8+V6)(8-\/6)         »-5 

15.  V8+ v^^(>/8+ v^)(V3H-v/2)^3  +  2V6  +  2^^  ^  g^/g 
\/3-v^      (V3- v^)(V3+ V2)  3-2 

=  6  +  2  X  2.449  =  9.898. 
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j^     V2-V6-.V7^(V^-V7)-  V5  ^^  (  V2  -  V7)+  >/6 
\/2+V6  +  V7      (V2  +  V5)+V7      (V2  +  V6)-V? 
^2-2vT4  +  7~6^4-2Vi4 

2  +  2V10  +  5-7         2\/i0 
_2- Vl4^2VlO-2V36_  VlO- V35 
Vio  10  fi        ' 
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18. 


V3  4-  v^       J         VS  +  \/2 


V3  H-  V2  -H  V6 


19. 


90. 


22. 


28. 


24. 


_3  +  2V64-2  +  3v^  +  2V3_2V6  +  6  +  3v^  +  2V3 

3  +  2  V6 +  2-6  2V«-1 

_  (2  V6  +  5  +  3  V2  +  2  V3)(2  \/6  +  1) 
(2V6-l)(2\/6  +  1) 

_  24  +  10  V6  +  12  V3  +  12  V2  +  2  Va  +  5  +  3  V2  +  2  >/3 
24-1 

_  29  +  12  V6  +■  14  V3  +  15  v^ 
23 

1  v^  4-  Va  -  >/5 

V^+ V3+ V5      (\/2+  \/3+  V6)(\/2+\/3-  Vs) 
^  V2+V3-V5^V2+V3-V5 

2  +  2^6  +  3-5  2v/6 

_2V3  +  3V2-  V30_2\/3  +  3V2~- V30 
2V6.V6  12 

2V2-3V3  +  4V6^2\^-3\/3  +  4V6^    v^+VS+VS 
V2+V3-V5  (V2  +  V3)-V6        (v^  +  V3)+>/6 

_15-  V^  +  6vl0  +  \/l6 

2^6 
_  15  V6  -  6  +  12  VlE  +  3  VIO 

12 
^6V6-2  +  4Vl5  +  ViO 
4 

v^a6      _     ahha^  +  a^b^  +  bh      _  aM(a^  +  qV  +  6*) 
.\/a- \/6      (a*-6i)(a*  +  oM  +  6*)  ^""^ 

2         _        2(a;^-gty^  +  a:y-a;M  +  gV-y^) 

v^  +  ^y      (x^  +  yi)  (ic*  -  xV  +  «y  -  a;*y*  +  « V  -  vh 

_  2  (a;»  -  yJy^  +  xy  -  x^y^  +  g V  —  y^) 

\^^      _.     g^fe^Ca^  +  ah^  +  g^y  +  gH*  +  Jb^  +  6^^) 

v^  -  ^^^     (g*  -  6*)  (g'^  +  g*6*  +  g^fts  +  Jb^  +  g*6«  +  6^) 

_  g*&^(g^'  +  g^&^  +  a^b^  +  g^ft^  +  ah^  +  fe'^') 
g*  -  6» 
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y/a-Vh     (fll  _  fti)(af  ^  ah^  +  ah  +  6*) 
^  (q^  +  b)  (gi  +  ah^  +  ah  +  &^) 


Va—  VS 
_     a^x^(a^+a^x^+a^x^+d^xi  +  '"-hax^-\-a^x^  +  a^x^+x^) 


06-x3 


87. 


y/x^ 


_     a;MC3c'~g*y^+x^y^~ac8y^4-a;^y^ 4-x  V'^-xy^+g^y'^-y^) 

(x*+y*K«*-a^y*+«M-a^*+«V^----+«*y^'--«y'^Vxiy^*---y^') 

_  a;^y»(x^--g*y^+x^yg— x8yg+xiyy hx'y  » -xy^+x^y '^— y"). 

x6-y« 
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®-  Vl2-6V3=  Vl2-2V27  =  \/9-  V3  =  3- V3. 

10.  Vl7  +  12v/2=  Vl7+2V72  =  V9+  V8  =  3  +  2v^. 

11.  Vl2  +  4  V5  =  Vl2  +  2  V20  =  VlO  +  V2. 

12.  VlH-4V7  =  VlH-2V28  =  V7  +  V4  =  V7  +  2. 
18.  Vl6-6>/tt  =  Vl6-2V64  =  V9-  V6=3- V6. 
14-  V18+6V6  =  V18  +  2  \/45  =  V16  +  Vs. 
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17.  Va2  +  6  +  2  a  V6  =  Va2  +  6  +  2  Vo^ft  =  Vo^  +  V6  =  a  +  VS. 

18.  V2  a  -  2  Vcfi^^^  =  V(a  +  6)  +  (a  -  6)  -  2  V(aT"&)  (a  -  6) 

=  Va+  6  —  Va  — 6. 
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2.   Let  Vx+  v^=  V26-HQV6.  C^) 

Then,  Vi  -  Vy  =  V26  - 10  V6.     _  (2) 

Multiplying  (1)  by  (2),  x -j  =  V626  -  600  =  V26  =  6.       (3) 

Squaring  (1),  x+y  +  2 y/xy  =  26  +  10  V6. 

.-.  a5  +  y  =  26.  (4) 

Solving  (4)  and  (3),  x  =  16,  y  =  10. 

.-.  Vx  =  >/l5,  Vy  =  ViO. 
Hence,  V26  + 10  Vg  =  Vl6  +  vlO. 


8.  Let  Vx+  v^=  Vl9  +  6V^.  (1) 

Then,  Vx  -  Vy  =  Vl9  -  6  V2.  (2) 

Multiplying  (1)  by  (2),  x-y  =  V361  -  72  =  \/289  =  17.    (3) 

Squaring  (1),  x  +  y  +  2  Vxy  =  19 +  6  V2. 

.•.x  +  y  =  19.  (4) 

Solving  (4)  and  (3),  x  =  18,  y  =  1. 

.-.  Vx  =  3 V2,  Vy  =  1. 
Hence,.  Vl9 +  6  V2  =  3  v^+ 1. 


4.  Let  Vx  +  V^  =  V45  -f  30  V^.  (1) 

Then,  Vx  -  Vy  =  •V45-30V2.  (2) 

Multiplying  (1)  by  (2),  x  -  y  =  V2025  -  1800  =  V226  =  16.    (3) 

Squaring  (1),  «  +  y  +  2  V^  =  46  +  30  V2. 

.'.  x+y=46.  (4) 

Solving  (4)  and  (3),  x  =  30^  =  16. 

.-.  Vx  =  V30,  Vy  =  VI6. 
Hence,  V45  +  30  V2  =  V30  +  Vl5. 


6.  Let  Vx  -  Vy  =  V36  -  14  V6.  (1) 

Then,  Vx  +  v^  =  V36  +  14  V6.  (2) 

Multiplying  (1)  by  (2),  x  -y  =  Vr225  -  1176  =  VlO  =  7.        (3) 

Squaring  (2),  x  +  y  +2  Vxy  =  36  +  14  V6. 

.-.  x  +  y  =  36.  (4) 

Solving  (4;  and  (3),  x=21^y  =  14.       _ 

.-.  Vx  =  V2I,  Vy  =  Vl4. 
Hence,  ^^36  -  14  V6  =  V2T  -  Vli. 


6.  Let  y/x+  Vy  =  Vll+6V2.  (1) 

Then,  Vx-  Vy  =  Vll-6v^.     _  (2) 

Multiplying  (1)  by  (2),  x  -_y  =  Vl21  -  72  =  V49  =  7.  (3) 

Squaring  (1),  x  +  y  +  2  Vxy  =  11  +  QV2. 

.-.  x  +  y  =  1ll.  (4) 
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Solving  (4)  and  (3),  x  =  9,  y  =  2. 

.-.  y/x  =  3,  Vy  =  v^. 
Hence,  Vll  +  6V^  =  3  +  V2. 

7.   Let  v^- V^  =  V24~8V6.  (1) 

Then,  Vx+  v^=  V24  +  8V6.  (2) 

Multiplying  (1)  by  (2),  «  -j/  =  V676-320  =  V266  =  16.       (3) 

Squaring  (2),  a  +  y  H-  2Va^  =  24  +  SVS. 

.-.  a;-f-y  =  24.  (4) 

Solving  (4)  and  (3),  x  =  20,  ^  =  4. 

\/«=2v'6,  Vy  =  2. 


Hence, 

V24-8V6=2V6-2. 

8.   Let 

v^-f  Vy  =  Vl6  +  6VT. 

0) 

Then, 

Vx- Vy=  \/l6-6V7. 

(2) 

Multiplying  (1)  by  (2; 
Squaring  (1),             % 

Solving  (4)  and  (3), 

>,            X-  y=  V266  -  262  =  V4  =  2. 
+  y  +  2v^  =  16  +  6  V7. 
.•.x+y  =  16. 

X  =  9,  y  =  7. 
.-.  v^  =  3,  v^=  V7. 

(3) 
(4) 

Hence, 

Vl6  +  6V7  =  3+ V7. 

9.   Let 

Vi-\/y=  V21-8>/5. 

(1) 

Then, 

Vx+ v^  =  V21  +  8\/6. 

(2) 

Multiplying  (1)  by  (2] 
Squaring  (2),             x 

Solvmg  (4)  and  (3), 

>,           X  -  y  =  V441  -  320  =  V121  =  11. 
+  y  4-  2  Vxy  =  21  +  8  VF. 
.-.  x  +  y  =  21. 

X  =  16,  3/  =  6. 
.-.  Vx  =  4,  \/y=  V6. 

(3) 
(4) 

Hence, 

V21-8V6=4-  Vs. 

10.   Let 

VJ-v^=  V47-12\/n. 

(1) 

Then, 

v^  +  Vy  =  V47  +  12V11. 

(2) 

Multiplying  (1)  by  (2),  x  -j^=  V2209  -  1684  =  V626  =  26.  (3) 

Squaring  (2),  x  +  y  +  2  Vxy  =  47  +  12  Vll. 

.•.x  +  y  =  47.  (4) 

Solving  (4)  and  (3),  x  =  36,  y  =  11. 

.-.  v^=6,   Vy=  vTi. 
Hence,  V47  -  12  VTI  =  6  -  Vll. 

11.  Let  Vx+ Vy  =  V66-f  32V3.  (1) 

Then,  Vx  -  v^  =  V56-32V3.  (2) 

Multiplying  (1)  by  (2),  x  -  y  =  V3136  -  3072  =  V64  x=  8.       (3) 
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Squaring  (1),  x  +  y  +  2  V^  =  66  +  32\/3. 

.-.  «  +  y=56.  (4) 

Solving  (4)  and  (3),  x-  32,  y  -  24. 

.-.  Vx=4V2\   Vy  =  2V6. 
Hence,  y66  +  32  V3  =  4  V2  +  2  V6. 

12.  Let  Vx-  Vy  =  V35-12v^.  (1) 

Then,  Vx  +  Vy  =  V36  +  12\/6.  (2) 

Multiplying  (1)  by  (2),  x  -  y  =  V1225  -  864  =  >/36i  =  19.      (3) 

Squaring  (2),  x  4-  y  +  2\/xy  =  35  +  12  V6. 

.-.  x  +  y  =  35.  (4) 

Solving  (4)  and  (3),  x  =  27,  y  =  8. 

.-.  Vx  =3>/3,  Vy  =  2V2. 
Hence,  V36  -  12\/6  =  3  V3  -  2  V2. 


13.   Let  Vx  -  vV  =  V66-12V3.  (1^ 

Then,  Vx  +  Vy  =  V66  +  12V3.         (2) 

Multiplying  (1)  by  (2),  x  -  y  =  V3136  -  432  =  V2704  =  62.    (3) 

Squaring  (2),  x  ■\- y  -V  2Vxy  =  66  +  12 V3. 

.-.  x+y=56.  (4) 

Solving  (4)  and  (3),     .  x  =  64,  y  =  2. 

.-.  v^  =  3V6,  v^=V2. 
Hence,  V66-12V3  =  3  V6  -  V2. 


14.   Let  Vx  +  v^=V2  +  V3.  (1) 

Then,  Vx  -  Vy  =  V2-V3.  (2) 

Multiplying  (1)  by  (2) ,  x  -  y  =  V4  -  3  =  1.  (3) 

Squaring  (1),  x  +  y  +  2  Vxy  =  2  +  VS. 

/.  X  4-  y  =  2.  '  (4) 

Solving  (4)  and  (3),  x  =  |,  y_=  J. 

/.yx  =  ^V6,,V^  =  iV2. 
Hence,  V2  +  V3  =  i  V6  + J  V^. 


16.   Let  Vx+v^=V6  +  V36.  (1) 

Then,  Vx  -  Vy  =  Ve  -  V36.  (2) 

Multiplying  (1)  by  (2),  x  -_y  =  V36--36  =  1.  (3) 

Squaring  (1),  x  -}-  y  +  2  Vxy  =  6  +  V35. 

.•.x  +  y  =  6.  (4) 

Solving  (4)  and  (3),  x  =  |,  y^  f. 

.-.  Vx  =  i  Vl4,  Vy  =  i  VIO. 
Hence,  Ve  +  V36  =  i  Vl4  +  J  VlO. 
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16.  Let  Vx  +  v^  =  Vl  -i-  j  v^.  (1) 
Then,  Vx  -  Vy  =  VI- j  V2.  (2) 
Multiplying  (1)  by  (2),  x-y  =  y/T^  =  >/i  =  J.  ,  (3) 
Squaring  (^1),              a;  4-y  +  2  Viy  =  1  +  f  \/2. 

/.  a  +  y  =  l.  (4) 

Solving  (4)  and  (3),  a;  =  },  y  =  J. 

/.  Va;  =  |>/6,  v^  =  jV3. 
Hence,  Vl  +  J  v'2  =  J  V6  4-  J  VS. 

17.  Let  Vx-\-  v^=V2  +  j>/6.  (1) 
Then,  Vi  -  Vy  =  V2  -  j  >/6.  _  (2) 
Multiplying  (1 )  by  (2),  a; -y  =  \/4"^  =  V^  =  f  (3) 
Squaring  (1),              a;  +  y  +  2  Va^^  =  2  +  J  V«. 

.-.  a;-|-y=2.  (4) 

Solving  (4)  and  (3),  x  =  J,  y  =  J.  _ 

A  v^  =  i  V36,  Vy  =  f  V6. 
Hence,  V2  +  J  V6  =  J  V30  4-  f  V^. 

18.  Let  VS  4-  v^  =  V30  4-  20  V2.  (1) 
Then,  Vi  -  Vy  =  V30  -  20  V2.  (2) 
Multiplying  (1)  by  (2),  a;  -y  =  V900  -  800  =  VlOO  =  10.  (3) 
Squaring  (1),             a;  4-  y  4-  2  Vajy  =  30  4-  20  V2. 

.-.  a;  4-  y  =  30.  (4) 

Solving  (4)  and  (3),  a;  =  20,  y  =  10. 

.\Vx  =  2  V6,  Vy  =  VlO. 
Hence,  V30  4-  20  V2  =  2  V6  4-  vlO. 

19.  Let  Vx-yJy-  V18  -  6  V5.  (1) 
Then,  Vx  4-  Vy  =  V184-6  Vs.  (2) 
Multiplying  (1)  by  (2),  a:  -y  =  VS^T-^IhO  =  Vlii  =  12.  (3) 
Squaring  (2),              a;  4-  y  4-  2  Vxy  =  18  4-  6  V5. 

.-.  a;  4-  y  =  18.  (4) 

Solving  (4)  and  (3),  x  =  15^y=:3. 

/.  v^  =  >/l6,  Vy=V3. 
Hence,  V18  -  6  V6  =  Vl5  -  VS. 
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12.  Va;4-  16- Vx  =  2. 
Transposing,  V:r  +  16  =  Vi  +  2. 

Squaring,  a:  +  16  =  x  +  4  VJ  4-  4. 

Canceling,  etc.,  Vx  =  3. 

Squaring,  a:  =  9. 
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18. 

V2a;-V2a;-16  =  l. 

Transpofling, 

V2x-l=V2x-16. 

Squaring, 

2a;-2V2a:+l  =  2a;-16. 

Canceling,  etc., 
Squaring,  etc.. 

V2a;  =  8. 
x  =  32. 

14. 

Squaring, 
Canceling  x*  =  a^, 
Solving, 

Va^  +  X  +  1  =  2  -  X. 
x2  +  a;4- 1  =4-4x-|-x*. 
x  +  l  =  4-4x. 
x  =  j. 

15. 

8Vxa-9  =  3x-3. 

.  Dividing  by  8, 
Squaring, 
Canceling  «2  =  q^^ 
Solving, 

Vx2  -  9  =  x  -  1. 
xa-9  =  ai2-2x  +  l. 
-9  =  -2x+l. 
x  =  6. 

16. 

Vx  +  2=Vx  +  32. 

Squaring, 

X  +  4  Vx  4-  4  =  x  +  32. 

Simplifying, 

4  Vx  =  28. 

Dividing  by  4  and  squaring,  x  =  49. 

17.  6  —  Vx-h6  =  Vx. 

Transposing,  —  Vx  +  6  =  Vx  —  5. 

Squaring,  §  276,  Prin.  1,  x  +  5  =  x  -  10  Vx  +  26. 

Canceling,  etc. ,  10  Vx  =  20. 

Dividing  by  10  and  squaring,  x  =  4. 
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18. 

Transposing, 
Squaring, 
Canceling  x*  =  %\ 
Solving, 

Vx«-.6x  +  7  +  2  =  x. 

Vx"^-6x  +  7  =  x-2. 
aj2-6x4-7  =  x2-4x  +  4, 
-6x4-7  =-4x4- 4. 
x  =  3. 

19. 

V9x4-8  4-V9x-4=:0. 

Transposing, 

V9x-4=-V9x4-8. 

Squaring,  §  276,  Prin.  1,  9x  -  8 Vt)x  4- 16  =  9x  4-  8. 
Canceling  9x  =  9x,  -  8Vyx  -f  ^  =  8. 

Dividing  by  —  8,  transposing,  etc.,     V9x  =  1. 
Squaring,  9x=l. 

.•.x  =  i. 


20.  4-V4-8x4-9x--^  =  3x. 

Transposing,  —  V4  —  8x-f9x2  =  3x  —  4. 

Squaring,  §  276,  Prin.  1,         4  -  8x  +  9x2=  9x2  -  24 x  4-  ig. 
Canceling  9x2  =  9x2,  4  -  8x  =-  24x  4-  16. 

Solving,  X  =  }. 
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21.  V2(l-a;)(8-2a;)-  1  =  2x. 
Transposing,  V2(l -a;)(3- 2  a;)  =  2  a;  -f  1 . 
Squaring,  2(1  -  a;)(3  -  2a:)  =  4a;a  +  4x  4- 1. 
Expanding,  6  —  10a;  +  4a;a  =  4a;a  +  4x-hl. 
Canceling  4x*  =  4x2,  6  —  10a;  =  4a;  +  1. 
Solving,  a  =  A- 

22.  \/2x-l+V2x  4-4  =  6. 
Transposing,  \/2x-  1  =  6  -  V2x  +  4. 

Squaring,  2 x  -  1  =  26  -  10V2x  +  4  4- (2 x  4-  4). 

Canceling  2  x  =  2  x,  transposing  and  uniting  terms, 

10V2X4-4  =  30. 
Dividing  by  10  and  squaring,  2x4-4=9. 
Solving,  X  =  f . 


28.  V3x-6  4-  V3X4-7  =  6. 

Transposing,  V8x4-7  =  6  —  V3x  — 6. 

Squaring,  3x  4-  7  =  36  -  12V3x-6  4-  (3 x  -  6). 

Canceling  3x  =  8x,  transposing  and  uniting  terms, 

12\/3x-5=24. 
Dividing  by  12  and  squaring,  3x  —  6  =  4. 
Solving,  X  =  3. 

24.  Vl6x-f  3  4-  V16X4-8  =  5. 

Transposing,  Vl6x4-8  =  6  -  V16x4-3. 

Squaring,  16 x  -f  8  =  26  -  10Vl6x-f  3  4-  (16  x  4-  3). 

Canceling  16  x  =  16  x,  transposing  and  uniting  terms, 

10Vl6x4-3=20. 
Dividing  by  10  and  squaring,  16  x  4-  3  =  4. 
Solving,  a  =  A. 

^-  Vl  4-3:^x2^11=1  4- X. 

Squaring,  1  4-  xVx^  +  12  =  1  4-  2x  4-  x^. 

Canceling  1  =  1  and  dividing  by  x,      ^/z^  4- 12  =  2  4-  x. 
Squaring,  x^  4- 12  =  4  4-  4  x  +  x^. 

Canceling  x^  =  x*,  12  =  4  4-  4  x. 

Solving,  X  =  2. 

Note.  —  The  given  equation  is  satisfied  also  for  x  =  0. 


^-  V7  4-  3\/6x-16-4  =  0. 

Transposing,  V7  +  3  >/6x^l6  =  4. 

Squaring,  i  7  4-3  V6x-  16  =  16. 

Transposing,  uniting  terms,  and  dividing  by  3, 

V6x-  16  =  3. 
Squaring,  6x-16=9. 

Solving,  X  =  5. 
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27.  2g-V4a;g->vl6x2'_7  =  i, 

Transposing,  —  V4  x^  —  Vl6a;^— 7  =  1  —  2  «. 

Squaring,  4  x2  -  Vl6x-^-7  =  l-4x  +  4x2. 

Canceling  4  x^  =  4  x^^  -  Vl6x=2  — 7  =  1  -  4  x. 

Squaring,  §  276,  Prin.  1,  16  x2  -  7  =  1  -  8  x  +  16 ««. 

Canceling  16  x^  =  16  x2,  -  7  =  1  -  8  x. 

Solving,  X  =  1. 

28.  2\/x--V4x^^22-V2=0. 
Dividing  by  V2,  V2 x  —  V2x  — 11  — 1  =  0. 
Transposing,  —  \/2x—  11  =  1  —  V2x. 
Squaring,  2x  -  11=  1  —  2  V2x  +  2x. 
Canceling 2x  =  2 x,  etc.,  —  12  =—  2v^x. 
Dividing  by  -  2,  6  =  V2x. 
Squaring,  etc.,  x  =  18. 

29.  V2(x+l)4-V2x-l=\/8x  +  l. 
Squaring,  2x  +  2  +  2V4x2  +  2x-"2  +  2x-  1  =8x  +  l. 
Transposing  and  uniting  terms,  2  V4  x^  +  2  x  —  2  =  4  x. 
Squaring,  16  x^  +  8  x  -  8  =  16  x^. 
Canceling  16  x^  =  16  x^,  8  x  -  8  =  0. 
Solving,  X  =  1. 


80.  V3x  +  7  +  V4x-3=V4x  +  44-V3x. 

Squaring, 


3x+7+2\/l2x2+19x-21+4x-3=4x+4+2Vl2x2+12x+3a;. 
Uniting  terms,  2  >/l2  x^  +  19  x  —  21  =  2  V12  x-*  +  12  x. 

Dividing  by  2,  and  squaring, 

12  x2  +  19  X  -  21  =  12  x2 -h  12  X. 
Canceling  12  x^  =  12  x\  19  x  -  21  =  12  x. 

Solving,  X  =  3. 

31.  VV>/2x+lB  =  2.                                        (1 ) 

Squaring  (1),  VV2x  +  66  =  4.                                        (2) 

Squaring  (2),  V2x  +  66  =  16.                                      (8) 

Squaring  (3) ,  2  x  +  66  =  266. 

Solving,  X  =  100. 


82.  \7  +  \1  +  V4  +  Vl  +  2  Vx  =  3. 

Squaring,  7  +  \l+V4-hVl  +2\/x  =  9. 
Transposing,  etc.,  \  1  +  \4+Vl  +2Vx  =  2. 
Squaring,  l4-\4+Vl  +  2v^  =  4. 
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TranBposing,  etc.,  \4  +  Vl  +  2V«  =  3. 

Squaring,  4  +  Vl  +  2Vg  =  9. 

Transposing,  etc.,  Vl  +  2\/x  =  6. 

Squaring,  1  +  2  Vx  =  26. 

Transposing,  etc.,  2Vx  =  24. 

Dividing  by  2  and  squaring,  x  =  144. 

83-  ^ —  =  VSlTT^  4- V8731. 

V3a;  +  2 

Clearing  of  fractions,  5  =  3  a;  -|-  2  +  V9  a:'-*  +  3  sc  —  2. 

Transposing,  —  V9a;2-f-3aj-2  =  3a;—  3. 

Squaring,  9a;a4-3a;-2  =  9a;2_i8x4.9. 

Canceling  9  352  =  9  a;2^  21  a;  =  11. 

Solving,  «  =  H- 
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86.  V^4-9_\/2x  +  20 

V2X-7      V2a-12 
Reducing  to  mixed  numbers,    1  H ^^i? —  =  1+        ^^ 


\/2a;-7  \/2x-12 

Canjpling  1  =  1  and  dividing  by  16,  — 4 =  —= 

V2  X  -  7      V2  X  -  12 
Clearing  of  fractions,  etc.,       vTx  —  2\/2x  =  12  —  14. 

-  >/2x  =  -  2. 
Squaring,  etc.,  x  =  2. 

36.  Vg+18  ^      32      _^  ^^ 

\/x  +  2        Vx  +  6 

Vx  +  2      Vx  +  6 
1  2 


Canceling  1  =  1  and  dividing  by  16, 

Vx  +  2      Vx  +  6 
Clearing  of  fractions,  etc.,  Vx  —  2\/x  =  —  6  +  4. 

-Vx=-2. 
Squaring,  x  =  4. 

87.  Vg-1  _  Vg-3 

Vs  +  6      v's—  1 
Clearing  of  fractions,  5  —  1  =  Vs^  -|-  2  s  —  15. 

Squaring,  s3__2s-|-l=s2  +  2s  — 16. 

Canceling  tf^  =  g2^  -  2  5  +  1  =  2  s  -  15. 

Solving,  s  =  4. 
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88,  Vp-6_  \/p-8 

y/v  —  1      y/v  —  6 
Reducing  to  mixed  numbers,       1 =  1  —  - 


y/v—\  Vv  —  6 

fr  q 

Canceling  1=1,  changing  signs,        — — =  — — • 

•y/v  —  X      y/v  —  b 

Clearing  of  fractions,  etc.,  5  Vw  —  3  Vr  =  26  -  3. 

2Vt7  =  22. 
Dividing  by  2  and  squaring,  v  =  121 


89. 


Ve-3^  Ve-4 


Clearing  of  fractions,  Vi*  -  6 « +  6  =  \/«2  -  3  «  -  4. 

Squaring,  «3_5^_^.6  =  «2-3t-4. 

Canceling  t^  =  t\  -  6  <  +  «  =  -  3  «  -  4. 

Solving,  <  =  5. 


40. 


v^4-6_  V2r  +  2 
V2r  +  4      V2r  +  1 


2 
Reducing  to  mixed  numbers,   1  H = =  1  4- 


\/2r4-4  V2r+1 


Canceling  1  =  1,  — — : =  —= 

»>/2r  +  4      >/2r  +  l 

Clearing  of  fractions,  2 \/2r  +  2  =  \/2 r  +  4. 

V2r  =  2. 
Squaring,  etc.,  r  =  2. 


41. 


/ITn  +  V2n  +  3^8 
/iTn  _  V2  n  4-  3     ^ 


Clearing  of  fractions,  3Virn  +  3\/2n  +  3  =  8 Vlln  -  8V2n4-3. 
Transposing,  etc. ,  llV2n  +  3  =  5 Vlln. 

Dividing  by  Vll,  Vll  V2  »  +  3  =  6  Vn. 

Squaring,  22  n  +  33  =  25  n. 

Solving,  w  =  11. 


42. 

Reducing  to  lowest  terms, 


2 V2g  +  4  ^  3  V^TT  +  9 
2\/2«-4     3VX  +  1-9 

V2¥.f  2_  VxTl+3 


V2X-2      Vx  +  1  -  3 


Reducing  to  mixed  numbers,    1  -f =  1  +  ■ 


V2x -  2  Vx  4- 1  -  3 

2                     3 
Canceling  and  dividing  by  2,  -^=i =     ^ 

V2a;-2      Vx  +  1-3 
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Clearing  of  fractions,  etc.,  2Vx  +  l  —  3  V2x  =  6-6  =  0. 
Transposing  and  squaring,  18  x  =  4  sc  -f  4. 

Solving,  X  =  ^. 


43  Vm  +  1  —  Vw  —  1  _  1 . 

.  Vw  +  1  -f  Vm  -  1     2 
Clearing  of  fractions,  etc.,  Vw  -f  1  =  3  Vw  —  1. 

Squaring,  to  +  1  =  9(to  —  1). 

Solving,  TO  =  }. 

44,  V47TA+_2> 


V4«  +  3-2V«-l 


Clearing  of  fractions,  etc.,  12  V^  —  1  =  4V40  +  3. 

Dividing  by  4  and  squaring,  9(«—  l)=4«  +  3. 

Solving,  «  =  V' 


.-  VV5a;-9       VV6x-21 

^'  —  —  =  —  —  • 

VVSx  +  ll     Vvsai-ie 

Squanng,  -— = =  — ^= 

Vbx  +  n      V^-16 

Reducing  to  mixed  numbers,  1 :i:z =  1  — 


VSx  +  ll  \/6a-16 

Canceling  1  =  1  and  dividing  by  —  6, 

4         ^         1 

Vdx+n      V6X-16 
Clearing  of  fractions,  etc.,       4\/5ic  —  >/6a5  =  64  +  ll. 

V6a  =  26. 
Squaring,  etc.,  x  =  125. 

46.  ^-'^     =Vi  +  ^^^2V3. 

Vx-V8  2 

Reducing  the  first  member,  Vx  4-  VS  =  ^^  "*"  ^^  +  2  V3. 

2 

Clearing  of  fractions,  2Vx  +  2\/§  =  >/x  +  V3  +  4\/3. 

Transposing,  etc.,  Vx  =  3 VS. 

Squaring,  x  =  27. 

47.  \/2x-V2x-7  =  -      ^ 


V2X-7 


Clearing  of  fractions,  V4x^-14x— (2x-7)=  3. 
Transposing,  etc.,  >/4  x^  —  14  x  =  2  x  —  4. 

Squaring,  4x2  -  14  x  =  4x2  -  16x  4- 16. 

Canceling  4x2=  4  a52,  — 14x=  -16x+  16. 

Solving,  X  =  8. 
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Vx  +  a  —  Vaj  —  a  ^ 

Rationalizing  denominator, 

a;  +  g  +  2  Vo;'^  —  g^  4-  a;  -  a  . 

X  +  g  —  «  +  a 


^  =  2  + 


Vx2. 


Uniting  terms, 


x4-Vx2-a2_g      Vz^Z 
g  g 


Canceling 


Vx2  -  a2      Vx2  -  a^ 


x  =  2g. 


49.  Vx  +  Vx-(a-6)2  =  a  +  6. 

Transposing,  Vx— (a—  6)2  =  a+  6  —  Vx. 

Squaring,  etc.,      x  -  g^  +  2  a6  -  62  =  a^  +  2  aft  +  62  __  2(a  +  6)  Vac  -i-  x. 

Canceling,  etc.,  (a  -f  6)  Vx  =  0:2  ^  52 

Dividing  by  a  +  6  and  squaring,    x  =  (  ^  "^      )  . 

\  g  +  6  / 

gVx— 6>/x  =  g2+  62-2g6. 
Vx  =  a  —  6. 
x=(a-6)2. 


50. 

Dividing  by  g  —  6, 
Squaring, 

51. 

Transposing, 

Squaring, 

Canceling,  etc., 

Dividing  by  —  2  a  and  squaring, 


V5  gx  —  9  a2  +  a  =  V5ax. 


52. 


V6  ax  —  9  a2  =  V5ax  —  g. 
5ax  —  9a2  =  5ax  —  2aV5ax  +  a\ 
-10a2  =  -2aV6^. 
26a2  =  6ax. 
.-.  x  =  5a. 


Vx  +  3  a  = 


Clearing  of  fractions, 
Transposing,  etc., 
Squaring, 
Canceling  x2  =  x^, 
Solving, 


Vx+8a 


-Vi. 


x  +  3a  =  6a  —  Vx(x  +  3  a). 
X  —  3  a  =  —  Vx2  +  3  ax. 
x2  -  6  ox  -f  9  a2  =  x2  +  3  gx. 
-  6  gx  4-  9  a2  =  3  ax. 
X  =  g. 
Page  266 

54.  V2x  +  V3x_+  VSx  =  Vw. 

Factoring,  Vx(  v^  +  V3  +  V5)  =  Vw. 

Multiplying  by  V2  +  V3  —  V5, 

Vx  (2  +  2  Ve  +  3  -  5 )  =  V w  (  v^  +  V3  -  V6) . 
Vx  .  2  VO  =  Vm(  V2  +  V3  -  V5). 
Squaring,  24  x  =  m(  V2  +  V3  -  V6)2. 

.  ^_w(V2  4-V3-V6)2 
••^-^  24 


Digitized  by 


Google 


266, 267]  RADICALS  215 

66.  V2x  +  y/Sx  —  y/'6x=:y/c, 

Factoring,  Vx(  V2  -f  V3  -  V6)  =  Vc. 

Multiplying  by  V2  +  -k/S  +  Vs, 

Vx(2  +  2V6  +  3  -  6)  =  Vc(  V2  +  VS  +  \/6). 
Vx'2y/6=VclV2  +  y/S  +  VE). 
Squaring,  24  x  -  c(V2  +  VS -\-  VEy. 

,         c(V2  +  V3  +  V6)' 
•  24 


66.  Vg  -  q  +  V2(g  -  g)  =  V3  a  +  q  \/2. 

Factoring,  Va;  —  q(l  +  V2)  =  Vs  x  +  q  V2. 

Squaring,  (x -  q) (3  +  2 V2)  =Sx+a\/2, 

3 «  +  2 xV2  -3q-2qV2=3a;+  aV2, 
Transposing,  etc. ,  2a5\/2  =  3q  +  3 q V2. 


2\/2  4 

Page  267 

8.  V2lc4-V^-3  =  1.        

Transposing,  V2  a;  —  3  =  1  —  V2  a;. 

Squaring,  2 a:  -  3  =  1  - 2\/2«  +  2 x. 

Canceling  2 x  =  2 a;,  -3  =  1  -  2 V2^. 

Transposing,  squaring,  etc.,  x  =  2. 

Verifying,  V4  -\-  V4  — 3  =  24-1^1.    Hence,  the  equation  is  impossible. 
But  X  =  2  satisfies  the  equation  V¥x  —  V2  x  —  3  =  1. 

8.  V3x  +  7+V3x  =  7. 

Transposing,  V3x  +  7  =  7  —  VSx. 

Squaring,  3  x  +  7  =  49  —  UVSx  +  3  x. 

Canceling  3  x  =  3  x,  14  V3x  =  42. 

Dividing  by  14  and  squaring,  3  x  =  9. 

x  =  3. 
Verifying,   V9-f  7  +  ^  =  4  +  3  =  7.      Hence,  the  given  equation  is 
satisfied. 

4.  2Vx  +  v^x^TT  =  l. 

Transposing,  \/4  x  —  11  =  1  —  2Vx. 

Squaring,  4x—  11  =  1  —  4\/x-f4x. 

Canceling  4  x  =  4  x,  4  Vx  =  12. 

Dividing  by  4  and  squaring,  x  =  9. 

Verifying,    2  V9  +  V36  -ll  =  6-f6=jfcl.      Hence,   the    equation    is 

impossible.  

But  X  =  9  satisfies  the  equation  2  Vx  —  "\/4a5  —  U  =  X, 
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Transposing,  — 2\/a;  —  1  =  9—  V4ic4-6. 


Squaring,  4  x - 4  =  81  -  18V'4a;  +  5  +  4x4- 6. 

Canceling  4  x  =  4 x,  uniting  terms,  etc., 

18V4x+6  =  90. 
Dividing  by  18  and  squaring,       4  x  +  5  =  25. 

Solving,         X  =  6. 

Verifying,  V4  •  5  +  6  —  2\/5  —  1  =  5  —  4^9.    Hence,  the  equation  is 
impossible. 
But  X  =  5  satisfies  the  equation  \/4  x  +  6  +  2  Vx—  1  =  9. 

6.  \/4x  -  Vx  =  \/9x-32. 
Simplifying,  2  Vx  -  Vx  =  \/9x-32. 

\/i  =  V9x-32. 
Squaring,  x  =  9  x  —  32. 

Solving,  X  =  4. 

Verifying,  "\/4  •  4  —  V?  =  \/36  —  32,  or  2  =  2.     Hence,  the  equation  is 
satisfied. 

7.  VSx^l  -  1  =  V6X  +  16. 
Squaring,                       6x  -  1  — 2V5x  —  1  -|- 1  =  5x  +  16. 
Canceling  6  x  =  6  x,  —  2  V5  x  —  1  =  16. 
Dividing  by  2,  and  squaring,  6  x  —  1  =  64. 
Solving,         X  =  18. 

Verifying,  V66  —  1  —  1  =  8  —  1  =pfc  9.    Hence,  the  equation  is  imx)ossible. 
But  X  =  13  satisfies  the  equation     V5x— 1  +  1  =  V5 x  + 16. 


8.  Vx4-l-l-Va?+2-V4x4-  5  =  0. 

Transposing,  Vx  +  1  4-  Vx  +  2  =  V4  x  -f  5. 

Squaring,  x  -|- 1  +  2Vx^ -\- S  x  ^ -^  x -\- 2  =  4  x  +  5. 

Uniting  terms,  2Vx2  +  3x  +  2  =2x  +  2. 

Dividing  by  2,  and  squaring,  x2  4-3x+2  =  x2 +2x4-1. 

Canceling  x^  =  x^  and  solving,  x  =  — 1. 

Verifying,  V- 1  +  1  +  V-  1  -f  2  -  V-4  +  6  =  0  +  1-1=0.     Hence, 
the  equation  is  satisfied. 

9.  >/2(x2  +  3  X  -  5)  =  (x  +  2)  V2. 
Squaring,  2(x2  +  3  x  -  5)  =  2(x2  +  4  x  +  4). 
Dividing  by  2,  and  canceling  x^  =  x^,      3  x  —  5  =  4  x  +  4. 

.-.  x=-9. 
Verifying,  V2(81  -  27 -5)=  7  •  \/2  rjfc  -  7v^.     Hence,  the  equation 
Is  impossible. 

But  X  =  —  9  satisfies  the  equation  V2(x2+  3x  —  5)  =  —  (x  +  2) V2. 
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10. 


V«  — 4     Vaj  +  8 


Transposing, 
Squaring, 


Vx  -  6  _     Vg  +  1 

Vg-4        VF+E 
g--6_g-H 
z-4     g  +  s' 

Clearing  of  fractions,  a?  +  3g  —  40  =  g2-3g-4. 
Canceling  g^  =  g^,  transposing,  etc.,  6  g  =  36. 
■ .•.g  =  6. 

Verifvinc  ^^-^  -l  >^^  +  1  -  J_  .  JL  =fc  0       Hence,  the  equation 

But  g  =  6  satisfies  the  equation  >^a^-5_yg±_l  _  q 

Vg-4      Vg-f  8 

11.  Vi9g-hV2g  +  ll^g, 
'f  Vl9g-V2g4-Il 

Clearing  of  fractions,     6 VWx  4-  6 V2g  +  ll  =  13 VT9g  — 18 V2g+ll. 
Transposing,  etc. ,  19  V2  g  +  11  =  7  Vl9g. 

Dividing  by  Vl9,  Vl9  V2  g  +  11  =  7v^. 

Squaring,  19(2  g  +  11)  =  49  g. 

38g-f  209  =  49g. 

Solving,  g  =  19. 

\r^^f^ir.^    Vl9.19-hV38  +  ll  _19  4-7  __26__Q,    Hence,  the  equa- 
^^'  Vl9Tl9-V38Ttf  "  1»^  "  i^  "    *•  ^ion  is  satisfied. 

IMAGINARY  NUMBERS 
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10.    V3i  +  V^TIO  =2^^=14- 7^31  =  9  VITT. 

11.  vc^+>/=^==3Vt:n:+8vcn;  =  iiv^^. 

12.  2V^^  +  3>/^=n[=2.2>/^^  +  3\/in;  =  7\/3T. 
18.   V^ri2+ 4V^^  =  2V^^  +  4\/^^  =  6V^^. 
14.    6\/^^l8->/I^72  =  6.3>/^^-.6V^^  =  9V^^. 
16.  3  V"=^  -  V'^^^  =  3  .  2  V^^  -  W^^  =  2  V^rg. 

Page  270 


16.  V-  legggg  4- V-  q^g  -  V-  9aggg  

=  4  ag>/^^  +  axV^^  -  3  og V—  1=2  axV-  1. 

17.  (\/^^+3V^)  +  (V3a-3V3&)  =  2V^=^. 

18.  (V-9gy-y-gy)-(\/-4gy-f-V~gy) 

=  3  V—  gy  —  V—  gy  —  2  V—  xy  —  V—zy  =  — V—  gy. 
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19. 
80. 

81. 

88. 
85. 
86. 
87. 
88. 
89. 

80. 
81. 
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=  xy/^^  +  2  zV^-  xV-  X  +  3  x^>f^^ 

=  3x>/^^-|-2a;\/-a;. 

4  v^n:  -  3 .  2\/in: + sv^^  +  5v-  2  +  6v^^ 

3V^^  +  sV^^. 


yCTs +  avC:2~V^^98- 5V~2a2 
:  2v^^^  +  a V^^  -  7V-  2  -  5  .  a\/^ 
:  (_  5  -  4  a)  V^^  =  -(4  a  +  6)  V^^. 


VTTs  -  3VI  -  10  +  2V6-30 

=  2 v^^  -  3  .  3 V^^  -h  2  .  6V^  =  3\/^^, 

3 VITs  X  2\/^^^^  =  3\/6V^nr  X  2 Vl5 V^T 

=  6\/6\/5 V3(-  1)  =-  6  X  5 V3  =  -  30 V3. 

4  Vir27  X  V^^ll  ==  4  V27V^n;  X  V12  V^ 

=  4  X  3V3  X  2 V3(-  1)  =  -  24  X  3  =-  72. 

2 VITs  X  5\/^  =  2  X  2\/2 V=n  X  SVSV^ 
=  20V2>/3(- l)  =  -20\/6. 

gv^n:  X  v^^  =  8>/^=n:  x  hy/iv^^  =  s  &  v^c- 1) 

=  -86V6. 

\/iri26  X  V^^l08  =  5 V6\/^T  X  QVsV^  =  30 Vl6(-  1) 

=  -30Vl6. 
VinOO  X  V^^30  =  lOV^^VSoV^Il  =  -  10\/30. 

( vCTe -h  V^::^)  ( V^^  -  V^=r3) = ( \/i:6)2  -  ( v^)2 

=  -.6-(-3)  =  -64-3=—  3. 
Page  271 


=  —  a6  —  (—  a)  =  a  —  aft. 

88.    (V—icy+V— a;)(V—  a;y  +  v^^^) 

=  (V-  xyy  +  2 V-  a:y V^^  +( VI^)2 

=  -  xy  +  2  V^(>/^)2  +  (- x) 

=  —  xy  —  2xVy  —  X  =z—  x(y  +  2y/y  +  1). 

84.    yCTsO  -  \/^n2  =  6  V^=^  -  2  yi^ 

-  20     +      4  V6 

-  30      +      26  V6 
r-  60      -f      29  V6 
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36.    V—  a  +  V^^  +  V^^ 
V—  a  4-  y/—  b  —  V—  c 

—  o  —    Vab  —    v^ 

—    V  oft  —  6  —  VSc 
+    Vqc       -hVftc-hc 

—  fl  — 2Va6  -&  4-c 

39.    \/=^T8-^V^^=V6^/^-^\/^^=V6. 

41.    14V36^7V6V37^^^3^^ 
2^-7        V7v^^ 

^^    V8  +  3yi4^(2  4-3V7)^/2V3T^     ^^  ^  ^^^  ^^_^ 

V-2  V2(-l) 

^g     Vi2+v^^(2+l)V3V31^__3^^— ^^ 

vCTs  V3(-  1) 

46.  _:^^-2x/3T^^^-^ 
V3i  -1 

4r  ( V^)s  ^ 3(ycri)4 ^  3(^.  1)^ 3. 

48.     (V^)'=         1         ==        J_        =1^1. 

(x/zn:)i6    (V^)i-i   ((v-i)*}8   1* 


49      V4q6  __2  Va/jVcV-  1  _     2\/~  gc 
VITft^        V6.c(-1)  c 

f  V  1 

V-aft  VabV-l  «* 

53.    ^^        _=    ^"^  =  -1. 

vCr2.Vir2.V-l      -2V-I 
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REVIEW 
Page  272 


6.   Solving  for  y,  y  =  f  05  —  2. 

Whenx  =  0,  y=—2; 

when  X  =  4,  y  =  4. 

Locate  A  =  (0,  -  2),  B  =  (4,  4). 

A  straight  line  drawn  through  A 
and  B  is  the  graph  of  2  y  =  3  x  —  4. 


Page  273 

16.   Proceeding  as  in  §  324,  since  10  =  3^  -f  12,  make  the  sides  of  the 
right  angle  3  inches  and  1  inch,  respectively. 
Then,  OB  represents  VlO  inches  exactly.  P 


27.   Solving2x-3y  =  10fory,  y  =  i(2a;-10). 

When  05=—!,    y=— 4; 
when  X  =  5,  y  =  0. 

Locate  ^4  =(-  1,  -  4),  ^  =  (5,  0). 

A  straight  line  drawn  through  A 
and  B  is  the  graph  of  2  x  —  3  y  =  10, 

Solving  5  X  +  2  y  =  6  f or  y, 
y  =  3-fx. 

When  X  =  0,    y  =  3 ; 
when  X  =  4,         y  =  —  7. 

Locate  C  -  (0,  3),  i>  =  (4,  -  7). 

A  straight  line  drawn  through  C  and  D  is  the  graph  of  5  x  +  2  y  =  6. 

These  tv^o  graphs  intersect  at  P  =  (2,  —  2).    Hence,  x  =  2  and  y  =  —  * 

80.  2  v^^  +  3  v^^  =  4  v^n;  +  9  v^^  =  13  \A=n. 

2  y/ZTi  X  3  ^/^^  =  4  y/^^  x  9  y/~^  =  36(-  1)  =-36. 

31.  \/^;^8i-v^r9=9v^rT_3v^=n  =  6\/^n:. 

VITSI  +  V^  =  9  V^  +  3  V^^  =  8. 


j1        ^ 

ct           p^id^ 

^      -^iS"^' 

.       3S      __ 

Y       .^B 

^rt 

^^V 

t           ^<:    3S 

^S      i-^ 

'^V 

'V 

et 
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9a*-26x  «(3x-f  6)(3x-6)      8a;  +  6' 

2    8xg  +  18x-6^(4a;~l)(2x  +  5)^2g  +  6^ 
12a;24.6a.-2      (4a;  -  l)(3a; +  2)      3x  +  2* 

Vx 

a  —  V6  a  --  VS 

g^    V2-V3-\/6  ^  (\/2->/6)-V3  ^  (V2-V5)4-V8 
V2  +  V3+V6      (V2  +  V3)+\/5      (V2-4-V3)-\/6 
_2-2Vl0  4-5-3_4-2\/l0 

2  +  2V6  +  3-6  2V6 

_2-\/iO_2V6-~2\/i6_  y/6-^Vl6 
V6  «  3         ' 

g    2-V5  ^   2\/3  ^(2-\/5)(2~V5)   ^  2  V3 
'   2  +  V6      V243      (2+V6)(2-V5)      9  \/3 

=  4V6-8}. 
ly    X  — y     y  +  x       4xV  _  x  -  y     x  +  y      4xV 
x  +  y     y  — X     X*  — y*     x  +  y     x  — y     x*  — y* 
_  2  (x«  +  y^)  _  _4  ^'yl. 

x2  -  y2         X*  -  y* 
_2x*4-4x2y2  +  2y*--4xV^2(x*  +  y<) 
X*  —  y*  X*  — y* 

g     \/2-\/3      V2+V3_(V^-  a/3)2  -  (  v^  +  V3y 
v^+V3      \/2-V3  (V2+V3)(V2-V3) 

^2-2\/6  +  3-2-2V6-8_^^/g 
2  —  3 

Q    x4-Vxy-hy  I  xVx+yN/y_.  (x+Vxy+y)CV^-Vy)  .  xVx  +  yy/'y 
Vx  +  Vy  «  +  y  (Vx  +  v^)(Vx-Vy)  aj  +  y. 

_xVx  —  yVy  ■  X  v^  +  y  v^ 

x-y  x  +  y 

__  x'Vx  —  xyVy  +  zyVx  —  ^Vy  +  or/^  Vx  +  xy  y/y  —  xy  y/x  —  y^y/y 

X*  —  2/2 

_2(a^v9.-y2Vy)  ^ 

x2-y2 
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10. 

11. 

12. 
18. 

14. 


_  1  J.        1         _  y/a-y/h-ia-h^+y/a  +  V6 


Va  +  VS  Va-Vft  (>/a  +  V6)(Va->/6) 


1  +  a;2  _  (1  _  a;2)  2  x^  x^ 

111       ^1  +  V2x  +  1-V2x  +  1_      3 
1-V2^      l+V^     l-2«  l-2a;  l-2x' 

X  4-  v^^^^^     a;  -  V^2  _  qa  _  (a;  +  Vx^ -  qg)^-  (a;  -  Vx^  -  a^)^ 

x^  V¥^^^     X  +  Vi^^r^2  x2  -  (x2-  a2) 

4xVx2-a2 


Vg 4- 1  4-  >/«  -  1      Vq  +  1  -  Vg-  1 
VoTl  -  Va- 1      Vo+l  4-  Va-1 


^  (  v^Tl  4-  Va  -  1 ) ^  -  ( V5TT  -  V^^:^) •'  ^  4  Va2  -  1  ^  g  ^y ^^ — ^ 

a4-l-(a-l)  2 

15  q2-6         ^a2-4a\/64-45 

a2-2aV6  4-&       a2  4.2aV6  4-& 

^(q4-  >/6)Ca-  Vft)  ^  (a-2V6)Ca-2>/6)  ^  (a -2V6)a 
(a  -  V6)(a  -  \/6)        (a  4- V6) (a  4- VS)  ^^-^ 

■•  (■-?)-(■+^'!)=[■■-^f)>['•^^^]--^i 

1  4-  q  4-  q^ 
17    1  4-  Va  4-  g  _  1  4-  q  4-  q^  ^     1  —  Vq 
1—  Vq  4-  q     l4-v^4-q     1  —  Va  +  a 

1-  Vq 
^  (l4-v^4-q)a-  v^4-q)  X     1-  v^     ^1  _  V5. 
1  4- Va  4- q  1— Vq4-q 

18.    l^fJ«-J^U-^  =  l-^^^4--^^ 


6      ^q/      q4-6  Vq6      <^  +  6 

Va6   ,    Va6 


q  —  6     q4-  6 

_.  (q  4-  &  4-  q  --  6)  y/ab  _  2  aVab 
a2  _  52  a2  _  52  ' 
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19. 


_  gVg  _  a^  +  x 


/  a    ■  Vx\  /  a V«\     JLa.}^     d^+x 

Vv^       <i^  )Wx       «  /  ^  v^ ^  _____  ^  ,.    .     ^ 
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20.  (o3  -  62)8  =  (^8)8  _  8  (a8)«(62)  +  3  (a«)  (68)9  -  (6«)« 

=  a9-3a«62  4.3o82^_56. 

21.  (2  0-8  6)*=  (2  a)*-4(2  a)8(3  6)  +6(2  a)2(3  6)«-4(2  a)  (3  6)«+  (3  6)* 

=  16  o*  -  96  0*6  +  216  a^h^  -  216  a6«  +  81  6*. 


22. 


23. 


(i-t)'=(i)"-e)'©^Mi)(i)"-(i)' 

^of_a^     a63_6« 
27       6        4       8* 

^ax+^Y=(aa;)H6(aa)*QUlO(oa;)«Qy+10(ax)^^ 


o^a*  +  6  o8x*  +  10  ax8  + 1^  +  —  +  -  • 
a        o*      a* 


24.    (o-2  +  0-1)2  =  (a-2)2  +  2  (0-2)  (o-i)  +  (a'^^  =  o-^  +  2  a-«  +  o"*. 

26.    (0-1  +  6)*  =  (o-i)*  +  4  (0-1)8  5  +  6  (o-i)262  +  4  (o-i)68  +  6* 
=  0-*  +  4  0-86  +  6  0-262  +  4  a-16*  +  6*. 

26.  (o*  -  6*)e  =  (o*)«  -  6  (0*)^  (6^  +  16  (o*)*  (6*)*  -  20  (o*)'  (&h' 

■h  16  (o*)2  (6^)*  -  6  (o^)(6*)6+(6b8 
=  o8  -  6  oM  +  16  o26  -  20  0^6*  +  16  o62  -  6  0*6^  +  6«. 

27.  (o*- 6"*)*=  (oi)*-4(o*)8(6'^  +  6(ai)2(6"i)2 -  4(o*) (6~*)«+  (6"*)* 

=  a2  -  4  0*6"*  +  6  o6-i  -  4  ah'^  +  6-2. 

28.  (o"*-6"*)«=(o"*)«-6(o~*)6(6"*)  +  16(a'*)\&"*)^-20(o"*)«(6"*)» 

+  16  (o"l)2(6"*)*  -  6  (o"*)  (6"*)6  +  (&"*)• 
=0-2  -  6  o"*6""*  +  16  o"*6"*  -  20  0-16-1  +  16  a"*6**  -  6  o~*6"*  +  6-2. 

29.  (o*  +  6^8  =  (o*)»  +  6(o*)6(6*)  +  16(o*)*(&*)2  +  20(o*)»(6*)8 

4-  15(obH&*)*  +  6(0*)  (6^)6  +(&b* 
=  o2  +  6  0*6*  +  16  0*6  +  20  06*  +  15  0*62  ^  q  ah^  4  Z>«. 

80.    (o  -  V6)*  =  o*  -  4a8\/6  +  6o2(\/6)2  -  4o(\/6)8  +  (  V6)* 
=  o*  -  4  o»  V6  +  6  o26  -  4  06  ^6  4-  62. 
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81.    {Vx  +  ^/yY 

=  (Vx)6  4.  6(\/2c)6\/y  +  15(v^)*(  V^)2  +  20(\/«)8(  Vy)» 

4-  15(\/«)2(v^)*  +  6v^(  Vy)6  +(vV)« 
==  a*  H- 6  a;2  Va^  +  16  a;2y  +  20  jcy  Va^  H- 16  a:y2  ^  6  y2  Vicy  H- y». 

88.    (V^-VS)* 

=  ( v^)*  -  4(\/2)8\/3  +  6(V2)2(V3)« -  4 V2(\/3)8 +( V3)* 
=  2«  -  4 . 2 V2T3  +  6.2.3-4.  3 V2T8  +  32 
=  4  -  8\/6  H-  36  -  12  V6  +  9  =  49  -  20  VS. 

88.    (V6-2)6 
=  (V6)6_6(\/6)6.2  +  16(\/6)*.2a-20(\/6)«.2« 
+  16(\/6)2 .  2^  -  6V6  .  2*  +  2« 
=  58_  6  .  62V6.  2  +  16  .  63 .22- 20  .  6V6.28  4- 15  .  5  .  2*  -  6V6  .25  +  26 
=  126  -  300  V6  +  1600  -  800  V6+  1200  -  192\/5  +  64  =  2889  -  1292 >/6. 

84.  (v^-v^)8=(v^)«-3(v^)2(^)  +  3(\^4)(v^2)2-(^)8 

=  4  -  3 . 2  v^  +  3 . 2  v'2  -  2  =  2  -  6  v'^  +  6  \/2 . 

85.  (V2-\/2)« 

=  (v^)«  -  6(\/2)6(^)+ 16(\/2)*(v^)2- 20(V2)8(v^)8 

4- 16(V2)2(v^)4-6v^(v^)6  +  (v^)« 
=  28  -  6 .  22  V2  .  v^  4. 16  .  22 .  ^4  -  20 .  2  V2  •  2 

4- 16  . 2  .  2 v^  -  6V2  .  2v^  4- 22 
=  8  -  24v^4-  60 v/4  -  80v^  4-  60 v^  -  24 \^  4-  4 
=  12  -  24\/32  4-  60v^  -  80\/2  4-  60v^  -  24 v^. 


£^  +  3x8_a;2.1^  +  4 
4  3   ^9 

9a:* 
4 


3a;2 


+  X-g 


3a;2 
3a;2  4-a; 


3a;8 
3«8  4.a;2 


3a;2  4-2a; 
3a;2  4-2a;- 


-2aj2 

-2a:2-i^4.^ 
3  ^9 


87. 


4t  4  16 

4 


1-2,4-1 


a; 
2-22/ 

-2X1/ 
-2a:y 

+  4y2 

jc  — 4y 

x-^4y  +  l 

4 

xz 
4 
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38. 


40. 


48. 
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a2  + 12  o  V  +  54  a6  +  108  a*6*  +  81  6*  [a+JaM  +  96 


2a 

2a  +  6aM 


12  oM 

12  ah^-\- 36  ab 


20  +  12  0*6'' 

2  a_-|-12oM  +  96 


18  a6 

18a6+108oM  +  81&« 


l+2Vx  —  x-2xVx  +  oi^\l+Vx^x 
1 


2 

2  +  Vi 

2Vx 

2y/x  +  x 

2  +  2Vx 
2  +  2V5-a; 

-2x 

-2a;  — 22c\/2c  +  a^ 

0-4Vg6  +  45+6Vgc-12V6c4-9c|\/a-2\/6H-3Vc 
a 


2\/a 
2\/o-2\/6 


— 4Vaft+46 
—  4Vq&  +  46 


2Va-4V6 


6Vac-12V6cH-9c 
6V^-12V&c  +  9c 


41. 


a^  —  4  a;  Vxy  +  6  ary  —  4  y  Va^y  +  y^  \x  —  2y/xy  +  y 
a« 


2a; 

2a;— 2V^ 


—  4a;V^ 

—  4a;Vacy +  4a;y 


2a;  — 4V^ 
2x^4Vxy  +  y 


2xy 
2xy-^4yVxy  +  f/^ 


81'28'41'69I9018 
81 


48. 


64'06'40'16  18004 
64  


900x2=1800 
1800+1=1801 


23  41 

1801 


8000  X  2=16000 
16000  +  4=16004 


9010x2=18020 
18020  +  3=18023 


6  4069 
5  4069 


6  40  16 
6  40  16 


46. 


44. 


.00'02'28'01k0161 

1 


.10'00'00'00[^3162 
9 


10  X  2  =20 
20  +  5=25 


1  28 
125 


160x2=300 
300  +  1  =301 


3  01 
3  01 


30x2  =  60 
60  +  1  =  61 

100 
61 

310  X  2  =620 
620  +  6=626 

39  00 
37  56 

3160  X  2  =6320 
6320  +  2  =6322 

144  00 
126  44 

46.    V56  +  14  Vl6  =  V66  +  2  V7  x  7  x  3  x"6 

=  V35  +  21  +  2  V36  X  21  =  V36  +  V21. 

8TANP.    ALO.    KEY — 15  /^  T 
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47.    V47  -  12  Vl5  =  V47  -  2  V2  X3x2x3x3x6 

=  V27+20-2V27x20=v^-V20=3\/3-2V6. 


48.  V62  +  20\/6  =  V62  +  2\/600  =  VsO  +  12  +  2 V60  x  12 

=  VsO  +  Vl2  =  by/2  +2  \/3. 

49.  VSI  -  36v^  =  V5I  -  2  V3  x3x2x3x3x2x^ 


60.. 


=  V27+24-2>/27l<24=V27-V24=3>/3-2V6. 

jc8  -  9  a;  +  27  x-i  -  27  «-« lo-Sa-i 

jb8 


3x2 
3a;2-9H-9a;-2 


-9a; 

-9x  +  27x-i-27a;-8 


51. 


27x8  +  27x2-6+-!--  -J- 
27  x8  3  x2     27  x8 


8x+l--i- 
3x 


27x2 

27  x2  +  9  X  +  1 


27  x2  +  18  X  +  8 

27x2  +  18x         --  +  ^ 
X     9x2 


27x2 

27x2  4-9x  +  l 


-9x-6  +  -^^ ?— 

3x2     27  x« 

-9x-6  +  -i L_ 

3x2     27x» 


62. 


x«  +  3 x2 Vx -  6 xVx  +  3 Vx  -  l|x+  Vx-l 
x« 


3x2 

3x2H-3xVx  +  x 


3x2Vx 

3x2\/x4-3x2  +  x\/x 


3x2  +  6xVx  +  3x 

3x2  +  6x\/x  -3Vx4-l 


-  3  x2  -  6  xVx 

-  3  x2  -  6  X Vx  +  ZVx  - 1 


68. 


64. 


Page  276 

2\^-6v'2  +  8\/2v^-2|V2-  v^ 


2V2 

h3V2v^-2 

6 
6- 

-3V2v^2  4-  y/i 

-6^2 
-C^2H 

6i0'082'399|799 
343 

702x3    =  14700 
70  X  9  X  3  =   1890 
92        =81 

167  082 

7902  X  3 

790  X  9  X  3  = 

92 

16071  1 

160  039 

1872300 

21330 

81 

1893711 

17  043  399 
17  043  399 
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56. 


REVIEW 


1'042'690'744 11014 
1000 


1002x3  =  30000 
100  X  3  =    300 
12       =       1 

42  600 

30301 

30  301 

10102  X  3    =  3060300 
1010  X  4  X  3  =   12120 
42        =     16 

12  289  744 

3072436 

12  289  744 

2.000'000'000|  1.269 
1 


3(10)2 

3(10x2)  = 
22 

300 

60 

4 

1000 

364 

728 

3(120)2    = 
3(120  X  6)  = 

43200 

1800 

26 

272  000 

46026 

226  126 

3(1260)2   = 
3(1260x9)  = 
92       = 

4687600 

33760 

81 

46  876  000 

4721331 

42  491  979 

227 


57. 


l  +  x-x^ 
1 


2  +  ? 
2 


4 


2  +  a; 

2  +  x-^ 


5a;2 

4 
6a;2      5a^>     26g* 

"4         8  64 


2  +  x- 


6«2 


5x8     26x* 
8         64 


1  4-  g     5a;2     5a^ 
2       8        16 


58. 


1  +  a^ 

1 

3 

s  +  ^+f 

X8 

^3^27 

34-2«»4-^ 
0 

3   27 

ll-f?- 


9 
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2a» 
2a«- 


2  ay/ah-^ 


-4a*VaFi 
-4(i<V^6^  +  4q8&-i 


2o8  — 4aVo6-i 
2q8-4aVg6^-i-5-^ 


2  a86-i 


Since  the  square  root  of  the  given  polynomial  is  a^  _  2  aVab-^  -\-  ft-^  and 
the  square  root  of  a*  —  2  aVab-^  +  b'^  is  aVa^  Vb-\  the  fourth  root  of 
the  given  polynomial  is  aVa—  VS"^. 

60.   8-48Va+120a-160a\/a+120o2_48a2v^+8a8 
=  8(1-6  Va+15a-20o\/a+15a2-6a2Va+a3). 

l-6Vq+15a-20qVq+15a2-6q2v^+a8|l~3Va4-3q-qv^ 
1 


2 
2-3Vq 


-6Vq 
-6Vq+da 


2-6Vq 
2-6>/q  +  3q 


6q 
6q-18q\/q4-9q^ 


2-6\/q4-6q 
2-6Vq4-6q-qVq 


-2a\/a4-6q2 

-2  q Vq+e  q2-6  qgyq-j-q' 


l-3\/q4-3q-qVq|l-Vq 


3-3Vq4-a 


-3Vq 
-3\/q+3q-qVq 


Since  the  sixth  root  of  8  is  equal  to  the  square  root  of  2,  or  to  V2,  and 
the  sixth  root  of  1  —  6^5  +  15  a— 20  q  Vq4-15  q2— 6  q2Vq  +  qS  is  equal  to 
the  cube  root  of  the  square  root  of  this  polynomial  factor,  or  to  1  —  Vq,  the 
sixth  root  of  the  given  polynomial  is  equal  to  V2(l  —  Vq). 

61.  q"»  X  q»*  =  q"*+**  for  all  values  of  m  and  n.  (1) 

If  n  =  0,  a'^x  cfi  =  q"»+o  =  q"».  (2) 

Dividing  by  q",  q"  =  1.  (3) 

Since  (1)  is  true  for  all  values  of  m  and  n,  let  wi  =  —  2  and  n  =  2. 


Then, 

q-2  X  q2  =  q-2+2  -  a\ 

Therefore,  by  (3),  Ax.  5, 

q-2  X  q2  =  1. 

Dividing  by  q2.  Ax.  4, 

q2 

62. 

a^  X  a''  =  q^^"  for  all  values  of  m  and  n. 

(1) 

Let  m  =  f  and  n  =  }. 

Then,  by  (1), 

a^xa^^  q*"^*  =  a\ 

C2) 
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Taking  the  square  root  of  both  members  of  (2), 

Ax.  7,  §  28,  J  =  v/a8.  )^d) 

Again,  let  m  =  J  and  n  =  J. 

Then,  by  (1),  J  xJ  =  a*"^*  =  o^.  (4) 

Ifw»  =  landw  =  J,a^xa*xa*  =a^  x  a*  =  a^"^*  =a'.  (6) 

Hence,  §  26,  a*  =  (a*)8  =  ( Va)*.  (6) 

From  (3)  and  (6),  Ax.  6,   a*  =  Vcfi  =  (>/a)». 

63.  a*  X  «*  =  a"»+*»  for  all  values  of  m  and  n.        (^i) 
Let  m  =  —  J  and  n  =  1.  , 

Then,  by  (1),  a"*  x  o^  =  a"*"^^  =  a* 

by  Ex.  62,  (3),  =  v^.  (2) 

Hence,  Ax.  3  and  4,  -  (a"*  x  a^)  =  ?  ^ . 
a  a         ' 

thatis,  2o-l  =  2v51 

a 

64.  a*  X  a*  =  a«+"  for  all  values  of  m  and  n.        (1) 
Then,                 (a6)"»  x  (a6)*  =  (a6)"+»  for  all  values  of  w  and  n,    (2) 

since  a  in  (1)  represents  any  number. 
Let  w  =  0. 

Then,  in  (2),      (ab)r  x  (aby  =  (a6)"+o  =  (a6)*  (8) 

Dividing  both  members  of  (3)  by  (ab)^,  Ax.  4, 
(o6)o  =  1. 

66.  (^abcy  =  abc  •  a6c  •  abc 

§  82,  =  aaa  •  bbb  •  ccc 

§  26,  =  flSftScS. 

66.  f«V= «.«.«.  (1) 
\b)       b    b    b  ^  ^ 

b^  =  b'b'b.  (2) 

Multiplying  (1)  by  (2),  Ax.  3,  (^^  •  &'  =  (f  x  &)(^  ^  ^)  (f  ><  ^) 

§§  121,  26,  =0'  a'a  =  a\ 

Dividing  by  b\  Ax.  4,  f  ^V  =  ^. 

\bj       6* 

67.  16i  =  (\/l6)8  =  2«  =  8. 

68.  27*=(v^)2  =  3a  =  9. 

69.  8"^  =  1  -f-  8*  =  1  ^  (\/8)a  =  1  -*-  22  =  J. 

70.  (a*x*)*  =  a*^*)x*(*^  =  cfiofi. 

71.  (6V)~*=&*^~^V^"^^  =  &"'y"®=  — - 

72.  (a»6")4  =  a»(-n)6-(4)  =  a-ift-i  =  \. 
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78.  (A^)"*  =  i  -  (A^)*=(i  - 1%)*  =  (W)*  =  (^W)»  =  (i)«  =  V- 

74.  (It)-*  =  1  ^  (H)*  =  (1 4-  |t)i  =  (jf)*=  ( Vii)8  =  (2)8  =  8^. 

75.  (-/r)"*  =  l-H(~/r)*  =  l^(^y=^)2  =  l-^(-f)2=l^J  =  j. 

76.  Since  6-o=-l(a-6),  (6-a)»=  [- l(a- 6)]»=  (- l)"(a-d)». 
If  n  is  even,  (— !)»=  1  and  (— l)»(a— 6)*,  or  (6— o)"=(o— 6)». 

77.  (36  a-8  -i-  26  a-^)"*  =  (ff  o-i)"i  =  (ID^a*  =  a^  ^  (if)* 

=  aU(S)=Ja^. 

78.  (8a«a^  x  64a-*x-6)"*  =  (28.2e.a-ix)"i  =  2"*aV*  =  -55 — 

8a;t 

79.  (a^fti)*  -^  (a*6*)2  =  a*6*  -  ah^  =  0*6"^  =  ^  • 

80.  (  VaV^  +  v'^o^a)*  =  (aV^  -i-  o*a;-*)*  =  (J'h~^i)i 

=  (aV*)*  =  aV*  =  ^. 

81.  ( VFift*  ^  V^)"*  =  (o"^62  ^  ab^yi  =  (a-HjH)-* 

=  (a-M)-i  =  aM  =  4- 

82.  (  VS  -*-  v^)  -i-  v^  =  (a*  -5-  ab  -f-  a*  =  a*  -r-J  =  a^^  =  -L. 
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88. 


a-\-b 


)ah 


84. 


=  (J  +  0*6*  +  6*)  -  (a* - a*6*  +  6*)  +   ^^  \ 

a^-6* 

=  2   M       ^^^^   _2g6*-2ff*64-2a*fe_   2a6* 
fll  _  fti  oi  _  fti  a^  _  5} 

1  -  0-15  •  \^i  _  a5-i  4.  a2ft-2     1  _  a-858  j  • 


Multiplying  both  terms  of  the  first  fraction  by  a,  of  the  second  fraction 
by  b^,  and  of  the  third  by  a*, 


a-b  '  W-ab  +  a^     a^^b^J 


,0-1-6  .  o  +  6__i 
0—6    0—6 
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86  gg  +  l  _   x  —  l  .-S  —  Sa; 

x-l      x  +  l"  l^x^' 
Multiplying  by  x^  —  1, 

x2  +  2a;+l-  («2-2x  +  l)  =-(3-6x). 
4a;  =  6x— 3. 
/.  X  =  3. 
gg  7-2a;     2g-l.a;_6a;--6t      17+8g 

10  6  2  2a;  30      ' 

l._?_2«  ,  1      x_5_  Jll 17  _^ 

10     6       6       5     2     2     lOx     30     lo' 
31       31 
Transposing,  etc.,  lOi  "^  30 * 

/.  a;  =  3. 

87.  4x-17_3j-22x^^_6^^^\ 

9  33  x\        54/ 

4x_17_l   ,  2a^         6     X 
9       9      9      3  a;     9* 

Canceling,  —  2  = 

.-.  a;  =  3. 


88 


3a;-5y     2a;-8y-9_y^    7 


3  12  2  '  12' 

Reducing  (1),  5  x  -  9  y  =  - 1.  (3) 

Expanding  (2),    |  +  IJ?  +  :^-^  +  ||+ 80  =  0  ; 

.-.  308x-31y  =  2032.  (4) 

Multiplying  (3)  by  31,        155  x  -  279  y  =  -  31.  (5) 

Multiplying  (4)  by  9,        2772  x  -  279  y  =  18288.  (6) 
Subtracting  (5)  from  (6),             2617  x  =  18319. 

.-.  X  =  7.  (7) 
Substituting  (7)  in  (3),                         y  =  4. 

•9  /  3x  +  l=2y,  (1) 

*®-  I  («  +  5)(y  +  7)  =  (X  +  l)(y  -  9)  +  112.       (2) 

Reducing  (2),  4  x  +  y  =  17.  (3) 

Multiplying  (3)  by  2,  8  x  +  2  y  =  34.  (4) 

Adding  (1)  and  (4),  llx  +  2y  +  l=2y  +  84. 

.•.x  =  3.  (5) 
Substituting  (6)  in  (1),                          y  =  5. 


90. 


\27       8/  ^V27  J  _4ag 

3  g-i  +  2  X  3  4-2ax  3  +  2qx 

2  2a  2a 

9-4a3x2  3-2ax       3 


—  a^ 


2rt(3  +  2ax)         2a         2q 
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91.   {a-2[o*(a*)i]6}4  =  {a-2[oy ]6}i  =  {o-a .  a^}i  =  (^2)*  =  o«. 


98. 


LUyV  J 


6 


r 


Lwy  - 

ofiy^     cfib^     bofi 

bx^     bx^  6x*       * 


93.  r^*«"* 

94.   {(a*6^)*  -i-  (a~*6)  -2}*  =  {o^fe*  -5-  a6-2}i  =  (o"t^6*)* 
=  a-A6A  =  ^. 

95      q  +  6        a-b  _a^ -hab^-\-ah-^b^-(a^-ab^-ah-^b^) 
a* -6*     ai  +  6*  ■  (a*  -  6*)  (a*  +  6*) 

_2ab^  +  2ah_2  ahi(J  +  &^) 
a*  -  6*  a*  -  6* 


VD* 


b  +  a 
ab 

_52)li     r    ^  +  «x(a2-62)li 
J        -     0  —  a                   -1 
"                b  +  a 
ah 

=  r<'  +  *x(«  +  6)(a     6)'|*x    «*^ 
La  —  0                            J       a-ho 

a  +  b 

98.  From  §  276,  Prin.  2, 
1 


1 


Page  278 

(a*)"  =  0^  for  all  values  of  to  and  n. 

i  L        i_ 
Substituting  —  for  m  and  -  for  n,  (a*)»  =  a"". 

TO  71 

From  §  88,  «»»  x  a"  =  «"»+♦*  for  all  values  of  to  and  n. 

Substituting  (—  n)  for  n,  a™  x  a^"  =  a"»+(-»)  =  a"*-«. 

^.  2^  =  -5^128,  6  =  v^l25.     Hence,  2*  is  greater  than  6. 
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2+\/6-V^     2  +  2.23-1.41      2  82 
101.  xix  -  >/2)(x -  v^)(a; -  Vl8)  +  4. 


=  .35. 


a^-6v^flc«  +  22fl;a-12V^a;  +  4  I  a;«-3V2a;  +  2 
«*  ' 


2a^ 

2a;2-3V2x 


-  6  V2  g8  +  18  a;g 


2x2-6v^x 
2ga~6>/2z4-2 


4x2_i2v^xH-4 
4a;a-,i2v^a;  +  4 


108.  By  §  134,  x«  +  y»  is  exactly  cohtained  in  the  difference  of  any 
like  even  powers  of  x'  and  y^.  Hence,  ac'  +  y*  is  exactly  contained  in 
(x*)6  _-  (yi)6,  or  «*  -  y». 

Dividing  «*  —  y®  by  x*  +  y*,  the  rationalizing  factor  is  found  to  be 
X  »  —  x»y*  4-  a^*  -  a'j/'  +  xV  -  y^  • 

108.    16^  •  2^  .  82^  =  2*  .  2*  .  2^  =  2*  •  2*  •  2^  =  2'V  =  28  =  64. 

104.    V38  -  12  \/I6  =  V38  -  2(«  vlO)  =  VsS  -  2  \/365. 
>/360  =  V20  X  Vi8  and  38  =  20  +  18. 
V38-I2v/10=  V20-  Vl8=2\/6-3\/2. 

105     Vx  -  Vx  -  2  ^  (Vx  -  Vx^^)Ca/x  -  Vx  -  2) 
Vx  +  Vx  -  2     iVx  +  Vx-2)(\/x- Vx-2) 

^x-2V^^:r2^  +  x^2^^^^^^/-^3g^^ 
x-x  +  2 

106.  v^-  v^.3\^  =  2*.2i.3(2)*  =  3(2)*=3\/l28  =  12\^. 

107.  ^y:r27  +  (>/^)«+8-i  =  -'3-l  +  i=-J  +  i=-i. 
/V23  + V7 


106. 


'V23- V7 


^  J(  v^  +  V7)  C  V2g  4-  V7)  ^  J: 
^  (V23- V7)(  >/23  +  V7)      ^ 
=  jV30H- 2^/161  =  t(v^+  V'?). 


23  +  2  Viei  +  7 


23-7 


109.   120  +  4^-9-1+       ^       +2' 


7*=  14.2-^  +  . 


8V-T 


:+9 


^107 
9 


8V-1  8 


1. 
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110.    V5-fV2.  74-4\/3^(V84-V2)(2-fV3)  .   (7+4\/3)(V84-\/2) 
2-\/3'V3-v^      (2-V3)(2+>/3)     "  (V3-\/2)( V3+ V2) 

^C>/3-f-v^)(2+\^)  .  (7-^4V3)CV3.f  V^) 
4-3  3-2 

=  (\/3+v^)(2+V3)x- 


112. 


(7  +  4\/3)(\/3  +  V^) 
_  2+\/3  ^  (2+V3)(7-4\/3) 
7  +  4^3     (7  +  4\/3)(7  -  4 %/§) 

=l:i:^  =  2-V3. 

49-48 


111.    V3  +  V6-V3-V6 
V  3  +  V6  +  V3-\/6 


_  (  V3  4-  V5  -  V3  -  V6)  (  V3  -f-  V6  --  V3  -  V5) 
(V3+V6  +  V3-V5)(V3  +  V5-V3-v^) 

_3  4.V6-2V(3  +  V6)(3-\/6)-f  3-\/5 
3+V6-(3-\/5) 

2V6  V6     6^^- 

2VI6  4-8  .  8\/3-6V6 
6  +  \/T5    *  5\/3-3V6 

^(2Vl6  +  8)(6->/l5)  .  C8v^-6V5)C6\/3  4-3V6) 
(6  +  Vl6)(5->/i6)     '  (5\/3-3V'6)(6>/3  +  8\/5) 

^2Vl6  +  10  .  30-6\/16 
26-16     ■     76  -  46 

^2CVT6  +  6)^  30 

10  6(6 -VlF) 

_Vl5  +  6^(\/l5  +  6)(6  +  Vl6)^25+10\/l6  +  15_^      ^/j^ 
6-Vi6      (6-\/l6)(6  +  Vl5)  26-16 


113.  ^x-;/:ix:^^«if=Axcix«*x4x4 


=  c»  X  c*  =  c^'  =  c\/c. 
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2  +  a;-2 

(1  +3^)02  -t-X) 

1                1 

(a; +  2)      (x+l)(2  +  aj) 

X 

(l+x)(2  +  x)_ 

X 

---  1  +  x     a;2 +  3x4-2 

*"•   (X  +  2)-i  -  (X  +  1)-H2  -f  x)-i  = 


(l  +  x)(2  +  x) 

QUADRATIC  EQUATIONS 
Page  281 

3.  3x2-5=22. 
Transposing,  3  x^  =  27. 
Dividing  by  3,  x^  =  9. 
Extracting  the  square  root,  x  =  +  3. 

4.  2  x2  +  3  x3  =  80. 
Uniting  terms,  6  x^  =  80. 
Dividing  by  6,  x^  =  18. 
Extracting  the  square  root,  x  =  ±  4. 

6.  4x2  =  i. 

Clearing  of  fractions,  36  x^  =  1. 

Extracting  the  square  root,  6  x  =  db  1. 

6.  Jx2-6  =  22. 
Transposing,  }  x^  =  27. 
Dividing  by  f ,  x2  =  36. 
Extracting  the  square  root,  x  =  ±  6. 

7.  x2-6  =  0. 
Transposing,  x^  =  b. 
Extracting  the  square  root,  x  =  ±  Vh, 

8.  6  0x2  -  54  ^6  =  0. 
Transposing  and  dividing  by  6  a,                   x2  =  9  a*. 
Extracting  the  square  root,  x  =  ±  3  a2. 

9.  •  7x2-25  =  5x2  +  73. 
Transposing,  etc.,  2  x2  =  98. 
Dividing  by  2,  x2  =  49. 
Extracting  the  square  root,  x  =  ±  7. 

10.  (x  +  4)2  =  8x  +  25. 

Expanding,  x2  +  8  x  +  16  =  8  x  +  25. 

Canceling,  etc.,  x2  =  9. 

Extracting  the  square  root,  x  =  ±  3. 
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11.  (a^a;)2  =  (3a;  +  a)(a;-a). 
Expanding,                                   a^  - 2  ax -^  x^  =  Sx^  -2 ax  -  a'^. 
Canceling,  etc. ,  2x^  =  2a^, 

x^  =  a2. 
Extracting  the  square  root,  x  =  ±a. 

12.  ax^  =(a-b)  (a^  -  fts)  _  53.2. 
Transposing,  etc.,  (a  +  b)x^  =  la-h)la^-  h^) . 
Dividing  by  a  +  6,  x^  =  (a-  b)  (a^b). 
Extracting  the  square  root,  x  =  ±(^a  —  b), 

18.  a^^  +  2ax^  =  (a^  -  ly  -  x^. 

Transposing,  etc.,  (^2  ^  2  a  +  l)^^  =  (a^  -  l)^. 
Extracting  the  square  root,  (a  +  l)x  =  ±  (a*  —  1). 

Dividing  by  a  +  1,  a:  =  ±  (a  -  1). 

14.  (a;  +  2)2-4(a;  +  2)=4. 

Expanding,  ic2^4a.^4_4a._8  =  4. 

Canceling,  etc.,  x^  =  8. 

Extracting  the  square  root,  x  =  ±2 V2. 


16 


x-S^     6 

6        x  +  s' 

Clearing  of  fractions,  a;^  —  64  =  86. 

Transposing,  etc.,  x'^  =  100. 

Extracting  the  square  root,  a;  =  ±  10. 

1-a;     1  +  a;     ^ 

O  Q 

Uniting  terms,  — = —  =  - . 

Dividing  by  2  and  clearing  of  fractions,         3  =4  —  4  a:^^ 
Transposing,  etc.,  x^  =  J. 

Extracting  the  square  root,  x  =  ±^. 

17.  ^     x«-16^g, 

12         6  a;         6 

o^  ,  a_3__a 
12      6     a     6* 
Canceling  and  clearing  of  fractions,      a;^  —  36  =  0» 
Transposing  and  extracting  the  square  root,   «  =  ±  6. 

18.  ?i§^--3^4 

a;-3     x-\-S 

Clearing  of  fractions,  (x  +  3)2  +  (re  —  3)2  =  4  rc^  —  36. 

Expanding,  etc.,  2  a;2  +  18  =  4  a;2  —  36. 

Transposinjr,  etc.,  a:2  =  27. 

Extracting  the  square  root,  a:  =  ±  3  VS. 
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19.  ^L:zl  +  'L+l  =  -i. 

X+l       X— 1 

CleariDg  of  fractions, 

8x2  =  -3. 
Extaracting  the  square  root,  x  =  ±  V—  1. 

x-2      x-{-2        • 
Reducing  to  mixed  numbers  and  subtracting  2  from  each  side, 

a:-2a:  +  2  ^ 

Clearing  of  fractions,       -8x-16+8a;-16  =  --a;2  +  4. 
Transposing,  etc.,  x^  =  36. 

Extracting  the  square  root,  x=  ±Q. 

21.  «  +  ?  =  «^. 

X     a      X 

Transposing,  x^a&__g^a(6- 1)^ 

a      X      X  X 

Clearing  of  fractions,  x^  =  0^(5  _  i). 

Extracting  the  square  root,  x  =  ±  ay/b—  1. 

22.  -^ ^-^  =  0. 

a  +  6         X 
Clearing  of  fractions,  x^  —  (a^  -  62)  --  q. 

Transposing,  x*  =  a^  __  5a, 


Extracting  the  square  root,  x  =  ±  Va^  —  ft*. 

28                                                    X  — 2  x  +  2_     40 

x-l-2  2-x     x2-4* 
Clearing  of  fractions,    x^— 4 x+44-x2-|-4x  +  4  =  40. 

Uniting  terms,  2  x2  =  82. 

Dividing  by  2,  x*  =  16. 

Extracting  square  root,  x  =  ±  4. 

^  v^Ti_r^v^Hi  =  l. 

V^Tl  +  Vx231      2 

Clearing  of  fractions,       2  Vx^  -f- 1  —  2  Vx^-l  =  Vx^  +  1  +  Vx^  -  1. 
Transposing,  etc.,  Vx^  +  1  =  Sv^X"^  —  1. 

Squaring,  x^H- 1=9x2-9. 

.-.  x2  =  {. 
Extracting  the  square  root,  a:  =  ±  i  >/6. 

26  x-^  a  .  X  —  a _    2a 

X  —  a     x+a     1  —  (z 
Uniting  terms,       •  2  (x2  +  a2)  ^  j^  ^ 

^  x2-a2        1-a 
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Dividing  by  2  and  clearing  of  fractions, 

x2  +  a2  -  aa:2  -  a8  =  CMC*  —  a». 
Transposing,  etc.,  ai2(l  —  2  a)  =  —  a^. 

Dividing  by  1  —  2  a,  «*  = 


2a-l 


Extracting  the  square  root,  x  =  ±  V2  a  —  1. 

J  d  —  1 

og  x  +  a  ■  a;  —  q_g^H-&' 

a; +6     a- 6      x^  -  b^' 
Clearing  of  fractions, 

a:2  +  oic—  6a;  -  a6  +  a^  —  ax  +  6x  —  a6  =  a2  -(.  ft2. 

Uniting  terms,  etc.,  2  x^  =  a*  +  2  a6  +  b^, 

x2  =  i(«+  6)2. 
Extracting  the  square  root,  x  =  ±  i(a  +  6)  V2. 


27.  V(x  +  3)(x  -  6)  =  V49  -  2  x. 

Squaring,  x^  —  2  x  -  16  =  49  —  2  x. 

Canceling  —  2  x  =  —  2  x,  etc.,  x^  =  64. 

Taking  the  square  root,  x  =  ±S, 


28.  V25-6x+\/25  +  6x  =  8. 

Squaring,       26-6  x+2  V625-36  x2+_26+6x  =  64. 
Canceling,  etc. ,  V625  -S6x^  =  7. 

Squaring,  625  —  36  x^  =  49. 

.-.  x2  =  16. 
Extracting  the  square  root,  x  =  ±i, 

Qo  x  +  7  x-7    _       7 


Uniting  terms,  etc., 


x2  -  7  X     x2  4-  7  X      x2  -  78 
4  1 


x2  -49      x2  -  73 
Clearing  of  fractions,  4  x*  -  292  =  x2  —  49. 

Transposing,  etc.,  x^  _  gi^ 

Extracting  the  square  root,  a;  =  ±  9. 

30  Vx  -h  2  g  —  \^x  —  2  g  _   x 

Vx  —  2a+>/x-f-2a      2a 

Multiplying  both  terms  of  the  first  fraction  by  Vx  -fTa— Vx  —  2  a, 
x  +  2a— 2Vx^— Tg^  +  x-2a__  x 
(x  +  2  a)  -  (x  -  2  a)  2  a ' 

Uniting  terms,                     2_x-2^^Ei?  =  ^, 
^  '  4  a 2  a' 

that  is,  x-V^HiZ:=^. 

2  a  2a 

.\  X  -  Vx^  -  4  gg  =  X. 
Canceling,  —  Vx'^  -  4  a^  =  0. 

Squaring,  x^  —  4  a^  =  o. 

Transposing,  x^  =  4  a^^ 

Extracting  the  square  root,  x  =  i  2  a. 
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2.2 


31.  ^ 

jB  +  V2 -  a;2     a;-V2-a;a  # 

Clearing  of  fractions, 

2a;-2V2--a;2  +  2x  +  2V2-.a;2  =  2ic8-2a?. 
Canceling,  etc.,  6x=:2ofi, 

Dividing  by  2  a;,  8  =  x^, 

.\x=±  Vs. 
Note.  —  The  given  equation  is  satisfied  also  for  x  =  0. 

Page  282 

2.  Let  X  =  the  number. 

Then,  x^-\-26  =  132. 

x^  =  169  -  25  =  144. 
.-.  aj  =  ±12. 
Hence,  the  number  is  32  or  —  12. 

8.   Let  X  =  the  number. 

Then,  z^  =  262  _  202. 

=  625  -  400  =  226. 
.-.  a;=±15. 
Hence,  the  number  is  15  or  —  16. 

4.  Let  a;  =  the  number. 

Then,  (x  -f-  5)  (a;  -  6)  =  75. 

a;2  -  25  =  75. 
a;2  =  i00. 
.-.  x=±10. 
Hence,  the  number  is  10  or  —  10. 

5.  Let  X  =  number  of  rods  in  each  side  of  garden. 
Then,                               4  a;  =  number  of  rods  of  fence, 

and  a;2  .  number  of  square  rods  in  area  of  garden. 

.-.  a;2  =  160  X  2i  =  400. 
Solving,  a;  =  ±  20, 

whence,  rejecting  the  negative  value,  4  x  =  80,  the  number  of  rods  of 
fence  required. 

6.  Let  X  =  number  of  rods  in  length  of  field. 
Then,                      }  x  =  number  of  rods  in  width  of  field, 

and  x2  ^  (I  /p)2  —  the  square  of  the  number  of  rods  in  the  length 

of  Uie  path. 
.•.x2+(}x)2  =  202. 
x2  +  ^  x2  =  400. 
Combining,  etc.,  x2  =  256. 

Solving,  X  =  ±  16, 

and  }x=±12. 

Hence,  rejecting  the  negative  values,  the  field  is  16  rods  long  and  12 
rods  wide. 
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7.  Let  5  +  X  =  one  number, 
and^  6  —  a  =  the  other  number. 

Then,  {6-{-x){6-x)  =  21. 

26-a;2  =  21. 
Solving,  x=±2, 

whence,  6  -|-  x  =  7  or  8,  and  6  —  x  =  3  or  7. 
Hence,  the  numbers  are  7  and  8. 

8.  Let  8  +  X  =  one  number, 

and  8  —  X  =  the  other  number. 

Then,  (8  +  x)  (8  -  x)  =  56. 

64  -  x2  =  56. 

Solving,  X  =  ±  8, 

whence,  8  4-  x  =  11  or  5,  and  8  —  x  =  6  or  11. 

Hence,  the  numbers  are  11  and  5. 

9.  Let  J  -f  X  =  one  number, 
and  I  —  X  =  the  other  number. 

Then,  ( j  +  a:) (f  -  x)  =  -  14. 

J^-x2=-14. 
Solving,  x  =  ±i, 

whence,  J  +  x  =  7  or  —  2,  and  J  —  x  =  —  2  or  7. 
Hence,  the  numbers  are  7  and  —  2. 

10.  Let  V  +  ^  *"<!  V  —  X  represent  the  two  factors  of  60  whose  alge- 
braic sum  is  17. 

Then,  (j^  +  a;)  (^  -  «)  =  60. 

ap  -  x2  =  60. 
Solving,  X  =  ±  }, 

whence,  V +35  =  12  or  6,  and  J^i  —  x  =  5  or  12. 
Since  the  two  factors  of  60,  whose  algebraic  sum  is  17,  are  12  and  5, 
a2  4- 17  a  +  60  =  (a  +  12)(a  +  5). 

11.  Let  1  +  X  and  1  —  x.  whose  sum  is  2,  be  the  two  factors  of  —  2. 
Then,  (1+  x)  (1  -  x)  =  -  2. 

l-x2=-2._ 

Solving,  X  =  ±  V3, 

whence,  1  +  x  =  1  +  V3  or  1  -  VS  and  1  -  x  =  1  -  V8  or  1  +  VS. 

Since  the  two  factors  of  —  2,  whose  algebraic  sum  is  2,  are  1  +  VS  and 
1  -  V3,  a2  4.  2  a  -  2  =  (a  +  1  -h  >/3)(a  +  1  -  >/3). 

12.  Let  —  1  +  X  and  —  1  —  x,  whose  sum  is  —  2,  be  the  two  factors 
of  -1. 

Then,  (-  1  -|-x)(-  1  -  x)  =-  1. 

l-x2=-l. 

Solving,  X  =  ±  \/2, 

whence,  — l-|-x=-l±V2and  -l-a;  =  -  IT  \^. 

Since  the  two  factors  of  —  1,  whose  algebraic  sum  is  —  2,  are  —  1  -\-V2 
and  -  1  -  V2,  x^  -  2  x  -  1  =  (x  -  1  +  V2)(x  -  1  -  V2). 
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13.  Let  12  4-  a;  =  first  part, 
and  12  —  z  =  second  part. 

Then,  (12  +  «)  (12  -  «)  =  143. 

144  -  a;2  =  148. 
Solving,  x  =  ±l, 

whence,  12+a:  =  13  or  11,  and  12  — «=  11  or  13. 
Hence,  the  parts  are  13  and  11. 

14.  Let  X  =  one  number. 
Then,                                            x^  -=  its  square, 

and  xs  4-  66  =  square  of  the  other  number, 

whence,  Vx^  +  56  =  the  other  number. 

.-.  x«  +  xa  +  66  =  304. 

Solving,  X  =  ±  13, 

whence,  Vx^  +  56  =  ±  16. 

Hence,  the  numbers  are  13  and  15,  13  and  —  15,  — 13  and  15,  or  —  13 
and  —  16. 
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15.  Let  X  =  number  of  I'ods  in  width, 
'llien,                                          4  X  =  number  of  rods  in  length. 

.•.  4  X  .  X  =  160  .  10. 
Solving,  X  =  i  20, 

whence,  4  x  =  ±  80. 

Hence,  rejecting  negative  values,  the  length  of  the  field  was  80  rods,  and 

ii8  width  was  20  rods. 

« 

16.  Let  X  =  number  of  yards  in  width. 
Then,                                          3  x  =  number  of  yards  in  length. 

/.  3  x2  =  number  of  square  yards  in  area. 
}. 3x2  =  36. 
Solving,  9ai»  =  144, 

whence,  a:  =  ±  4, 

and  3x  =  ±12. 

Hence,  rejecting  negative  values,  the  length  of  the  floor  was  12  yards, 
and  its  width  was  4  yards. 

17.  Let  X  =  number  of  feet  in  width. 
Then,                                         8  x  =  number  of  feet  in  length. 

/.  8  X  •  X  =  80,000. 

Dividing  by  8,  x^  =  10,000. 

Extracting  square  root,  x  =  ±  100, 

and  8  X  =  db  800. 

Neglecting  the  negative  values,  the  length  is  800  feet  and  the  width  is 
100  feet. 

18.  Let  60  +  X  =  number  of  rods  in  a  side  of  one, 

and  60  —  X  =  number  of  rods  in  a  side  of  the  other. 

Then,  (50  +  x)a  +  (50  -  x)2  =  160  x  ^^. 

5000  +  2  x2  =  8200. 

Solving,  X  =  ±  40, 

whence,  50  +  x  =  90  or  10,  and  50  -  x  =  10  or  90. 

Hence,  the  larger  field  is  90  rods  square,  and  the  smaller  is  10  rods 
square. 

STAND.    ALO.    KEY  — 16  ^  j 
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19.  Let  8  as  =  number  of  rods  in  length  of  field, 
and  2x  =  number  of  rods  in  width. 

Then,  2x  =  number  of  rods  in  length  and  in 

width  of  the  square  field. 
.•.4a;2  =  160x  10  =  1600. 
Solving,  a:  =  ±  20, 

whence,      3  x  =  60  or  —  60,  and  2  x  =  40  or  —  40. 

Rejecting  the  negative  values,  the  dimensions  of  the  original  field  were 
60  rods  by  40  rods. 

20.  Let  X  =  number  of  board  feet  in  one  tie. 
Then,                                       260  x  =  number  of  ties. 

260  X.  a:  =  400,000. 
Dividing  by  260,  x^  =  1600. 

.*.  X  =  40 
and  266x=  lo'oOO. 

Hence,  there  were  10,000  ties  and  40  board  feet  in  1  tie. 


1. 

8  =  h  gt^. 

Dividing  by  ig,  etc.. 

«3  =  2i. 
9 

Extracting  the  square  root, 

'-^^■ 

2.                • 

J&  =  1  ittb*. 

Dividing  by  iJf,  etc., 

M 

Extracting  the  square  root, 

— v¥- 

3. 

P  =  PB. 

Dividing  by  iJ,  etc.. 

"-i 

Extracting  the  square  root, 

'-^|• 

4. 

1?  =  ""^. 

Dividing  by  ^,  etc., 

Extracting  the  square  root. 

f:r 

^  m 

5. 

Q     mm' 

Multiplying  by  |, 

Q- 

Extracting  the  square  root, 

d=±v^. 
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6.  From  formula  1,  t  =  ±\—- 

^9 

Substituting  values  for  g  and  «,    t=± -\/ -?5L  =  ±  V6.26  =  2. 6. 

^32.16 
Hence,  it  will  take  2.6  seconds  for  the  brick  to  fall  to  the  sidewalk. 
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7.   From  formula  1, 

1  rjuvfi 

Substituting  given  values, 

t  =-v/          =  V166.47  =  1 
\s*i  irt 

Hence,  it  requires  12.6  seconds  to  reach  the  earth. 

8. 
Transposing, 
Extracting  the  square  root. 

c^  =  a^  +  62. 
62  =  c2-a2. 
6  =  ±Vc2-a2. 

9. 

Extracting  the  square  root, 

10. 

4w»2  =  2(a2  +  62)-c2. 
TO  =  ±JV2(a-'  +  6a)-c2. 
A  =  .7864  d2. 

Dividing  by  .7864,  etc. 

d2=    ^    . 

.7864 

Extractmg  the  square  root, 

-W:4- 

11. 

V=ixf^h, 

Dividing  by  |  xA,  etc., 

"-'i- 

Extractmg  the  square  root, 

->e- 

18.  From  8, 
Substituting  given  values, 

c  =  Va2  +  62. 

C  =  V64  +  36  =  V100=10. 

18.   From  formula  8, 
Substituting  the  given  values, 

6  =  Vc2  -  a2. 

6  =  V25-9  =  Vl6  =  4. 

14.   Substituting  value  for  c  in  8, 
But  a  =  6, 

Transposing  and  dividing  by  2, 
Extracting  the  square  root. 

100  =  a2  ^-  62. 
.-.  100  =  2  a2. 
a2  =  60. 
a  =  6V2  =  7.1. 

16.  The  diameter  of  the  log  is  equal  to  the  value  of  c  In  formula  8,  and 
since  the  timber  is  to  be  square  a  =  6  in  the  formula. 

Substituting  the  given  values  in  8,      324  =  2  a2. 

Solving,  a  =  9V2  =  12.7. 

Since  the  length  of  the  timber  is  the  same  as  the  length  of  the  log,  the 
dimensions  are  12  ft.  x  12.7  in.  x  12.7  in. 
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16. 

From  figure  a  =  }  c,  6  =  A, 

Transposing, 

Extracting  the  square  root, 

17.  From  formula  9, 
Substituting  the  given  values, 

18.  From  formula  10, 

Substituting  the  given  value, 
Hence,  the  diameter  is  36.7  feet 

19.  From  formula  11, 

Substituting  given  values, 

Hence,  the  radius  is  6.9  centimeters. 


C2: 
.C2: 

h  = 


"^     4""  4 


=  ± 


m 
m 

.  m 

d 
d 


=  jV2(12l4-64)-81. 


'4 
■4 


A 

7864* 

15112.  =  V1273.23  =  36.7. 

,7864 


-4, 


3000 


3.1416  X  20 
=  6.9. 


=  v/47:74. 


12. 

Transposing, 
Completing  the  square, 
Extracting  the  square  root. 
Taking  the  upper  sign. 
Taking  the  lower  sign, 

13. 

Transposing, 
Completing  the  square. 
Extracting  the  square  root, 
Taking  the  upper  sign, 
Taking  the  lower  sign, 

14. 

Completing  the  square, 
Extracting  the  square  root, 
Taking  the  upper  sign, 
Taking  the  lower  sign, 
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y2  =  l0-3y. 
y^  ^Sy  =  10.  . 
y24-3y  +  (l)2  =  10-hJ  =  V. 

y=-f+l  =  2. 

«2  -  180  =  3 ;?. 
^2_3;?  =  180. 

v^-\-16v  =  54. 

^2  4. 16  »  +  (^i^^)2  =  54  +  ip  =  *JJ-. 


t?  +  ¥  =  ±¥. 
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16.  t?2  +  21r=-54. 

Completing  the  square,       v^'\-21v+  (^)2'=  -  64  +  ^Ji  =  ^ft. 
Extracting  the  square  root,  v  +  ^j-  =±^, 

Taking  the  upper  sign,  r  =  —  ^  +  J^=—  3. 

Taking  the  lower  sign,  t?  =  —  ^^  —  Jj^  =  -  18. 

16.  n  (n  -  1)  =  930. 
Completing  the  square,  n^-n  +  (i)2  =  930  +  J  =  ^,K 
Extracting  the  square  root,  w  —  i  =  ±  A^. 
Taking  the  upper  sign,  n  =  J  4-  V'  =  31. 
Taking  the  lower  sign,                                  n  =  J  —  ^  =  —  30. 

17.  r2  ^.  27  r  +  140  =  0. 

Completing  the  square,        r^  +  27  r  +  (V)^= -  140  +  i J^  =  4*. 
Extracting  the  square  root,  »•  +  V  =  ±  ¥  • 

Taking  the  upper  sign,  r  =  —  ^  -|-  y  =  —  7. 

Taking  the  lower  sign,  r  =  —  ^  —  J^  =  —  20. 

18.  l^^lll  +  2S=0. 
Completing  the  square,        ?2  -  11 Z  +  (V)^  =  -  28  +  i}i  =  J. 
Extracting  the  square  root,  2  —  ^  =  ±  5- 

Taking  the  upper  sign,  2  =  V  +  f  =  7. 

Taking  the  lower  sign,  1=^—1  =  4, 

19.  5xa-3a;-2  =  0. 
Dividing  by  5,  etc. ,  x^  —  ix  =  J. 
Completing  the  square,       x^  —  ix+  (^)2  =  J  +  y§^  =  ■^. 
Extracting  the  square  root,  x—  A  =  ±  rV- 
Taking  the  upper  sign,  x  =  t^-^-^q  =  1. 
Taking  the  lower  sign,                                a;  =  ^  —  t^=— J. 

20.  6a;2-6x-6  =  0. 
Dividingby  6,  etc.,  x^—ix=l. 
Completing  the  square,        x^-^x-}-  (t\)2  =  1  +  ^V?  =  Hi-  * 
Extracting  the  square  root,  a^  —  A  =  ±  H- 
Taking  the  upper  sign,  a^  =  A  +  H  =  i- 
Taking  the  lower  sign,  a;  =  ^  —  J|  =  —  }. 
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21.  .2x2  4- .9  a;  =  3.6. 
Clearing  of  decimals,  2  x^  -f-  9  x  =  36. 
Dividing  by  2,  x'-^  +  f  x  =  ^-. 
Completing  the  square,         x2  +  f  x  +  (f )2  =  A^  +  fi  =  -^j^ 
Extracting  the  square  root,  x  -f  f  =  ±  J^*. 
Taking  the  upper  sign,  x  =  —  f  +  J^f  =  f . 
Taking  the  lower  sign,  x=— J  —  ^=—  7. 
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22.  .03a;a-.07ic  =  .l. 

Clearing  of  decimals,  3  x^  —  7  a;  =  10. 

Dividing  by  3,  x^  —  ^x  =  ^. 

Completing  the  square,  a;^  _  j  a;  +  ( J)^  =  ¥  +  tl  =  W- 

Extracting  the  square  root,  «  —  J  =  ±  ^. 

Taking  the  upper  sign,  a;  =  J  +  J^s.  _  y. 

Taking  the  lower  sign,  x=J  —  ^^=— 1. 

28.           •  2*2-^3;  =  |. 

Dividing  by  2,  x^  —  ^x=:\. 

Completing  the  square,  x^—^x^-  (}ff  =  {  +  J^gfijL  =  ^. 

Extracting  the  square  root,  a  —  J^  =  ±  ^. 

Taking  the  upper  sign,  a;  =  J^  +  ^  =  6. 

Taking  the  lower  sign,  x=z^^  —  ^  =  —  \, 

24  1      ,      3     ^10 

x+l^a-l      3 
Clearing  of  fractions,  3a;— 3  +  9x4-9=  10  a;^—  10. 

Transposing,  etc.,  10  a;2  -  12  x  =  16. 

Dividing  by  10,  x^  -  |  a;  =  f . 

Completing  the  square,  a:^  -  f  x  4-  (l)^  =  |  +  ^^i^  =  |f 

Extracting  the  square  root,  x  —  |  =  ±  |. 

Taking  the  upper  sign,  x  =  |  +  {  =  2. 

Taking  the  lower  sign,  x  =  J  —  J  =  —  J. 

x2        3x-5_x  +  2 


25. 

x^2  2  6 

Clearing  of  fractions,  10  x^  —  15  x2  +  66  x  —  60  =  2  x^  —  8. 

Transposing,  etc.,  —  7  x*  4-  65  x  =  42. 

Dividing  by  —  7,  x^  —  ^/-  x  =  —  6. 

Completing  the  square,  x^  -  -p^^  a;  4-  ( JJ)2  =  _  6  4-  -'iW"  =  VsV'- 

Extracting  the  square  root,  ^  ~  ii  =  ±  f  !• 

Taking  the  upper  sign,  x  =  f  |  -f  f}  =  7. 

Taking  the  lower  sign,  x  =  f|  —  f f  =  f . 
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2.  2x2-5x  =  42. 
Multiplying  by  2,                              4  x^  —  10  x  =  84. 
Completing  the  square,          4  x2  —  10  x  4-  (|)^  =  84  4-  ^^  =  *fi. 
Extracting  the  square  root,  2  x  —  |  =  4:^. 

2  X  =  f  4:  V  =  12  or  -  7. 
/.  X  =  6  or  —  J. 

3.  6x2-5x  +  l=0. 
Multiplying  by  6,  etc.,  36  x^  —  30  x  =  —  6. 
Completing  the  square,        36  x^  —  30  x  4-  (J)^  =  -  6  4-  ^  =  J. 
Extracting  the  square  root,  6  x  —  f  =  4:  J. 

6  X  =  I  4:  i  =  3  or  2. 
.*.  X  =  i  or  J. 
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4.  4a:a-12a:  =  27. 

Completing  the  square,  4  ««  —  12  a:  4-  3^  =  27  +  9  =  36. 

Extracting  the  square  root,  2  a;  —  3  =  ±  6. 

2a;  =  3±6  =  9or-3. 
/.  a;  =  J  or  —  f . 

6.  18a^+6a;  =  4. 

Multiplying  by  2,  36  ac^  +  12  x  =  8. 

Completing  the  square,  36  a^  +  12  a;  +  1^  =  8  -f  1  =  9. 

Extracting  the  square  root,  6  a;  +  1  =  ±  3. 

6a;=- 1  ±3=2or-4. 
.-.  a;  =  t  or  -  f 

6.  2a^-lla:4-12  =  0.        ^ 
Multiplying  by  2,  4  a;*  —  22  a;  =  —  24. 
Completing  the  square,        4  a^  -  22  x  +  ( Y)*  =  —  24  +  ip  =  y. 
Extracting  the  square  root,  2  a;  —  J^/^  =  it  |. 

2a;  =  V±l  =  3or3. 
.-.  X  =  4  or  j. 

7.  3x2  +  4x  =  96. 
Multiplying  by  3,                             9  x^  +  12  x  =  286. 
Completing  the  square,  9  x^  +  12  x  +  22  =  286  +  4  =  289. 
Extracting  the  square  root,  3x  +  2=dbl7. 

3x  =  -2±  17  =  16  or -19. 
.-.  X  =  5  or  -  J^. 

8.  7  r2  +  2  r  =  32. 
Multiplying  by  7,                            49  r^  +  14 1?  =  224. 
Completing  the  square,  49  r^  +  14  r  +  1^  =  224  +  1  =  226. 
Extracting  the  square  root,  7v  +  l=±15. 

7t?=-l  ±16  =  14  or  ^16. 
.'.  r  =  2  or  —  ^. 

9.  8  x2  -  18  X  =  6. 
Multiplying  by  2,                            16  x^  -  36  x  =  10. 
Completing  the  square,        16  x^  —  36  x  +  (§)2  =  10  +  ^  =  ^. 
Extracting  the  square  root,  4  x  —  |  =  ±  V- 

.-.  X  =  4  or  —  J. 

10.  6  m2  +  6  w  =  4. 
Multiplying  by  6,                         36  m^  +  30  m  =  24. 
Completing  the  square,     36  m^  +  30  w  4-  {\Y  =  24  -|-  ^  =  i}i. 
Extracting  the  square  root,  6  m  -|-  4  =  ±  V- 

6m=- J±  V=3or  -8. 
.-.  m  =  i  or  —  |. 

11.  6n2-14»=-8. 
Multiplying  by  5,                           26  n^  —  70  n  =  -  40. 
Completing  the  square,         26  n^  _  70  »  4. 49  =  -  40  +  49  =  9. 
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Extracting  the  square  root,  5  »  —  7  =  ±  3. 

6  n  =  7  ±  3  =  10  or  4. 

.-.  n  =  2  or  f 
18.  2«2+8a;  =  27. 

Multiplying  by  8  and  adding  9  to  each  member, 

16  a;'^  4-  24  a;  -f  9  =  216  4-  9  =  225. 
Extracting  the  square  root,  4a;  +  3=±15. 

4a;  =-3  ±16=  12  or  —  18, 
.-.  a;  =  3  or  —  J. 
14.  2x2  + 6a;  =  7. 

Multiplying  by  8  and  adding  26  to  each  member, 

16a:2  +  40  a;  +  25  =  56  +  26  =  81. 
Extracting  the  square  root,  4  x  +  6  =  ±  9. 

4x=-5±9  =  4or  —  14. 

.'.  X  =  1  or  —  }. 
16.  2x2  +  7x=-6. 

Multiplying  by  8  and  adding  49  to  each  member, 

16  x2  +  66  X  +  49  =  -  48  +  49  =  1. 
Extracting  the  square  root,  4  x  +  7  =  ±  1. 

4x=-7  ±  l=-6or-  8. 

.-.  x=— f  or  —  2. 

16.  3x2  — 7x  =-2. 
Multiplying  by  12,                         86  x^  -  84  x  =  -  24. 
Adding  49  to  each  member,  36  x*  —  84  x  +  49  =  —  24  +  49  =  26. 
Extracting  the  square  root,  6  x  —  7  =  ±  5. 

6  X  =  7  ±  5  =  12  or  2. 
.-.  X  =  2  or  f 

17.  4x2-17x=~4. 
Multiplying  by  16,                        64  x^  -  272  x  =  -  64. 
Adding  289  to  each  member, 

64  x2  -  272  X  +  289  =-  64  +  289  =  225. 
Extracting  the  square  root,  8  x  —  17  =  i  16. 

8x=  17  ±15  =  32  or  2. 
.•.  X  =  4  or  J. 

18.  4x2-x-3  =  0. 
Transposing,  multiplying  by  16,  and  adding  1  to  each  member, 

64  x2  -  16x  +  1  =  48  +  1  =  49. 
Extracting  the  square  root,  8  x  —  1  =  ±  7. 

8x  =  l±  7  =8or  —  6.       * 
.•.  X  =  1  or  —  }. 

19.  5x2 -2x- 16  =  0. 
Transposing,  multiplying  by  20,  and  adding  4  to  each  member, 

100x2  -  40x  +  4  =  320  +  4  =  324. 
Extracting  the  square  root,  10  x  —  2  =  ±  18. 

10x=2±18  =  20or  -  16. 
.*.  X  =  2  or  —  4. 
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80.  3a;2+7x- 110  =  0. 

Transposing,  multiplying  by  12,  and  adding  49  to  each  member, 

36  x2  +  84  X  +  49  =  1320  +  49  =  1369. 
Extracting  the  square  root,  6  a;  +  7  =  ±  37. 

6a;  =-7  ±37  =30  or  -44. 
.'.  a;  =  5  or  —  Jyi. 
21.  2a;2- 6a;- 160  =  0. 

Transposing,  multiplying  by  8,  and  adding  26  to  each  member, 

16a;2  -  40  a;  +  25  =  1200  +  26  =  1225. 
Extracting  the  square  root,  4  a;  —  5  =  db  36. 

4a;  =  6±36  =  40or  -30. 
.•.  a;  =  10  or  —  J/. 
28.  3a;2  +  a;  — 200  =  0. 

Transposing,  multiplying  by  12,  and  adding  1  to  each  member, 

36  a;2  +  12  a;  +  1  =  2400  +  1  =  2401. 
Extracting  the  square  root,  6  x  +  1  =  ±  49. 

6x  =-  1  ±  49  =  48  or  -.50. 
.«.  X  =  8  or  -  »f. 
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28.  5aja-7x  =  -2. 

Multiplying  by  20  and  adding  49  to  each  member, 

100x3  -  140x  +  49  =-40  +  49  =  9. 
Extracting  the  square  root,  10  x  —  7  =  i:  3. 

10x  =  7±3  =  10or4. 

.'.  X  =  1  or  J. 

24.  6x2  +  5a;  =  -l. 

Multiplying  by  24,  and  adding  25  to  each  member, 

144x2  +  120x  -f  26  =-  24  +  26  =  1. 
Extracting  the  square  root,  12  x  +  6  =  ±  1. 

12 x=-  6±  l=-4or  -6. 
.-.  x=- Jor- J. 

26.  16x2-7x-2=0. 

Transposing,  multiplying  by  60,  and  adding  49  to  each  member, 
900  x2  -  420x  +  49  =  120  +  49  =  169. 
Extracting  the  square  root,  30  x  —  7  =  ±  13. 

30x  =  7±13=20or-6. 
/.  X  =  }  or  -  i. 

26.  7x2-20x-32  =  0. 

Transposing,  multiplying  by  28,  and  adding  400  to  each  member, 
196x2  -  660  X  +  400  =  896  +  400  =  1296. 
Extracting  the  square  root,  14  x  —  20  =  ±  36. 

14  X  =  20  ±  36  =  66  or  -  16. 

/.  »  =  4  or  —  f 
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2a;2  4-5a;  +  2  =  0. 


.  ^_-6i:V26-4.2»2 
•  2^2 

4  2 

3.      3x2  +  lix  +  6=0. 


-11  dbVl21 -4.3.6 
'"  2.3 

=  =lll±l=-?or-3. 
6  3 

6  x2  +  2  =  7  X. 
6a;2-7x  +  2  =  0. 


5. 
6. 


7  j.  V49  -4.6.2 
-  2:^6 

12         3       2 

4a;2  4-4a;  =  15. 

-4  j.Vl6-4.4(-15) 
2.4 

Zll±i5  =  ?or-5. 
8  2  2 

2a;2=:9--3a:. 
2a2  +  3«-9  =  0. 


/.  5C  = 


.  ^_-3dbV9-4.2(-9) 
"''-  2.2 

=  n3±_?=§or-3. 
4  2 

7.  a;(2a;  +  3)  =  -l. 
2  x2  4-  3  a;  +  1  =  0. 
,3j.V9-4.2.1 

2.2 

=  ^i±i  =  -lor-l. 
4  2 

8.  13  X  =  3  x2  _  10. 

3  x2  -  13  X  -  10  =  0. 
_13  J:Vl69-4.3(-10) 
•'•  ^  —  2.3 

=  — "^ —  =  5  or  —  -  • 
6  3 

9.  7  x2  +  9  X  =  10. 

,-9±V81-4.7(-10) 

''-''-  2.7 

=  =ll±I?  =  ^or-2. 
14  7 

10.  1  -  3  X  =  2  x2. 

2x2  +  3x-l  =  0. 


-3j:V8nr472.(-l) 
•''"'  _2.2 

-3±\/l7      1 


x  =  - 


11. 


=  i(-3±Vl7). 
4  4 

4  =  x(3x  +  2) 
3x2  +  2x-4  =  0. 


_2  jr\/4-4.3.(-4J 


2  . 3 

12.   ic2_5a.=:-3^ 

_  6  db  V25  -4.1.3 
•*•''■"  2:1 

18.  3x2-6x=-2. 

_6i:V36-4.3.2 
2.3 

=  ?±2V3  =  l±lV3. 
6  3 

14.    4x2-3x-2  =  0. 

.  3dbV9-4.4(-2) 

•  2.4 

=3±^^i.(3iV4r). 

16.  x2+10=6x. 

x2  -  6  X  +  10  =  0. 


.\  X 


.  ^_6i:V36-4.1.10 
;•''"  2^ 

__6±2V^^, 

2 

16.  x2  =  -4(x  +  3). 

x2+4x-|-12  =  0. 


^  =  3  ±  viTi. 


^  _  -  4  i:  VI6  -  4  .  1 .  12 
""-  2T1 

x  =  =i±i^HI 
2 

=  -  2  ±2V^. 
17.         4(2x-5)=x2. 
x2  -  8  X  4-  20  =  0. 


.*.  X 


_8:fcV64-4.1  .20 


2.1 

8±4V^^ 


=  4±2\/— 1. 
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8.          x»-6x  +  6=0.  18.             a!2  +  .26a:  =  .015.          (1) 

(a;-l)(a;-5)=0.  (1)  X  400,         400  x»  +  100  a:  =  6. 

.•.a;  =  lor5.  400a^+100a;+(J)s=6 +  ^  =if. 

4.              2*»-5x  =  0.  ^"l^^^^-      a 

a:(2x-5)=:0.  20x=lor-6. 

x  =  Oorx  =  i  a:  =  .06or-.3. 

6.              7sc2  +  2x  =  32.  14.             x-\----  =  Q. 

49x*  +  14x  + 1  =  224  +  1  =  225.  2=«»_5x  +  l=0. 

7x  +  l  =  ±15.  (x-2)(2x-l)=0. 

7x=14or-l«.  .•.x  =  2orJ. 

...x  =  2or-V.  x«^x»-2x     85 

6.  .                   x2  =  8x  +  10.  ».       _  +  ^_-^=-. 

x"  -  3  X  -  10  =  0.  x»     X  _  35 

(x-5)(x  +  2)=0.  J  +  ST' 

.•.x  =  5or-2.  4x2  +  12x  =  315. 

7.  x»-80  =  13x.  4x«+12x  +  9  =  315  +  9=324. 

x'^-13x-30  =  0.  ■lztoi-»i- 

(x-15)(x  +  2)=0.  •• 

••-  =  ^^--^-  "•             9(^=^- 

8.  a:2_i2a;  =  28.  2x  =  3x2-0x  +  6. 
a:2  _  12  a;  -  28  =  0.  3  ic^-ll  x  =  -  6. 

(^_14)(x+2)  =  0.  36a?-132x+121  =  -.72+121=49. 

--               —  Ofl/—  11—  ii.. 

.•.x  =  14or-2.  6«=18or4. 

9.  a;2_i2a;  =  0.  /.  x  =  3  or  |.            • 
x(x-12)=0.  4          ^1 

X  =  0  or  12.  *      x2  -  2  X  +  I      4 

10             18  x2  4-  6  X  =  0  Extracting  the  square  root, 

6x(3x  +  l)=0.  ^  =  =*^^ 

x  =  Oor-J.  4=±(a;_l) 

11.            4x2-12x  =  0.  =x-lor-x+l. 

4x(x-3)=0.  .•.x  =  5or-3. 

x  =  0or3.  18             ^_2x^2g 

'^'           .n'^rt'^^^olf  -^      2x  A      252  _,4      256 

10x2->43x  =  273.  4""T'^9  =  "9~"^9  =  "9"* 

.  ^^43j:Vl849-40.(^273)  ^      2           ^^ 

20  2"'3~'^¥' 

_43±V52769_43±113  ^     a           14 

20          -"~20~  2  =  ^''''""3* 

=  7.8  or  -  3.6.  .-.  x  =  12  or  -  V- 
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19.  _»£-+_A_  =  4. 

®       '       3     =4 


2a:  +  l      a;-3 
9a;- 27  H- 6  a;  +  3  =  8  a;2- 20x  -  12. 
8«2_  35a;  ^12  =  0. 

.  j.^36  J:Vl226-4.8. 
2.8 
^36±2?^4       3. 
16  8 


12 


20  1-fa;     a;-1^4 

x-3     x-2      6 
6  a^  -  6  a;  -  10  -  5  a;2  +  20  a:  -  1 5  =  4  a;2  -  20  a:  +  24. 

4a;2-35a:  +  49  =  0. 

.  ^  __  36  ± \/l225  -  4  .4.49 
••''"  2T4 

=  36±21^7^J. 
8  4 

21.  _E__?^  =  ?. 

a;-5         X         2 

2a;2-2a;2-f  20a;-50  =  3a:2-16x. 
3a;a-35«  +  50  =  0. 
(x-10)(3a-6)=0. 

.-.  a;  =  10  or  {. 

22  «±7.«±12^7 

•  a;  +  6       a;  +  6 

«2  +  13  a;  +  42  +  a;2  +  17  a;  +  60  =  7  a;2  +  77  a;  +  210. 
6a:2  +  47a:  +  108=0. 
(aj+4)(6a;  +  27)=0. 

/.  a;  =  —  4  or  -  ^. 

28.  ^±4^  3  ^(g +  3)2 

a- 2  (ic2-9) 

a_-f  4 
a;- 


c  4-  4     3  ^  (a;  +  3)  (x  +  3) 
c-2  (a;  +  3)(a;-3) 

c  +  4  I  3^a?  +  3^ 


«j 

x-2^''""a:-3' 
x2  4.  a;  -  12  +  3  a:2  -  15  a;  +  18  =  a:2  +  X  -  6. 
3  x2  -.  15  a;  +  12  =  0. 
x2  -  6  X  4-  4  =  0. 
(a;-4)(x-l)=0. 

.•.x  =  4  or  1, 
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^    -     4   .^6.        26.     •        -^  +  1=^  +  2 


a;-2     x-2  aj  +  2     2       2a; 

^  +  2+— ^  =  j^-^+6.  2x2-2x-4=0. 


x2  -  X  —  2  =  0. 
CanceUng,         -^  =  -^.  (x  -  2)  (x  +  1)  =  0. 

X— ^     X  — z  •.x  =  2or  — 1. 


4_^_4 

-2     X- 

x  =  8. 


86.  6x    ^a;-h6^3 

x+7     x+3 
5x2  +  16x  +  x2  +  13x  +  42  =  3x«  -h  30x+  63. 
3  x2  -  2  X  -  21  =  0. 
(x-3)(3x  +  7)  =0. 

/.  X  =  3  or  —  }. 

27.  ^-^  =  1. 

x2  -  3  X  -  10  -  x2  4- 2  X  +  36  =  X2  - 1 2  X  +  36. 
x2-llx  +  10  =  0. 
(x-l)(x-10)=0. 

.-.  X  =  1  or  10. 

28  x-3     x  +  2^23 

x  +  4     x-2     10' 
10x2- 60x  +  60  +  10x2  4- 60x  4- 80  =  23x2  +  46x- 184. 
3  x2  -f  36  X  -  824  =  0. 
x2  -h  12  X  -  108  =  0. 
(x-6)(x4-18)=0. 

.-.  x  =  6or— 18. 

2x  +  l     5^x-8. 
l-2x     7         2 
28x  +  14-10  +  20x=-14x2  +  119x-66. 
14x2-71x=-r60. 
66 .  14  x2  -  66 .  71 X  +  712  =  66(-  60)  +  712  ^^  legi. 
28x-71  =  ±41. 

28  X  =  112  or  30. 
.-.  X  =  4  or  ^. 

30. 


2x-3 

=  2- 

g 

\ 

x2-3x 

X2- 

3x 

2X-3+3 
x2-3x 

=  2. 

2 
x-3 

=  2. 

2 

=  2x 

-6. 

.*.  X 

=  4. 

81.  x2— 4x  — 1=0. 

Transposing,  x2  —  4  x  =  1 . 

Completing  the  square,  x2  —  4x4-4  =  1+4  =  6. 

Extracting  the  square  root,  x— 2=  ±Vb=  ±  2.236. 

.-.  X  =  4.236  or  -  .236. 
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82.  «2_j.et?  +  7=0.        ' 

Transposing,  t?^  +  6 1?  =  —  7 . 

Completing  the  square,  «2  4.6«H-9=— 7  +  9=2. 

Extracting  the  square  root,  «  +  3=±\/2-=±  1.414. 

.•.v=- 1.686  or -4.414. 
88.  u^-^6u  + 6.6  =  0. 

Transposing,  m^  -f  5  w  =  —  5.5. 

Completing  the  square,     m^  +  5  u  +  ( J)2  = —5.5  +  js^  =  |. 
Extracting  the  square  root,  w  +  f=±jV3=±  .866. 

.•.M=- 1.634  or  -3.366. 
84.  «2_  12^  +  16.6  =  0. 

Transposing,  t^ -12t  =— 16.6. 

Completing  the  square,     t^-^12t+(6)^=—  16.6  +  36  =  19.6. 
Extracting  the  square  root,  j  —  6  =  i  4.416. 

.-.  t  =  10.416  or  1.684. 
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1.               a^^ax^ab—bx.  7.     acx^  —  bcx--bd  +  adx  =  0. 

«(«-  a)  =-  6(aj-  a).  cx(ax-b)  +(i(-  b-hax)=0. 

(x  +  6)  (a-  a)  =  0.  (ex  -\-d){ax-b)=  0. 

/.  jc  =  — 6ora.  a«— 6=0  orc«  +  d  =  0. 

**  a;2  +  005  =  ac  +  ex.  .%  x  =  -  or  — 


x(x  +  a)  =c(x  +  a). 


a  c 


(x  — c)(x  +  a)=0.  8-  x2+4mx+3nx+12mn  =  0. 

.•.x  =  cor— a.  x(x  +  4wi) +3n(x  +  4m)=0. 

(x  +  3n)(x  +  4w)=0. 
.*.  X  =  —  3  n  or  —  4  m. 


8.  x2  =  (wi— n)x+win. 

x2—  (m— n)x— «in=  0. 


ry  — «i^rir-4-«^  —  0  ®-  x2  =  4ax— 2a2. 

(X -  «) (as  +  n)  -  0.  ^._4 ^^4 ^,^4 ^,_^  ^,^^  ^, 


.  X  =  m  or  —  n. 


4.  6x-2ax  =  x2-10a. 

x2-5x+2ax-10a  =  0. 

(x-6)(x  +  2a)=0.  10.   xg-qx+a2  =  0 


X  — 2a  =  ±av/2. 
x=2a±a  V2=a(2  ±  V2). 


.x  =  6or— 2a.  .  j.  _  «  +  Va^  -  4  . 1 .  g^ 

6.  x2  +  36x  =  6cx+166c.  ,-l_ 

x(x  +  3  6)  =  6  c(x  +  3  6) .  _  a±aV-S 

(x-6c)(x  +  36)  =0. 


.  X  =  6  c  or  —  3  6. 


=  f(l±V^). 


6.  6x2  +  3  ax  =  2  6a;  +  aft. 

(3x-0)(2x  +  a)  =0.  3-2_4nr-_<J/.« 

3x-6=0or2x+a  =  0.  x2_4«x  +  4a^  =  a= 
.-.  x  =  -  or  —  ^.  X  — 2a  =  ±a. 

3  2  .*.  X  =  3  a  or  a. 
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12.  6aa;  +  6a2  =  6a;2. 

(2a;-3a)(3a  +  2a)=0. 
2a;-3a  =  0or3a;  +  2a  =  0. 

21  62  _  4  5a;  =  x\ 

a;2  +  45a;_2162  =  o. 

(x-36)(a;  +  76)=0. 

/.  a;  =  3  6  or  -  7  6.  ^ 

12  3 

7m2— 12wa;  =  4a;2. 

ic2  +  3  mx  =  \m\ 
4 

a?»  +  3  tna;  +  (|m]^  =  ^m2 +|ma 

^16m2 
4 
a;  +  }«i  =  ±2m. 

2  2 


18. 


14. 


15. 


36       4       3* 


4  a;2  =  15  6x  +  4  62. 
a;2  -  Jj5  6iK  =  62. 

289  62 


64 

«• 

15  6 
8 

-¥• 

x- 

=  46or- 

6. 

X 

x-\ 

X 

x+l 

w. 

X2 

H-a-a;2  +  a;  = 

:  mx2  —  W. 

ma;2 

-2*  = 

:  m. 

X         0 

-  4  a262  +  q*  +  2  0252  +  6^ 

4  62 
a2  +  62^     q2,62 

26  26 

a:  =£"01  6. 
6 

18.     2a-^^  =  a-2a;. 
a 
2aa;-3a:2=:a2-2aa;. 
35c2__4aa;=-a2. 


_4q:i:Vl6a2~4.3.q2 
'-  6 

4  a  +  2a  a 

X  =       t^       =  a  or  ^  • 


6 


19. 


:1- 


ax  — 4 


ax  +  4  16 

16  =  16  ax  +  64  -  a2x2  +  16. 
a2x2  -  16  ax  =  64. 
a2x2-  16  ax  +  64  =  64  +  64  =  128. 

ax-8  =  ±8\/2. 


20.       x2h-^x  = 


a 

a  +  6 


.•.x  =  ^(l±\/2). 
a 


^6        \2  6/  4  62        ^462 

_a2  +  4a6  +  462 


4  62 

a  +  26 


^26      "^     26 
.-.  X  =  1  or  — 


a  +  6 


x--  =  ±J-vT+"77i2. 
m         m 

.-.  x  =  l(l±v'rTm2). 


21. 


^2^2  =  (^«^+^K 
a 
ax2  +  2  a  =  2  a2x  +  x. 

(iic2  __  a;  :=  2  (35-23;  _  2  a. 
x(ax— 1)  =2a(ax— 1). 
(x-2a)(ax-l)=0. 

.'.  X  =  2  a  or  -  • 
a 
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22.  x^     2a;^4(a6-l) 

ah  ah 

ah     \ah)  a^h^  a%^ 


a%^ 


^_2^^2a6-l 


ah  ah 
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28.  a;2-2(a-6)a;  =  4a6. 

a;2_2(a-6)a;  +  (a-6)2  =  (a-6)2  +  4a6 
=  a2  +  2  aft  +  e>2. 

a;-(a-&)  =  ±(a  +  6). 

/.  ic  =  a  —  6  +  a  +  6ora  —  6  —  a  -  6 
=  2  a  or  -  2  6. 

24.  aj2  -  2  x(m  -  n)  =  2  mn. 

a;*—  2(fii  —  n)x  +(w  -  «)2  =  (m  —  n)^  +  2  mn 

a  — (m  —  «)  =  ±  Vm2  +  n2. 


.  a;  =  m  —  n  ±  \/mM-^. 
26.  ai»  +  2(a  +  8)a;  =-  32  a. 

a;2  +  2(a  +  8)a;  +  (a  +  8)2  =  (a  +  8)2  -  32  a 
=a2-l6a  +  64. 
a;  +  a  +  8  =  ±(a-8). 

.*.  «  =  — a  —  84-a  —  8or— a  —  8  —  a  +  8 
=  —16  or  -2  a. 

96.    a;2 +  a;  4- &«+ 6  =  «(«  +  !).      27.   a(2a;-l)  +  2  6a;-6=a;(2a:-l). 
«(«  +  1)  +  6(«  + 1)  =  «(«  +  1).  2  aic  -  a  +  2  6a;  -  6  =  2  a:2  -  a. 

(«  -  a  +  6)(a:  +  1)  =  0.  a(2  a; -  1)  +  6(2a;- 1)  =  x(2a;-  1). 

jc-a  +  6  =  0ora;  +  l  =  0.  (a  +  6-«)(2a;-l)  =  0. 

/.a:  =  a  —  6or—  1.  a  +  6  —  a;  =  0or2x— 1=0. 

/.  a;  =  a  +  6  or  J. 

28.  a:2  4.4(a  -  l)a;  =  8  a  -  4  a^, 

a;2  +  4(a-l)a:  +  4(a-l)2  =  4(a-l)2+8a-4a2  =  4. 
a;  +  2a-2=±2. 

/.  a;=-2a  +  2  +  2or-2aH-2-2 
=  -2a  +  4or--2a. 

29.  1        =1  +  1  +  1- 

a  +  6  +«     a     6     a; 

a6x  =  afta:  +  hh.  +  h7^-\-  aH  4-  afcas  +  0*2  +  a26  +  aft"  4.  ahx. 
(a  +  6)a;2  +  (a*  +  2  a6  +  62)3.  -  _  ^^(a  +  &). 
a;2  4-fa  +  6)a;=  -  a6. 

^.+(a  +  5)x+(^t'^'  =  "'-^'f^''-^^  =  ^^":^^'- 
4  4  4 


x  +  ^ 


2 
a;  =  —  a  or  —  6. 
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80. 


88. 


a^  +  1 1      _x^ 

n^  —  2n     2—nx     n 


a^+1       I       1      ^x 
n  (nx  —  2)     naj  —  2     n 

«2  4.i  +  n  =  na;2-2a5. 
(n- 1)052- 2x  =  n  +  l. 

«.__2  x+(-i-y=«±i+-^ 

n— 1        \»— 1/       n— 1      (n  — 


1)«     (n  - 1)» 


X  =rLtl  or  l=J^- 


n— 1         «— 1 

n—  1        n  — 1 

^  =  »+ior-l. 
n— 1 


81  2q  +  a?  ■  a-2a;_8 

2a-x     a-\'2x     3* 
1   ,      2x      ,  1         4a;         oa 


a;             2a;         1 

2a-a;     a  +  2a;     3 

Soa; +  6«2  _  i2aa; -f- 6a;2  =  2a2  +  3ax- 

14x2-12  oa;-2a2  =  o. 

7x2-6oa;— a2_o. 

(x--o)(7a;  +  a)  =  0. 

.2aJ?, 

.•.  X  =aor  — |. 

1            1     _  3  +  a* 

a  —  X     a  +  x     a2  —  x2 
a  +  x  —  a  +  x  =  3  +  x2. 
x2-2x=  -3. 
a;2-2x  +  l  =  -2. 

x-l  =  ±V-2. 
.•.x  =  l±V-2. 

88.   a(x-2a  +  6)  +  a(«  +  a-&)=x2-(a-6)2. 

a(2x-a)  =x2-a2  +  2a&-6«. 
2ax -  a2  =  x2- a2  +  2a6  -  &2. 
x2-2ax= -2a6  +  62. 

x2  -  2ax  +  a2  =  a2_  2a6  +  6^. 

X— a  =  a  —  6  or— a  + 6. 
.'.  X  =  2a--  6  or  6. 


84. 


i  +  6      \       abj        a     h 


a  ■ 
ahx^-(,a%  +  a  +  a&2  +  6)x  +  (a  +  hy  =  0. 

a6x2  -  (a&  + 1)  (a  +  6)x-|-  (a +  6)^  =  0. 

^  _  (qft  +  l)(q  +  6)  ±  V(ab  +  l)^(a  +  6)'^  -  4  fl&(qT6? 
2a6 

STAND.  ALO.  KBT  —  17 
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3,  ^  («&  +  1) Cfl  +  6) zb  V<a  +  b)Hab  -  1)^     ^hatis 
2ab  ' 

""'  2ab  "        2ab        ""^"^^ 

Qr3.--q^ft  +  a  +  q&^  +  &-a^6  +  q-q&^  +  &_2a  +  26_qH-& 
2ab  2ab  ab 

85.  ?i±i^«+^  =  _c«. 

X  c        a-^-b 

X  c(a  +  6) 

c(a  +  6) 

c(a  +  6) 

c(a  +  6)  L  2c(a+6)  i  4c2(a+6)2  U^{a+b)^ 

^(q  +  &)*-2c2(q  +  6)24-c* 
4c2(a  +  6)2 

2c(a  +  6)  2c(a  +  6) 

.  j.^Cq  +  6)^  +  c2+(a  +  6)2->cgp^  (q  +  &)«+c2->(q  +  6)^+ca 
2c(q  +  5)  2c(q+6) 


a  +  b 


86.  ^^"^  +  3=     ^« 


6  2x-6 

4a;2-2qa;-2  6«  +  q6H-6  6x-362  =  4q6. 

4  a:2  _  2  qa;  +  4  6a;  =  3  62  +  3  a6. 

4x2_2a;(q-26)  =  362  +  3q6. 
16a2-8x(q-2  6)  +  (q-2  6)2  =  12  62  4.i2a6  4-q2-4q6+4  62 

=  q2  +  8q6  +  16  62. 
4x-(a-26)=  ±(a  +  46). 

.   ^  __  q— 26+q  +  46  ^^  q-26-q-46  _  q  +  6  ^^  —36 

.  .  X  — or —  —        or  • 

4  4  2  2 

87.  _^  +  6  =  «C«±l^. 

a—x  q+6 

q6x  +  62a;  +  q26  -  q6x  +  a62  -  62x  =  q2x  +  2  q26  —  qx2  -  2  q6x. 
qx2  -  a2x  +  2  q6x  =  a^b  -  q62. 
x2  —  ax  +  2  6x  =  a6  —  62. 
4x2-4x(q-2  6)  +  (a-2  6)2  =  4a6-462+q2-4q6H-462  =  a-^. 
2x-(q-26)=  ±  q. 

.  «  «  q  —  26  +  q  ^^q  —  26  —  q     ^      ,^^      , 

.'.  X  = — ■ —  or =  q  —  0  or  —  6. 

2  2 
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88.  Sx-hb  b  1 


x-\-b      2x  —  a     -.  ■  g  —  a 

a  +  6 

3-    2b  _      b       ^  a-\-b 

x  +  b     2x  —  a     X  -hb 

6x^-Sax-hebx-Sab-4bx  +  2ab=bx  +  bf^-{-2ax-a*+2  6x-  ab. 

6a;2_(6a  +  6)x  =  &2-a2. 

a     ^a  +  b        /6a-hby_b^-a^     26a^  +  10  ab  -{-b^  _(a  -\-  bb^ 

^         '^\     12     )   "      6      ^  144  144       ' 

6a  +  6_     a  +  6& 

12     """^^      12     ' 

a  +  b        a  —  b 
•  •.  a;=    ^      or  = — ~» 

2  3 

89.  ^^+fx  +  ^y-f^%^V  =  ax. 

a^     \        x/       \a      X I 

— +  «2  4.2a6  +  — -—2  ox —  =  ax. 

g2-  (a+26)x=-2a6.* 

4  4  4 

^     qH-26_  .  g— 26 

"^ 2~"=^"~2~' 

.«.  «  =  a  or  2  6. 

Page  296 

8.  8v^-8g  =  f. 

16\/x=  16x4-3. 
266x  =  266x2  +  96x+9. 
256x2-160x  +  26=-9  +  26  =  16. 
16x-6=:±4. 
16  X  =  9  or  1. 
«  =  A  or  A. 
Verification.  —Substituting  ^  for  x  in  the  given  equation, 

which  reduces  to  i  =  i* 

Hence,  i%  is  a  root  of  the  equation. 
Substituting  ^  for  x  in  the  given  equation, 

which  reduces  to  f  =  4» 

Hence,  t^  is  a  rpot  of  tb^  equation. 
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4.  3  X  +  Vx  =  6  VJx. 

Since  Vx  is  a  factor  of  both  members,  x  =  0  derived  from   Vx  =  0, 
satisfies  the  equation,  and  hence  0  is  a  root  of  the  equation. 
Dividing  by  Vx,  3 Vx  +  1  =  SVi. 

8\/x=10-l  =  9. 
Vx  =  3. 
.-.  x  =  9. 
Verification.  —  Substituting  9  for  x  in  the  given  equation, 

27+V9  =  5V86, 
which  reduces  to  80  =  30. 

Hence,  9  is  a  root  of  the  equation. 

5.  X  -  1  +  Vx-f  6  =  0. 

X  -  1  =  -  VxH-6. 
x«-2x+l  =  +  (x  +  6). 
x2  -  3  X  -  4  =  0. 
(x  +  l)(x-4)  =  0. 

.'.  X  =—  1  or 4. 
Vbbitication.  —  Substituting  —  1  for  x  in  the  given  equation, 

-  1  -  1  +  V-  1  -h  5  =  0, 
which  reduces  to  0  =  0. 

Hence,  —  1  is  a  root  of  the  equation. 
Substituting  4  for  x  in  the  given  equation, 

4  -  1  +  Vr+S  =  3  +  3  =  6  =jfc  0. 
Hence,  4  is  not  a  root  of  the  given  equation. 

6.  x-5-Vx-3  =  0. 

X  -  6  =  Vx  — 3. 
x«--10xH-25  =  x-3. 
X?  -  11  X  +  28  =  0. 
(x-4)(x-7)  =0. 

.'.  X  =  4  or  7. 
Verification.  —  Substituting  4  for  x  in  tlie  given  equation, 

4  -  6 -Vr^  =- 1  -  1  =- 2:jfc0. 
Hence,  4  is  not  a  root  of  the  given  equation. 
Substituting  7  for  x  in  the  given  equation, 

7_6-Vr^  =  0, 
which  reduces  to  0=0. 

Hence,  7  is  a  root  of  the  equation. 

7.  V4  X  +  17  +  VxTl~4  =  0. 

V4x+17  =  4-\^TT. 


4x+17  =  16-8S/xTT-}-g+l. 
3x  =  -8\/x  +  l. 
9  a?  =  64  X  +  64. 
81x2-576x  =  576. 
81a52-676x-|- 1024  =  1600. 
9x-32=±40. 

9x  =  72  or  -8. 
.-.  x  =  8or-|. 
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Verification.  —  Substituting  8  for  x  in  the  given  equation^ 

>/49+  \/9-4  =  7  +  3-4  =  6:3fcO. 
Hence,  8  is  not  a  root  of  the  given  equation.  ^ 

Substituting  —  {  for  a;  in  the  given  equation, 
VI|i+\/J-4  =  0, 
which  reduces  to  0  =  0. 

Hence,  —  {  is  a  root  of  the  equation. 

8.  1  4-  V(3  -  6  a;)g  + 16  =  2  (8  -  a;). 

V(3-6a:)2  +  16  =  5-2a-. 
0-30a;  +  25x2  +  16  =  26-20a;  +  4aJ>. 
21x2- 10  a  =0. 
a;  (21  a;  -  10)  =0. 

.-.  x  =  0  or  JJ. 
Ybrification.  —  Substituting  0  for  x  in  the  given  equation, 
1  + V82  +  16  =  2(3). 
1  +  6  =  6. 
Hence,  0  is  a  root  of  the  given  equation. 
Substituting  ^  for  x  in  the  given  equation, 

1  +  V(3  -  M)'  +  16  =  2(8  "  « ) 

Hence,  ^  is  a  root  of  the  given  equation. 


Page  297 

9.  Vl+gVg2+Tl=l  +  X.  (1) 

Squaring,  1  -f  x  >/a;g  +  12  =  l  +  2  x  -h  aJ^.  (2) 

Canceling  1=1  and  dividing  by  x,  y/x^-\- 12=2  +  x.  (8) 

Squaring,  x^  +  12  =4  +  4  x  +  x^. 

Canceling  x^  =  x*,  12 =4  +  4  x 

Solving,  x=2. 

Since  equation  (3)  was  divided  by  x,  x  =  0  is  another  value. 
Verification.  —  Substituting  2  for  x  in  the  given  equation, 

Vl-f-2\/4~+l^=  1+2. 
3=3. 
Hence,  2  is  a  root  of  the  given  equation. 
Substituting  0  for  x  in  the  given  equation, 

Vr+O  =  1  +  0. 
1  =  1. 
Hence,  0  is  a  root  of  the  given  equation. 
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10.  Vx'^n  +  y/2x-\  -V6lc  =  0. 


y/x-1-  y/bx=  —  V2a;— 1. 
'  x-.l-2V6x^-6a;  +  6a;=  +  (2x-l). 

\/6  a:2  -  5  a;  =  2  X. 
6a;2_6a;  =  4«2. 

x(x-6)=0. 

.'.  X  =  0  or  5. 
Verification.  —  Substituting  0  for  x  in  the  given  equation, 

V^n  +  V^TT^^O. 
Hence,  0  is  not  a  root  of  the  given  equation. 
Substituting  6  for  x  in  the  given  equation, 

Vi+V9_V26=0, 
which  reduces  to  0=0. 

Hence,  5  is  a  root  of  the  equation. 

11.  V2x-7-V2x+v^c^^  =  0.     

Vx-7~\/2x  =  ~V2x~7. 
x-1  -  2V2xg-  14x4- 2x=  +  (2 X  -  7). 
2V2x^-l4.x=ix. 
8  x2  -  56  X  =  x2. 
7  x(x  -  8)  =  0. 

.-.  x  =  0or8. 
Vbripication.  —  Substituting  0  for  x  in  the  given  equation, 

V^=^+V^^:?fc0. 

Hence,  0  is  not  a  root  of  the  given  equation. 
Substituting  8  for  x  in  the  given  equation, 

V9-.v^+vT  =  0, 
which  reduces  to  0  =  0. 

Hence,  8  is  a  root  of  the  equation. 


12.  Vx  +  3  -h  V4 X  +  I  -  VlOx  +  4  =  0. 


Vx  +3  +  V4  X  +  1  =  VlOx  +  4. 


a  +  3  +  2V4x2  4-13x  +  3  +  4x4-l  =  10  x  +  4. 
2V4x2-f  13x  +  3  =  6x. 
16x2  +  52x  +  12  =  26a«. 
9x2-62x  =  12. 
81  xa  -  468  X  +  262  =  108  +  676  =  784. 
9x-26=±28. 
.-.  x  =  6  or  —  J. 
Verification.  —  Substituting  6  for  x  in  the  given  equation, 
\/9-|-\/25-V64  =  0, 
which  reduces  to  0  =  0. 

Hence,  6  is  a  root  of  the  equation. 
Substituting  —  f  for  x  in  the  given  equation, 

v^+Vi-VV  =  1=3^0. 
Hence,  —  J  is  not  a  root  of  the  given  equation. 
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18.  y/a-\-x  —  y/a  —  x  —  vTx. 


2a-2g  =  2Voa-.xg. 
a  -  ac  =  Va2  -  a^. 
a?  -  2  ax  +  a;2  =  a2  -  »2. 

2  aJ2  -  2  ax  =  0. 
x(x  —  a)  =  0. 
.'.  x  =  0  or  a. 
Verification.  — SubsUtating  0  for  xjn  the  given  equation, 

y/a  —  Va  =  0. 
Hence,  0  is  a  root  of  the  given  equation. 
Substituting  a  for  x  in  the  given  equation, 

V2a  —  Va  —  a  =  y/2a, 
V2a=y/2a. 
Hence,  a  is  a  root  of  the  given  equation. 


14.  Vx-a  +  V6  — X  =  V6  — a. 

X  —  a  +  2\/(x  —  a) (6  -  x)  +  6  —  x  =  6  —  a. 
2V(x-a)(6->x)=0. 
V(x-a)(6-x)  =0. 
(x-a)(6-x)  =0. 

.'.  X  =  a  or  6. 
Verification.  —  Substituting  a  for  x  in  the  given  equation, 
VcT^  +  V  6  —  a  =  V&  —  g. 
V6  —  a  =  V6  —  a. 
Hence,  a  is  a  root  of  the  given  equation. 
Substituting  b  for  x  in  the  given  equation, 

V6  —  a  =  V6  —  a. 
Hence,  6  is  a  root  of  the  given  equation. 

16.  Vx2  -  62  =  VxTft  VcTTfr. 

x2-62=(a;+5)(flj4.6). 

(X  +  6)(x  -  6)=  (X  +  6)(a  +  6). 
(a.-6-a-6)(x  +  6)  =  0. 
(x-a-26)(x  +  6)  =  0. 

.'.  X  =  a  +  26  or  —  6. 
Verification.  —  Substituting  a  +  2  6  for  x  in  the  given  equation, 
Va2  +  4a6  +  46^  -  6^  =  Va  -f  36Va  +  6. 
Va2  +  4  a6  +  3  62  =  Va2+4a6  +  862. 
Hence,  a  +  2  6  is  a  root  of  the  given  equation. 
Substituting  —  6  for  x  in  the  given  equation, 

V62  -62  =  V-6  +  6Va  +  6orO  =  0. 
Hence,  —  6  is  a  root  of  the  given  equation. 
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16.  V2g4-Vi0xTl=V2x  +  l. 

Squaring,  2a;  +  Vl03e  +  1  =  2x  +  2v^lc  +  1. 

Canceling  2 a;  =  2x,  \/10a;  +  1  =  2 V2a;  +  1. 

Squaring,  10x+  1  =  8x  +  4V2Jc+ 1. 

Transposing,  etc.,  2 as  =  4 \/2x. 

Squaring,  4x2  =  3235. 

Factoring,  4  x(a;  —  8)  =  0. 

.-.  x=0or8. 
Verification.  —  Substitating  0  for  x  in  the  given  equation, 

1  =  1. 
Hence,  0  is  a  root  of  the  given  equation. 
Substituting  8  for  x  in  the  given  equation, 

Vl6  +  V81=vl6  +  1. 
5  =  6. 
Hence,  8  is  a  root  of  the  given  equation. 


17.  V6  +  X  +  Vx  -VlQ->4x  =  0. 

V6  +  a;  +  Vx  =  VlO  -  4  x. 
0  +  x  +  2V6xH-x^-}-x  =  10-4x. 
V6xH-x2  =  2-3x. 
6x  +  xa  =  4-12x  +  9aj2. 
4x2- 9x +  2  =  0. 
(x-2)(4x-l)=0. 

.-.  x  =  2or  J. 
Vbrification. — Substituting  2  for  x  in  the  given  equation, 

V8  +  V2  -  V2  :5fc  0. 
Hence,  2  is  not  a  root  of  the  given  equation. 
Substituting  \  for  x  in  the  given  equation, 
V^  +  Vj-V9  =  0, 
which  reduces  to  0  =  0. 

Hence,  ^  is  a  root  of  the  equation. 


18.  V4x-3-V2xH-2  =  Vx^r6. 

4x-8~2V8x2-|-2x--6  +  2x  +  2  =  x-6. 
2V8x2  +  2x-6  =  5x  +  6. 
32x2  +  8x  -  24  =  26x2  +  60x  +  26. 
7x2- 42x- 49  =  0. 
a;2_6x-7=0. 
(x-7)(x  +  l)=0. 

.  •.  X  =  7  or  —  1. 
Vbrification.  —  Substituting  7  for  x  in  the  given  equation, 
>/26-Vl6  =  Vl, 
which  reduces  to  1  =  1. 
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Hence,  7  is  a  root  of  the  equation. 
Substituting  --  1  for  x  in  the  given  equation, 

Hence,  —  1  is  also  a  root  of  the  equation. 
19.  V2a;  +  3-VgTl=V5g^l4. 

2x  +  3--2V2xg  +  6g-f3  +  xH-l  =  6a;-14. 
-  V2xa  +  6x  +  8  =  «  -  9. 

2  x2  +  6  X  +  8  =  x2  -•  i8x  +  81. 
a^  +  28x-78  =  0. 
(x-3)(x+26)  =  0. 

.  •.  X  =  3  or  -  26. 
Verification. — Substituting  3  for  x  in  the  given  equation, 

V9-Vi  =  VI, 

which  reduce^  to  1  =  1. 

Hence,  3  is  a  root  of  the  equation. 

Substituting  —  26  for  x  in  each  member  of  the  given  equation, 
we  find  >/^l49- V^^=li5  =  2V^=jfcl2V^. 

Hence,  —  26  is  not  a  root  of  the  given  equation. 

30.  V3x->6+V3r^  =  V4x--4. 

3x  —  6  +  2V8x2-  32x+46-f  x-9  =  4 x - 4. 
V3x*^-32x  +  46  =  6. 
3x2 -32x4- 45  =  25. 
3x2-  32x=-20. 
0x2  -  96 X  +  256  =  -  60  +  256  =  196. 
3x-16  =  ±14. 
.  •.  X  =  10  or  f 
Vbbipication.  —  Substituting  10  for  x  in  the  giveii  equation, 
v^+Vl=V36, 
which  reduces  to  6  =  6. 

Hence,  10  is  a  root  of  the  equation. 
Substituting  |  for  x  in  the  given  equation, 

vCTs  +  f  ^/33  =  jv^rs  :^  iVZTS. 
Hence,  )  is  not  a  root  of  the  given  equation. 


6 


21.  V^TS — —  =  «;. 

Vx2  +  8 

Clearing  of  fractions,  x^  +  8  -  6  =  x  Vx^  4-  8. 

x2  +  2  =  xVx2  +  8. 
Squaring,  «* +  4x2  +  4  =  x* +  8x«. 

4x2  =  4. 

.-.  X  =  1  or  —  1. 
Verification. — Substituting  1  for  x  in  the  given  equation, 

VTTS g— =  1. 

Vl+8 
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Hence,  1  is  a  root  of  the  given  equation. 
Substituting  —  1  for  a  in  the  given  equation, 

VTTS-— g —  =  1=^-1. 

VTTs 
Hence,  —  1  is  not  a  root  of  the  given  equation. 


a;  + Va;2  +  w»2  =  - 


2m2 


V5c2  +  m2 


Clearing  of  fractions,     xVx^  +  wi^  ^x^  -{-  m^  =  2  m^. 
Transposing,  icVxH-w*^  =  rn^  —  xK 

Squaring,  a*  +  a;2m2  =  m*  -  2  w^xS  +  x*. 

.•.x  =  ±^V3. 
■^  3 

Verification.  —  Substituting  ^  V3  for  aj  in  the  given  equation, 

o 


f^+\/f^= 


2m2 


,2 

3 

m\/3  =  m\/8. 


vf^ 


Hence,  ^  V3  is  a  root  of  the  given  equation, 
o 

Substituting  —  —  VS  for  x  in  the  given  equation, 
o 


>|V3  +  V^'  =  ^V8^mV3. 


3  '    ^    3         3 

Hence,  —  ^  V3  is  not  a  root  of  the  given  equation. 


28.  X  +  y/oF- 


Vx2-a2 


Clearing  of  fractions,  xy/x^  —  a^  +  ofi  —  a^^  a^. 
Transposing,  etc.,  xVx*  —  a^  =  2  a^  —  x^. 

Squaring,  x*  —  a^x^  =  4  a*  —  4  a2a;2  ^  /j4. 

Canceling,  etc.,  3  a^x^  =  4  a*. 

Dividing  by  3  a^,  ^^  =  ^' 

3 

Extracting  the  square  root,  x  =  ±  }  a  V3. 

Vbbipication.  —  Substituting  J  a  V3  for  x  in  the  given  equation, 

^aVS  +  V^qg-qa  =  _,_«! 

Via2-a2 

a\/3  =  aV3. 

'''^nce,  J  a  V3  is  a  root  of  the  given  equation. 
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Substituting  —  f  a\/3  for  sc  in  the  given  equation, 
-  J  a  V3  +  Via'^-a^  =  - 

Hence,  —  )  a  V3  is  not  a  root  of  the  given  equation. 


iaVs  +  Vja'^  -  a2  =  -  ^  V3^  ay/S. 
3 


24.  2a;4-V4a;2-l^^^ 

2sc-v'4^^       '  

Clearing  of  fractions,  2 x  +  V4^-J.  =  8  a;  -  4V4x2-l. 

Transposing,  etc. ,  bV^ai^—  I  =6x. 

Squaring,  100  x2  -  25  =  86  x^, 

.'.x^  =  il 
Extracting  the  square  root,  a;  =  i  }. 

Vbbification.  —  Substituting  |  for  x  in  the  given  equation, 

i-y/ii^ 

4  =  4. 
Hence,  |  is  a  root  of  the  given  equation. 
Substituting  —  J  for  a;  in  the  given  equation, 

-*->/!F^    4 

Hence,  —  f  is  not  a  root  of  the  given  equation. 


86. 


^x  +  a      ^x  —  a 


Multiplying  by  Vac  +  a  Vac  —  a,  or  Va^  —  a^,     

2x  =  aWx^-a^. 
Squaring,  4  x^  =  a^a;^  —  cfi. 

Transposing,  etc.,  flc^(a*  —  4)  =  cfi. 

,'.X^  =  -^^. 

a* -4 


Extracting  the  square  root,  x  =  ±  Vo*  —  4. 

a*  —  4 

Verification.  —  Substituting    -r—^  Vo*  —  4    for   x    in    the    given 

0*  —  4 
equation, 


Va*-4 
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a/ (a2  +  Vg^^^)  (g2  -  V5*^^)  "^  V(g2  +  VS^^^J  (g2  -  v^ 


nil 


gg-\/g*~-4  ,  gg  +  Vq*-4_2gg_^2 
2  +  2  --2"-''- 


a8 


Hence,   — = —  Vg*  —  4  is  a  root  of  the  given  equation, 
g*-  4 


g« 


Similarly,  it  may  be  shown  that Vg^  —  4  is  a  root  of  the 

equation.  ^  "" 


26.  \/g-a;+  y/b- x  =  y/a -{-b -2x. 

Squaring,  g  —  ac  +  2 Vg6  —  ax  —  bx-\-^^  +  b  —  x  =  g  +  6  —  2 ac. 

2Vg6  — ax  — 6a  +  x2  =  0. 
Squaring,  g6  —  gx  —  6a:  +  «^  =  0. 

^g^4-^\  _  ,  g  —  & 


'-m^ 


2 

.-.  X  =  g  or  6. 
Vbbification.  —  Substituting  g  for  x  in  the  given  equation. 


Vg  —  g  +  Vb  —  a  =  Vg  +  6  —  2  a. 
V6  —  g  =  V6  —  g. 
Hence,  g  is  a  root  of  the  given  equation. 
Substituting  b  for  x  in  the  given  equation, 

Va  —  b  +  \/6— 6  =  Vg  +  6  —  2 6,  or  Va—b  =  Va^b. 
Hence,  6  is  a  root  of  the  given  equation. 


27.  Vx  +  gg-  Vx  -  2 g2  =  \/2x  -  6g2. 

x  +  q^ -  2Vx-^-  g^x  -2  g*  -h  X-  2g2  =  2x-  6g2. 
2>/x2-g2a;-2g*  =  -  4  g2. 
aj2  _  a2x  -  2  g*  =  4  g^. 

2*2 
.-.  x=3g2or  -2g2. 
Verification.  —  Substituting  3  g2  for  x  in  the  given  equation, 

V4^-\/g2=\/g2. 
g  =  g. 
Hence,  3  g2  is  a  root  of  the  given  equation. 
Substituting  —  2  g2  for  x  in  the  given  equation, 

Hence,  —  2  g2  is  not  a  root  of  the  given  equation. 
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28.  y/mn  —  x—y/xy/mn  —  \  =  VmnVl  —  x.  (1) 

Squaring, 
mn  —  X  —  2\/x(m«t  ^  x)(mn  —  1)  +  ninx  -^x  =  mn—  mnx.  (2) 

Transposing  and  uniting  terms,  and  dividing  by  2, 

mnx  —  x  =  y/xjmn  —  x)  jmn  — "T)«  (3) 

Dividing  by  y/mnx  —  x,  Vmnx  —  x  =  y/mn  —  x. 

Squaring,  mnx  —  x  =  mn  —  x. 

/.  X  =  1. 
Since  equation  (3)  was  divided  by  Vmnx  ~  a;,  by  placing  this  equal  to 
0  and  squaring,  x  =  0  is  found  to  be  another  value. 
Verification.  — Substituting  1  for  x  in  the  given  equation, 

y/mn  — I  —  y/mn  —  1  =  0,  or  0  =  0. 
Hence,  1  is  a  root  of  the  given  equation. 
Substituting  0  for  x  in  the  given  equation, 

y/mn  =  y/mn. 
Hence,  0  is  a  root  of  the  given  equation. 
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8.  Let  X  =  one  part. 

Then,  20  —  a:  =  the  other  part 

Since  their  product  is  96,  20  x  —  x^  =  96. 

Solving,  X  =  12  or  8 ; 

whence,  20  —  x  =  8  or  12. 
Hence,  the  parts  are  12  and  8. 

8.  Let  X  =  one  part 

Then,  14  —  x  =  the  other  part 

Since  their  product  is  46,  14  x  —  x^  =  46. 
Solving,  X  =  9  or  6 ; 

whence,  14  —  x  =  6  or  9. 

Hence,  the  parts  are  9  and  6. 

4.  Let  X  =  smaller  number. 

Then,  x  +  1  =  larger  number. 

.•.x2  +  (x  +  l)2  =  61. 
Solving,  X  =  6  or  —  6 ; 

whence,  x  +  1  =  6  or  —  6. 

Hence,  the  numbers  are  6  and  6,  or  —  6  and  —  6. 

6.   Let  X  =  number  of  rods  in  the  length. 

Then  x  —  12  =  number  of  rods  in  the  breadth. 

.-.  x(x-12)=160. 
Solving,  X  =  20  or  -  8  ; 

whence,  x  —  12  =  8  or  —  20. 

The  second  value  of  x  is  inadmissible,  since  the  side  of  a  rectangle  can- 
not be  a  negative  number. 
Hence,  the  field  is  20  rods  long  and  8  rods  wide. 

6.   Let  X  =  number  of  cents  plumber  earned  per  hour. 

Then,  x  —  20  =  number  of  hours  plumber  worked. 

.-.  x(x-20)  =  2400. 
Solving,  X  =  60  or  -  40. 
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The  second  value  of  x  is  inadmissible,  since  there  could  not  be  a  nega- 
tive number  of  cents  earned. 
Hence,  the  plumber  earned  60  cents  per  hour.  • 

7.  liCt  X  =  number  of  boxes.  ' 
Then,                     J  ac  —  1  =  number  of  bunches  in  a  box. 

.-.  x(Ja;-l)=1860. 

Solving,  a;  =  62  or  -  60, 

and  i5c-l  =30or -31. 

The  second  value  of  x  and  of  Jx  —  1  are  inadmissible,  since  there  can- 
not be  a  negative  number  of  boxes  or  bunches. 

Hence,  there  are  30  bunches  in  one  box. 

8.  Let  X  =  number  of  feet  in  width. 
Then,                      x  +  30  =  number  of  feet  in  length. 

.-.  x(x  +  30-10)=3600. 
Solving,  X  =  50  or  -  70, 

and  X  +  30  =  80  or  -  40. 

Since  the  length  and  width  cannot  be  negative  numbers,  the  second 
values  are  inadmissible.    Considering  the  first  values,  then 
x(x  +  30)-  x(x  +  20)  =  4000  -  3500  =  600. 
Hence,  the  grounds  were  laid  out  500  square  feet  too  large. 

9.  Let      '  X  =  number  of  inches  in  middle  dimension. 
Then,               9  -f  x  +  13  =  number  of  inches  in  greatest  dimension. 

.-.  9.x(9  +  x  +  13)=2880. 
Solving,  X  =  10  or  —  32. 

.-.  9  +  x  +  13  =  32or-10. 
Since  there  cannot  be  a  negative  number  of  inches  in  any  dimension, 
the  negative  values  are  inadmissible. 
Hence,  the  three  dimensions  are  9  inches,  10  inches,  and  32  inches. 
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11.   Let  X  =  number  of  persons  in  the  club. 

60 
Then,  —  =  number  of  dollars  each  paid. 

X 

.     60^60_j 


X  +  6      X 

Solving,  X  =  16  or  -  20. 

The  second  value  of  x  is  inadmissible,  since  there  could  not  be  a  nega- 
tive number  of  persons. 
Hence,  there  were  16  persons  in  the  club. 

12.  Let  X  =  number  of  persons  on  the  ride. 

800 
Then,  —  =  number  of  cents  each  person  paid. 

X 


.^§?2-.ioVx  +  4)  =  800. 


,  Solving,  X  =  16  or  —  20. 

The  second  value  is  inadmissible,  since  there  could  not  be  a  negative 
number  of  persons. 
Hence,  there  were  16  people  on  the  ride. 
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13.  Let  X  =  number  of  pounds  in  1  tub  of  dairy  butter. 
Then,                      x  -f  20  =  number  of  pounds  in  1  tub  of  creamery 

butter. 
.  360     3^    360 
'  '   X  aj  +  20' 

Solving,  X  =  40  or  —  60, 

and  X  +  20  =  60  or  -  40. 

The  second  values  are  inadmissible,  since  there  could  not  be  a  negative 
number  of  pounds. 

Hence,  a  tub  of  dairy  butter  weighs  40  pounds,  and  a  tub  of  creamery 
butter  weighs  60  pounds. 

14.  Let  X  =  number  of  inches  in  length  of  each  picture. 

1800 
TJien,  =  number  of  pictures. 

...l§00^g''^^1800. 

x-f  i  X 

Solving,  X  =  f  or  —  1. 

The  second  value  is  inadmissible,  since  there  could  not  be  a  negative 
number  of  inches  in  length  of  picture. 
Hence,  each  picture  is  f  of  an  inch  long. 

16.  Let  X  =  number  of  square  yards  1  pound  covers  in 

first  coat. 
Then,  x  -f  f  =  number  of  square  yards  1  pound  covers  in 

second  coat. 

X  X  +  f 

Solving,  X  =  6  or  —  H, 

and  X  4- 1  =  ^i  or  if. 

The  second  values  are  inadmissible,  since  there  could  not  be  a  negative 
number  of  square  yards.  Hence,  1  pound  of  paint  covers  6  square  yards 
in  first  coat  and  6}  square  yards  in  second  coat. 
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16.   Let  X  =  number  of  4-inch  spikes  in  1  pound. 

Then,  x  —  6  =  number  of  6-inch  spikes  in  1  pound. 

SOj^Q        80 
.'. J-  «j  =  - 


X  X—  6 

Solving,  x=  16  or  —  10, 

and  X  -  6  =  10  or  -  16. 

The  second  values  are  inadmissible,  since  there  could  not  be  a  negative 
number  of  spikes. 

Hence,  16  4-inch  spikes  weigh  1  pound,  and  10  6-inch  spikes  weigh 
I  pound. 

17.  Let  X  =  number  of  cents  No.  9  wire  costs  per  pound. 

Then,  x  -|-  J  =  number  of  cents  No.  14  wire  costs  per  pound. 

800       288  ^go^ 

X       x-hj 
Solving,  X  =  2 J  or  —  ^, 

and  X  +  J  =  3  or  —  jSf . 
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The  second  values  are  inadmissible,  since  wire  could  not  cost  a  negative 
number  of  cents. 

Hence,  No.  9  wire  costs  2}  cents  per  pound,  and  No.  14  wire  3  cents  per 
pound. 

18.  Let  X  =  number  of  miles  per  hour  at  usual  rate. 

Then,  —  =  number  of  hours  it  takes  to  ran  120  miles. 

X 

.    120    ,    4      120 


a;  +  6     15       x 
Solving,  a;  =  45  or  —  60. 

The  negative  value  is  inadmissible,  since  the  rate  could  not  be  a  nega- 
tive number  of  miles. 
Hence,  the  usual  rate  was  45  miles  per  hour. 

19.  Let  X  =  number  of  seconds  it  took  first  man. 
Then,                  x  +  5  =  number  of  seconds  it  took  second  man. 

.  1320      1320^  g 

X  05  +  5 

Solving,  a;  =  55  or  —  60, 

and  a;  +  5  =  60  or  -  55. 

The  negative  values  are  inadmissible,  since  it  could  not  take  a  negative 
number  of  seconds. 

Hence,  it  took  first  man  55  seconds,  and  second  man  60  seconds. 

20.  Let  X  =  number  of  hours  it  took  first  automobile. 
Then,                 a;  +  |  =  number  of  hours  it  took  second  automobile. 

.  60       60    ^g 
"  X      x  +  i 
Solving,  a;  =  2}  or  -  3 1, 

and  a;  +  J  =  3i  or  —  2i. 

The  second  values  are  inadmissible,  since  it  could  not  take  a  negative 
number  of  hours. 

Hence,  it  took  first  automobile  2}  hours,  and  second  automobile  3|  hours. 
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28.   Let  X  =  number  of  days  it  takes  large  pump. 

Then,  x  +  If  =  number  of  days  it  takes  small  pump. 

...l-f-L_  =  i. 

x     x  +  l|     3 

Solving,  a;  =  5J  or  —  1, 

and  a;-flJ=7or|. 

The  second  value  is  inadmissible,  since  it  could  not  take  a  negative 
number  of  days. 

Hence,  the  large  pump  takes  5}^  days,  and  the  small  pump  7  days. 

88.   Let  X  =  number  of  days  it  takes  the  first  plant. 

Then,  x  —  i  =  number  of  days  it  takes  the  second  plant. 

a;     a-7      12 
Solving,  a;  =  28  or  3, 

and  X  —  7  =  21  or  —  4. 
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The  second  values  are  inadmissible,  since  both  plants  together  require 
12  days.     Considering  the  first  values, 

26200^  yO^^ 

and  ?5|o^l200. 

a— 7 
Hence,  the  daily  capacity  of  the  first  plant  was  900  blocks,  and  of  the 
second  plant  1200  blocks. 

24.  Let  X  =  number  of  strawberry  baskets  made  per  minute. 
Then,                x  —  12  =  number  of  peach  baskets  made  per  minute. 

.  2400  ,  ..       2400 
X  a;-12 

Solving,  a  =  82  or  —  20, 

and  ic  -  12  =  20  or  -  82. 

The  negative  values  are  inadmissible,  since  there  could  not  be  a  negative 
number  of  baskets. 

Hence,  32  strawberry  baskets  were  made  per  minute  and  20  peach 
baskets. 

25.  Let  X  =  smaller  number. 
Then,                                        a;  +  1  =  larger  number. 

...1  +  -^  =  ^. 
X     x-\-\      20 

Solving,  a  =  4  or—  f ; 

whence,  x  +  1  =  5  or  J. 

The  second  values  are  inadmissible,  since  they  are  not  integers. 

Hence,  the  numbers  are  4  and  5. 

26.  Let  X  —  number  of  cents  asked  for  1  dozen  eggs. 

30 
Then,  —  =  number  of  dozen  eggs  to  be  had  for  30  cents ; 

X 

360 
whence,  —  =  number  of  eggs  to  be  had  for  30  cents. 

X 

Under  the  second  supposition, 2,  or  — ^,  eggs  can  be  had 

X  X 

for  30  cents,  and  this  raises  the  price  2  cents  per  dozen,  or  ^  of  a  cent  per 

egg.    Hence,  the  price  of  1  egg  is 

Oft  .  360-  2  x    ^^     16  X         X    ,  1 
oU  -. ,  or = —  • 

X  180 -X      12      6 

Solving,  '  X  =  18  or  —  20. 

The  negative  value  is  inadmissible,  since  eggs  could  not  cost  a  negative 
number  of  cents. 
Hence,  the  price  of  eggs  is  18  cents  a  dozen. 

27.  Let  X  =  his  per  cent  of  gain  and  also  the  number 

of  dollars  the  coat  cost  him. 

Then,  ll=a;  +  a;_^. 

Solving,  X  =  10  or  -  110. 

The  second  value  is  inadmissible,  since  his  gain  could  not  be  a  negative 
number. 

Hence,  he  gained  10  %. 

STAND.  ALG.  KBT  —  18 
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28.  Let  X  =  number    of    hundredths    in    the 

second  discount. 

Then,  5  x  =  number  of  hundredths  in  the  first 

discount. 


...  20-— .20-— ^20-  — .20^=9. 

100        100  V      100     y 


Solving,  a;  =  110  or  10, 

and  6x=:  550  or  50. 

The  first  values  are  inadmissible,  since  they  make  the  reduction  greater 
than  the  list  price. 

Hence,  the  first  discount  is  50%  and  the  second  is  10%. 

29.   Let  X  =  number  of  bushels  a  basket  holds. 

Then,  X  +  i  =  number  of  bushels  a  crate  holds. 

.,187i_i8Ii=60. 
X        aJ-f  J 
Solving,  a;  =  f  or  -  }, 

and  ic  -f  I  =  I  or  —  f . 

The  second  values  are  inadmissible,  since  there  could  not  be  a  negative 
number  of  bushels. 
Hence,  a  basket  holds  |  bushels  and  a  crate  holds  }  bushels. 

80.   Let  X  =  number  of  inches  margin  was  reduced. 

Then,  (10  — 2  x)  (6  —  2  a;)  =  number  of  square  inches  in  1  page  after 

reduction. 
.-.  200(10  -  2a;)(6  -  2a;)  =  200  .  60  -  1650. 
Solving,  X  =  7}  or  \, 

The  first  value  is  inadmissible,  since  the  margin  cannot  be  reduced  more 
than  the  width  of  the  original  page. 
Hence,  the  margin  was  reduced  ^  of  an  inch. 

Page  302 

1.  c2  =  a2  -f  62. 
Substituting  the  given  values,  c^=(c-  2)2  +  (c  —  4)2. 

c2  =  c2  -  4  c  +  4  +  c2  -  8  c  +  16. 
.-.  c2  -  12  c  +  20  =  0. 
(c-10)(c-2)  =0. 

c  =  10  or  2. 
Then,  a  =  c-2  =  10  —  2  =  8,  or  a  =  c— 2  =  2-2  =  0. 

6  =  c  -  4  =  10  -  4  =  6,  or  6  =  c  -  4  =  2  -  4  =  -  2. 
The  second  set  of  values  is  inadmissible,  since  there  could  be  no  tri- 
angle with  sides  of  those  values. 
Hence,  the  sides  are  a  =  8,  6  =  6,  and  c  =  10. 

2.  A  =  iah. 
Substituting  the  given  values,            60  =  ^  •  a  .(a  +  2). 

120  =  a2  H-  2  a. 
Completing  the  square,  etc., 

a2  +  2  a  +  1  =  121. 
a  +  l=±ll. 
.-.  a  =  10  or  —  12. 
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The  second  value  is  inadmissible,  since  the  base  could  not  be  a  nega- 
tive number  of  inches  in  length. 
Hence,  the  base  is  10  inches  long. 

8.  G'b  =:C'  d. 

Substituting  the  given  values,  a(a  +  6)  =  4  .  6. 

a2  -h  6  a  =  24. 
Completing  the  square,  a^  +  6  a  +  (1)2  =  24  +  ^  =  J^. 

.-.  a  =  3  or  -  8. 
6  =  a-f5  =  3  +  5  =  8,  or  6  =  a  +  6  =— 8  +  5=— 3. 
The  second  set  of  values  is  inadmissible,  since  the  length  of  a  and  b 
cannot  be  negative  numbers. 
Hence,  a  =  3  and  6  =  8. 

4.  h  =  a  +  vt-'lQt^.    ' 

Completing  the  square, 

\S)  64  64 

4  «  -  H  =  ±  1  Vt;2  +  64(a  -  h). 
8  8 

32 


Substituting  the  given  values,  t  ^ggiJ:V50, 176 +64(12 -796) 

^  224  ±  V50,176  -  60,176  _  ^ 
32 
Hence,  it  will  take  7  seconds  for  the  sky  rocket  to  reach  a  height  of 
796  feet. 


6.   From  formula  in  4,  y  ±  Vv^-^  6i(a- h)  ^ 

'  32 


Substituting  the  given  values,    ,^  1280  d:  Vl, 638, 400 .- 64 (-25,600) 

32 
^  1280  ±  Vl,638,400  -  1,638,400  _^q 
32 

6.  h  =  a-vt-lQfi. 

Transposing,  16t^  -^vt  =  a  —  h. 

Completing  the  square, 


4 <  +^  =  ±  ±  Vt?2  +  64  (a  -h). 
8  8 

.   ._  —v±  Vv'^  +  64  (g  -  h) 
32 
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Substituting  the  given  values,   t  =  -  24  ±  V676  +  64  (984  ^  368) 


--24db200 
32 


=  61  or  -  7. 


The  second  value  is  inadmissible,  since  the  number  of  seconds  could 
not  be  a  negative  quantity. 

Hence,  in  6^  seconds,  the  ball  will  be  368  feet  above  ground. 
Substituting  again  in  the  formula, 

._-24±  >/676  +  64  (984) 
*-  32 

=  Il2i±^52:05=7.1or-8.6. 
32 
The  second  value  is  inadmissible,  since  the  number  of  seconds  could 
not  be  a  negative  quantity. 
Hence,  the^time  is  7  seconds. 


8.  X*- 13x2  +  36=0. 

(x2-4)(x2-9)=0. 


Page  304 


X*- 13x2  +  36=0. 
(x2-4)(x2-9)=0. 
c-2)(x+2)(x-3)(x  +  3)=0. 
.-.  X  =  2  or  —  2  or  3  or  —  3 ; 
that  is,       X  =  ±  2  or  ±  3. 


(x- 


4.  x*-26x2  +  144  =  0. 

(x2-9)(x2-16)=0. 

(X  -  3)(x  +  3)(x  -  4)(x  +  4)  =  0. 

.'.  X  =  3  or  —  3  or  4  or  —  4 ; 

that  is,       X  =  ±  3  or  ±  4. 

6.  X*- 18x2  4- 32=0. 

(x2-16)(x2-2)  =0. 

(x-4)(x4-4)(x-  V2)(x+V2)  =  0. 

.*.  X  =  4  or  —  4  or  \/2  or  —  v'2. 

X  =  ±  4  or  ±  V2. 

6.  3x*  +  5x2-8=0. 
(x2-l)(3x2+8)=0. 

(x-l)(x  +  l)(3x2  +  8)=0. 
Since  (x  -  l)(x  +  1)  =  0,  x  =  ±  1. 
Also,        3  x2  H-  8  =  0. 

a;2=-f  =-JV^. 
...a;=±jV^^. 
Hence,         a;  =  db  1  or  ±  f  V^. 

7.  5x*  +  6x2-ll=0. 
(x2-n(6  3c2  +  ll)=0. 

(x-l)(x+l)(5x2+ll)=0. 
Since  (x- 1) (x  +  1)=0,  x  =  ±l. 
Also,        6  x2  +  11  =  0. 

«2=-v  =  -M- 


.-.  X 
Hence,    x 

=  ±iV-66. 

=  ±  1  or  ±  J  V-  66. 

8. 

Since 
Also, 

(X- 
(X- 

2x*-8x2~90 
a:4_4i;2_45 

(x2-9)(x2  4-6) 
3)(x  +  3)(x2  +  6) 
3)(x  +  3)=0,x= 
x2  4-  6  =  0. 
x2=-6. 

=  0. 
=  0. 
=  0. 
=  0. 
±3. 

.•.x=±v: 

-6. 

Hence, 

x  =  ±  3  or  ±  V-6. 

9. 

a;i_.6x*-f  6: 

=  0. 

Let 
and 

x*=;j,  then,  x^  i 
p2  _  5p  +  6  = 
(P-2)(;,-3)  = 
\P  =  2otS; 

-X- 

=  0. 

that  is. 

xi  =  2  or  3. 
•.  X  =  16  or  81. 

10. 

a;i  +  3xi-28 

=  0. 

Let 
and 

xi  = 

P 

(P- 

'.p  = 

Py  then,  x2  =  p2^ 
2  +  3p-28  =  0. 
-4)(p  +  7)=0. 
:  4  or  -  7  ; 

that  is, 

2401* 
jected. 

'.  x  = 
does 

:  4  or  -  7. 
256  or  2401. 
not  verify  and  is 

I  rC' 
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11.  a;*~3x^  =  -2.  18«  a;  +  2VJc  =  3. 

Let    x*=p,then,«i=p2,  x  +  2Vx  +  l=4. 


Vx  +  1  =  ±  2. 
.-.  Vx=\  or  -3. 
a;  =  1  or  9. 
9  does  not  verify  and  is  rejected. 


and  p2  _  3p  _^  2  =  0. 

(p-l)(p-2)=0. 

.-./)  =  1  or  2 

that  is,  x^  =  1  or  2 

.'.  a;  =  1  or64. 

12.         ,      a;*-x*  =  6.  !*•  a;'-2x*  =  3. 

a; J  _  xJ  —  6  =  0.  .  X*  -  2  x^  + 1  =  4. 

(x*  -  3)(xi  +2)  =0.  x*-  1  =±  2. 

.•.  x*  =  3or— 2.  .•.  x»  = 

X  =  27  or  —  8.  X  =  27  or  —  1, 

15.  x*  =  10x*-9. 
Transposing  and  completing  the  square, 

X*  -  10  X*  +  26  =  16. 

X*  —  5  =  ±  4. 

.-.  x*  =  9orl. 
xa  =  729orl. 
.-.  x=  ±27or  ±1. 

16.  (X  -  8)2  +  2  (X  -  3)  =  3. 
Put  p  for  X  —  3  and p^  for  (x  —  3)2. 

Then,  transposing  3,  ;i>2  _j^  2p  —  3  =  0. 

Factoring,  (P  -  1 )  (p  +  8)  =  0. 

.-.;)  =  1  or  —3; 
that  is,  X  —  3  =  1  or  —  3. 

.'.  X  =  4  orO. 

17.  (x2  +  l)2  +  4(x2  4-l)=45. 
Putp  for  x2  +  1  and  j)2  for  (a;2  +  1)2. 

'I'hen,  transposing  46,  p2  ^  4  ^  _  45  _  q. 

Factoring,  Cp  -  6)  (p  +  9)  =  0. 

.  •.  p  =  6  or  —  9  ; 
that  is,  x2  +  1  =  6  or  —  9. 

x2  =  4  or  -  10. 
.-.  x=  ±2or  iV^Tio. 

18.  (x2  -  4)2  -  3  (x2  -  4)  =  10. 
Putp  for  x2  —  4  andp2  for  (x2  -  4)2. 

Then,  transposing  10,  p2  —  3p  —  10  =  0. 

Factoring,  (p  -  6)  (p  +  2)  =  0. 

.  •.  p  =  5  or  —  2 ; 
that  is,  x2  —  4  =  5  or  —  2, 

x2  =  9  or  2. 
.-.  x  =  ±3or  ±  V2. 


Digitized  by  VjOOQIC 


278                    KEY  TO   STANDARD  ALGEBRA  [304,305 

20.  x^-4ic-6a;i  =  0.  23.            6x  =  xVx-^6Vx. 
Ill  X  Vx  —  6  ic  H-  6  Vx  =  0. 

X*  (X*  +  l)(x4  -  5)  =  0.  ^(^  _  2^(^-  _  3)  ^  o_ 

.  •.  ic=*  =  0  or  —  1  or  6.  .  •.  Vx  =  0  or  2  or  3. 

X  =  0  or  1  or  26.  x  =  0  or  4  pr  9. 

1  does  not  verify  and  is  rejected.  ^             3a;  =  xv^+2  v^. 

21.  x_3xJ  +  2xUo.  '    x-C/i-8x  +  2^^=0; 
xi(xi-l)(xt-2)=0.  »     x3-3x+2x»  =  0. 

.•.x4=Oorx*=lor2.  ...  ^1  =  0  or  x*=  1  or  2. 

X  =  0  or  1  or  16.  x  =  0  or  1  or  8. 

28.           x  +  2x^-3x*  =  0.  gg     ^             2x+^^  =  15xVS. 

x-3x»+2x*  =  0.  Vx  +  2x-15xVx  =  0. 

x(l-xi)(l-2xi)=0.  V^(l-8>^)(l+6v^)=0. 

^           "^^               1  .-.  VxrrOorJor -i. 

•.  X  =  0  or  X*  =  1  or  J.  x  =  0  or  |  or  ^. 


X  =  0  or  1  or  J.               ^  does  not  \ 

erif 

Page  305 

27. 

X  +  2  Vx  +  3  : 

=  21. 

Adding  8,                         x  +  3+2Vx  +  3: 
Put  p  for  Vx  +  3  and  p^  for  x  +  3. 
Then,                                                p^  +  2p-. 
Completing  the  square,           p2  _^  2  p  +  1  = 

P+1: 

.•.p=V'x4-3: 

X  +  3: 

=  24. 

=  24. 
=  25. 

=  ±6. 
=  4or- 
=  16  or 

-6. 
36. 

.-.  X  : 

=  13  or 

33. 

33  does  not 

verify  and  is  rejected. 

=  18. 

28. 

x^-Sx-\-2  Vx2  —  3 X  +  t)  : 

Adding  6, 

a;2  -.  3  X  +  6  +  2  Vx-^  -  3  X  +  6  : 

=  24. 

Put p  for  Vx2-3x  +  6  and p^  for  x^  -  3 x  +  6. 
Then,  p^-\-2p  =  2^. 

Completing  the  square,  p'^  -\-2p  -{-l  =  25. 

p-fl=±5. 
.*.  J)  =  Vx2  -  3  X  +  6  =  4  or  -  6. 
x2  —  3  X  +  6  =  16  or  36. 
Solving  these  two  equations,  x  =  5or  —  2orf±J  V129. 

J  ±  i  V129  does  not  verify  and  is  rejected. 
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80.  a^  -  28  x8  +  27  =  0. 

Factoring,  (pfi  -  l){x^  -  27)  =  0. 

aj3  -  1  =  0.  (3) 

x3  -  27  =  0.  (4) 

Factoring  (3),  (a;  -  1)  (aj2  +  x  -f  1)  =  0,  (6) 

and  (4),  (x^-S^^oi^ +  Sx +  9)  =0.  (6) 

Writing  each  factor  equal  to  zero,  and  solving. 

From  (6)  x  =  1,  K~  1  ±  V^=^). 

From  (6),  aj  =  3,  i(-l±  >/^). 


81. 

«*  -  16  =  0. 

(1) 

Factoring, 

(a:?  +  4)(a:a-4)=0. 

(2) 
0^) 

a;a  -  4  =  0. 

ac2  +  4  =  0. 

W 

From  (3), 

x=±2. 

From  (4), 

a;=±2V-l. 

82.   Let  x8=-l. 

Transposing,  05^  +  1  =  0. 

Factoring,  (a;  +  1)  (a;2  _  «  +  1)  =  0.  

Equating  each  factor  to  zero  and  solving,    x  =  —  1  or  J(l  db  V—  3). 
Hence,  Uie  three  cube  roots  of  —  1  are 

- 1,  i(i  +  v:::3),  and  1(1  -  v:i3). 

88.  Let  a«=-8. 

Transposing,  x*  +  8  =  0. 

Factoring,  (x  +  2)  (x^  -  2  x  -f  4)  =  0. 

Equating  each  factor  to  zero  and  solving,    x  =  —  2  or  1  ±  V— 3. 

Hence,  the  three  cube  roots  of  —  8  are  —2,  1  +  V— 3,  and  1  —  V—  3. 

Page  307 

86.  x*  +  2x8-x  =  30. 

Extracting  the  square  root  of  the  first  member  as  far  as  possible,  it  is 
found  that  the  first  member  lacks  J  of  being  the  square  of  x^  +  x  —  1- 
Adding  ^  to  each  member, 

x*  +  2x8-x  +  l  =  J^JA. 
Extracting  the  square  root, 

x^  +  x-^i  =  ±\K 

.-.  x2  +  x  =  6or -5.  

Solving  these  two  equations,  x  =  2or  —  3ori(— 1±  V—  19). 

86.  x*-4x8  +  8x=-3. 

Extracting  the  square  root  of  the  first  member  as  far  as  possible,  it  is 
found  that  the  first  member  lacks  4  of  being  the  square  of  x^  —  2  x  —  2. 
Adding 4  to  each  member,  x*  —  4x8  +  8x  +  4  =  1. 
Extracting  the  square  root,  x^  —  2x— 2=±1. 

Adding  3  to  each  member,  x^— 2x-fl=4or2. 

Solving  these  two  equations,  x  =  3or  —  lorl::^  '^' 
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87.  a^-2»8+a;  =  132. 

Extracting  the  square  root  tff  the  lirst  member  as  far  as  possible,  it  is 
found  that  the  first  member,  lacks  J  of  being  the  square  of  x*-*  —  x  —  J. 
Adding  J  to  each  member,  x*  —  2jc8  +  a;  +  J  =  ^|&. 
Extracting  the  square  root,  x^  —  x  —  \  =  ±^. 

.'.  x2  _  a:  =  12  or  -  11. 
Solving  these  two  equations,  x  =  4  or  —  3  or  J  (1  ±  V— 48) . 

88.  x*-6x8+27x  =  10. 

Extracting  the  square  root  of  the  first  member  as  far  as  possible,  it  is 
found  that  the  first  member  lacks  ^  of  being  the  square  of  x^— 8  x— f . 
Adding  ^  to  each  member, 

x*-6x8+27x  +  ^  =  J^. 
Extracting  the  square  root,  «2  —  3x  —  f=±Jj^. 

x2  -  3  X  =  10  or  -  1. 
Solving  these  two  equations,  x  =  5  or  —  2  or  J  (8  ±  VS). 

89.  X*  +  2  x8  +  6  x2  +  4  X  -  60  =  0 . 

Extracting  the  square  root  of  the  first  member  as  far  as  possible,  it  is 
found  that  the  first  member  lacks  64  of  being  the  square  of  x^  -f  x  +  2. 
Adding  64  to  each  member, 

x*  +  2x3  +  5x2  +  4x  +  4  =  64. 
Extracting  the  square  root,     x2  +  x  +  2  =  ±8. 

x2  4-  X  =  6  or  —  10. 
Solving  these  two  equations,  x  =  2or  —  3ori(— 1±  V— 89). 

40.  x*  +  6x8  +  7x2-6x-8  =  0. 

Extracting  the  square  root  of  the  first  member  as  far  as  possible,  it  is 
found  that  the  first  member  lacks  9  of  being  the  square  of  x^  +  3  x  —  1. 
Adding  9  to  each  member, 

x*  +  6x8  +  7x2  — 6x  +  l  =  9. 
Extracting  the  square  root,  x^  +  Sx— 1  =  ±3. 

x2  +  3  X  =  4  or  ~  2. 
Solving  these  two  equations,  x  =  1  or  —  4  or  —  1  or  —  2. 

41.  X*  -  6  x8  +  16  x2  -  18  X  +  8  =  0. 

Extracting  the  square  root  of  the  first  member  as  far  as  possible,  it  is 
found  that  the  first  member  lacks  1  of  being  the  square  of  x^  —  3  x  +  8. 
Adding  1  to  each  member, 

a;4  -  6  x8  +  16  x2  -  18  X  +  9  =  1. 
Extracting  the  square  root,  x^  —  8x  +  3=±l. 

x2  — 3x=— 2or  —4. 
Solving  these  two  equations,  x  =  1  or  2  or  J  (3  ±  -^ 

42.  _^  +  £dLl  =  26, 

x  +  1        ic2        12 

Putting  p  for  the  first  term  and  -  for  the  second, 

P 

^     p     12 
Qearing  of  fractions,  etc.,  12p2  _  25p  =— 12.  (2) 

Solving,  p  =  J  or  J. 
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Since  -^  =  p,  -^  =  ^»  (8) 

x  +  1  05  +  1      8  ^  ^ 

and  _^  =  8  (4) 

From  (3),  3a^-4a;  =  4.                                (6) 

Solving  (6),  a;  =  2  or  —  j. 

From  (4),  4x2  — 3a;r=3.                                (6) 

Solving  (6),  a  =  i(3  ±  >/67). 

Hence,  x  =  2  or  —  |  or  J(3  ±  V67). 

43.  ?fi£+      2_^2 

2         a;2^.a. 

lf^  =  p,  p+i  =  2. 

Clearing  of  fractions,  etc.,  p^  —  2p  + 1  =  0. 

that  is,  ^+iE  =  l. 

2 
Clearing  of  fractions,  etc.,  a^  +  x  —  2  =  0. 

Factoring,  (x  —  1)  (x  +  2)  =  0. 

.-.  X  =  1  or  —  2. 
Each  of  these  numbers  occurs  twice  as  a  root 

44.  xg  +  1         4     ^6 

4         xa+1     2' 

Clearing  of  fractions,  etc.,    2p^  —  6p-\-2  =  0. 
Factoring,  (p  -  2)  (2p  -  1)  =  0. 

...p  =  ^  =  2orl. 

4  2 

Clearing  of  fractions,  etc.,  x^  =  7  or  1. 

.  •.  X  =  ±  V7  or  ±  1. 

Clearing  of  fractions,  etc.,  bjf—61p-\-10  =  0. 
Factoring,  {p  —  10)  (5p  —  1 )  =  0. 

•••i'  =  ^  =  10orl.  (8) 

Clearing  of  fractions,  etc.,  10  x^  —  x  +  38  =  0, 
or  x2-5x-6  =  0. 

Solving  (4)  by  the  formula,  §  390,  x  =  1  ik  Vl  -  4  ♦  10_Jj8 

^  •  lU 


=  A(1±V~1619). 
Factoring  (6) ,  («  _  6)  (x  + 1)  =  0. 

.'.  X  =  6  or  —1. 
Hence,  x  =  6  or  —  1  or  ^(1  ±  V— 1619). 
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46. 


x2  +  l      4(a;- 1)^21 
a  -  1         x2  H- 1        6  * 

21 


Clearing  of  fractions,  etc.,  5p2— 21p— 20  =  0. 
Factoring,  (p  —  5)  (5p  +  4)  =  0. 


'-!=. 


X—  1  5 

Clearing  of  fractions,  etc.,      x'^— 6x-]-Q  =  0, 
or  5a;2  +  4jc_{.  1  =0. 

Factoring  (4),  (x  -  2)  (x  -  3)  =  0. 

.  •.  X  =  2  or  3. 


(1) 
(2) 


(3) 

(4) 
(6) 


Solving  (5)  by  the  formula,  §  390, 


^_~4:l:V16-4.6. 
X  -^  ■ 

25 


Hencey^ 
47. 


=  K-2±V3T). 

X  =  2  or  3  or  iC  -  2  ±  V-  1). 


X*  — 6xH-8x^  =  0. 

xi(x-6xi  +  8)=0. 

a;i(aji-4)(x*-2)=0. 

x^  =  0.    .-.  x  =  0. 

aji-4  =  0.     .-.  x=16. 


60.  ax2»  +  6x«  +  c  =  0. 
4a2x2n  4.  4afta;«  +  62  _  &2_4qc^ 

2  ax«  +  6  =jbVft234ac, 
«_-6dbV6^-4(zc  • 


2a 


Hence, 

X*. 

-2: 
X: 

=  0. 
=  0or 

.*.  X 

4  or 

=  4. 

16. 

48. 

2x- 

-3x* 

+  xi 

=  0. 

xi(2 

xi- 

-3xi 

+  1) 

=  0. 

x*(x*. 

-l)(2xt. 

-1) 

=  0. 

Xi: 

=  0. 

.-.  X 

=  0. 

X*. 

-1: 

=  0. 

.-.  X 

=  1. 

Hence, 

2xi. 

-1: 

X: 

=  0. 
=  0or 

.-.  X 

1  or 

1* 

-( 


--&db  V&''^-4gc\ 
2a  J 


61. 


49.  v^  +  3\/x  =  30. 

Let  Vx  =  p,  then,  Vx  =^2^ 

and  3p2  ^.  p  _  30  =  0. 

(p-3)(3p  +  10)=0. 
.•.p  =  3or-V"-; 
that  is,  \^  =  3  or  -  J^. 

.•.x  =  81  orii^fa. 
uymA  (ioeg  uq^  verify  and  is  re- 
jected. 


Hence, 


62. 


x-7x*  +  10x*  =  0. 

x*(x*-7xi  +  10)=0. 

x*(xi-2)(xi-6)=0. 

x*  =  0.    .-.  x  =  0. 

x*~2=0.     .-.  x  =  8. 

x^  — 6=0.     .-.  x  =  125. 
X  =  0  or  8  or  125. 


xVx  +  20\/x  =  9x. 
Vx(x  +  20  —  9  Vx)  =  0. 
Vx(Vx  -4)(Vx-  5)  =  0. 
\/x  =  0.     .-.  x  =  0. 
>/x-4  =  0.     .-.  x=16. 
Vx-5  =  0.     .-.  x  =  25. 
Hence,  x  =  0  or  16  or  25. 


Digitized  by 


Google 


307,308]  QUADRATIC   EQUATIONS  288 


63.  X  -  5  +  2  Vx— 6  =  8. 

Put  p  for  Vx  — 6  and  p^  for  x  —  6. 

Then,  p^-]-2p=z  8. 

Completing  the  square,  p^  +  2p-\-l  =  Q. 

P  +  l  =  ±3. 
.'.p=  y/x  —  6  =  2  or  —  4. 
X  —  6  =  4  or  16. 
.•.x  =  9or21. 
21  does  not  verify  and  is  rejected. 


64.  x  +  10  =  2  Vx+10  +  6. 

Transposing,  x  +  10  —  2  Vx  +  10  =  6. 

Put  p  for  Vx  +  10  and  p^  for  x  +  10. 

Then,  p^  — 2p  =  6. 

Completing  the  square,  p^-^2p-\-l=Q, 

p-l  =  ±  V6._ 
.\p=Vx  +  10  =  l±  V6. 
Squaring,  x  +  10  =  7  ±  2  V6. 

.-.  x  =  -3±2V6. 


66.  X  -  3  =  21  -  4  Vx  -  8. 

Transposing^ x  -  3  +  4  Vx-8  -21=0. 

Put  p  for  Vx  — 3  and  p^  for  x  —  3. 

Then,  p^ -\- ^p^21  =  0. 

Factoring,  (p  -  3)  (j>  +  7)  =  0. 

.•.p=Vx-3=3or  -7. 
X  -  3  =  9  or  49. 
.-.  X  =  12  or  62. 
62  does  not  verify  and  is  rejected. 

66.  2x-3V2x  +  6  =  -6. 

Adding  6,    2x  +  5  -  3V2x  +  5  =  0. 

Put p  for  V2x+6andp2for2x+  5. 

Then,  p^-'Sp  =  0, 

Factoring,  1>(P  —  3)  =0. 

.\p  =  0  or  3  ; 
that  is,  V2x  +  5  =  0  or  3. 

2  X  4  5  =  0  or  9. 
Solving  these  equations,  x  =  —  |  or  2. 

Page  308 


67.  2x-6V2x-  1=8. 

Adding  - 1, 2 x-  1  - 6V2x-  1  =  7. 

Putpfor  V2x  -  1  andi)2for2x-l. 

Then,  transposing  7,  p"^  —  6p-~7  =  0, 

Factoring,  (  P  -  7)  ( jo  +  1 )  =  0. 

,'.p=  V2x- 1  =  7  or  -  1. 
2x-  1  =49orl. 
.-.  X  =  26  or  1. 
1  does  not  verify  and  is  rejected. 
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68.  x  =  ll-3Vx  +  7. 

Adding  7  and  transposing,   

a;  +  7  +  3Vx  +  7-  18=0. 

Putp  for  V«  +  7  andp2  for  a;  +  7.   ' 
Then,  pf^ -[- Sp  —  lS  =  0, 

Factoring,  (p  -  3)  {p  +  6)  =  0. 

.'.  p  =  Vac  +  7  =  3  or  —  6. 
a:  +  7  =  9or36. 
.-.  ar  =  2  or  29. 
29  does  not  verify  and  is  rejected. 

59.  ic-i  -  6  x~i  +  6  =  0. 
Factoring,                (x~^  -  2)  (x~^  -  3)  =  0. 

a:"*-2=0.        fl:"*-3  =  0. 

J-  =  2.  J-  =  3. 

xi  xi 

1  =  4.  i  =  9. 

X  X 

,'.x  =  i.  ,\x  =  i. 

Hence,  x  =  ^  or  ^. 

60.  x"^  —  6  x"^  +  4  =  0. 

Multiplying  by  x»,  1  —  6  x»  +  4  x*  =  0. 

Put  p  for  X"  and  p^  for  x' . 

Then,  1  --6p  +  4p2  =  o. 

Factoring,  ( 1  —  i>)  ( 1  —  ^  P)  =  0. 

.-.  p  =  1  or  J ; 

that  is,  x'  =  1  or  J. 

.-.  X  =  1  or  ^. 


61.  a;2  ,  5  a;  +  2  Vx^  -  6  X  -  2  =  1 0 . 
Adding  -2,  xg-5x-2+2Vx2-6x-2=  8. 
Putp  for  Vx2  —  bx-'Z  andp2  for  x*  —  5 x  -  2. 
Then,  p2  +  2p  =  8. 
Completing  the  square,     p2  +  2p+  1  =9. 

P  +  1  =  ±  3. 
.*.  p  =  Vx2-  6x  —  2  =  2  or  —  4. 
x2  —  6  X  —  2  =  4  or  16. 
Solving  these  two  equations,  x  =  6or  —  lorJ±  i  V57. 

f  ±  i  V97  does  not  verify  and  is  rejected. 

62.  x2-  X-  Vx2  -  X  +  4  -  8  =  0. 
Separating  —  8  into  +4—12, 

aj2  --  a;  +  4—  Vx'-^  -  x  +  4  —  12  =  0. 
Putp  for  Vx*  -  X  +  4  and  p2  for  x^-x-}-^. 
Then,  p^-p- 12  =  0. 
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Factoring,  (p  —  4)(p+  3)  =  0. 

/.  p  =  Vxi^  —  a;  +  4  =  4  or  —  3. 
a;2  -  ic  +  4  =  16  or  9. 
Solving  these  two  equations,  a;  =  4  or  —  3  or  J(l  ±  V^). 

i(l  ±  V2I)  does  not  verify  and  is  rejected. 


68.  a;g-6x+5V^-6a;  +  l=49. 

Adding  1,     a;^— 6x+l  +  5Va;^-5a;+l  =50. 
Put  p  for  Va-^  —  6  a;  +  1  and  p2  for  a;^  —  6  a;  +  1. 
Tlien,  transposing  60,      p^ -\-  bp  —  bO  =  0. 
Factoring,  (p  -5)(p  +  10)  =  0. 

.'.  p  =  Vai-^  —  6  a;  +  1  =  5  or  —  10. 

a;2-6xH-l  =  26orl00.  

Solving  these  two  equations,  x=8or— 3orJ±  J  V42r. 

J  i  i\/42l  does  not  verify  and  is  rejected. 

04.  (a;2  -  2  a;)2  -  2(x2  -  2  a;)  =  3. 

Puti)  for  a;2  -  2  a;  and  p^  for  (a;^  —  2  a;)2. 
Then,  p2_2p  =  3. 

Completing  the  square,     p^  —  2p-\-l=4, 

P  -  1  =  ±  2. 
.'.  p  =  3  or  —  1 ; 
that  is,  a;2  -  2  a;  =  3  or  -  1. 

Completing  the  square,     a;^  —  2  a;  +  1  =  4  or  0. 

a;-l  =  ±2or±0. 
.%  a;  =  3  or  —  1  or  1. 
The  roots  of  the  given  equation  are  3,  —  1,  1,  1. 

66.  (a;2  -  xy  -  (a;2  -  «)  -  132  =  0. 

Factoring,       (aj2-a;-12)(a;2-a+ll)  =  0. 
(aj- 4)(x+3)(a;2~x-f  11)  =  0. 
.•.  a;=4  or  —3  or  a;2— x+11  =  0. 
Solving  the  last  equation,  x  =  i(l  ±  V—  43) . 

Hence,  «  =  4  or  —  3  or  i(l  i  V-  43). 

Putp  for  — -  1  and p2  for  /!?-  iV . 

Then,  transposing  33,  p^^Sp-  33  =  0. 

Factoring,  (i>  —  3)  (p  +  11 )  =  0. 

.'.  p  =  S0T-n; 

that  is,  — -~l  =  8or-ll. 

X 

—  =  4  or  -  10. 

X 

.'.  a;  =  3  or  —  J. 
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Putp  for  X  +  -  and  1)8  for  (x  +  -Y- 

Then,  ]p^  —  2p=i. 

Completing  the  square,  1)^  —  2p  +  l  =  |. 


(2) 

(3) 

that  18,  x  +  -  =  -  0T  —  ->  U\ 

X     2  2  ^  ' 

Clearing  equations  (4)  of  fractions  and  transposing, 

2x2  _  5a; +  2  =  0,  (6) 

or  2x2  +  x  +  2=0.  (6) 

Factoring  (6) ,  (x  -  2)  (2  x  -  1)  =  0. 

.•.  x  =  2orJ.      

Solving  (6)  by  the  formula,  §  390,  x  =  ""  ^  ^  Vl^4»2.2 

iB  •    2 

=  t(-i±  v:n[6). 

Hence,  x  =  2oriorJ(-l±  V—  16). 

68.  (l±^J%2(Lt^)  =  8.  (1) 

Putp  for  1±^"  andp2  for  (i^T- 

Then,  |)2  +  2p  =  8.  (2) 

Completing  the  square,  p'^  +  2p+  1  =  9. 

p  +  1  =  ±  3. 
/.  l)  =  2or-4;  (3) 

that  is,  1±^  =  2  or  -  4.  (4) 

X 

Clearing  equations  (4)  of  fractions  and  transposing, 

x2  -  2  X  +  1  =  0,  (6) 

or  x2  +  4»x  + 1  =  0.  (6) 

Factoring  (6),  (x  -  1)  (x  -  1)  =  0. 

.*.  X  =  1  or  1. 
Solving  (6),  x=-2±V3. 

Hence,  the  roots  of  (1)  are  1,  1,  and  —  2  ±  V3. 

i'-lhli-i)"-         <■> 

Put  p  for  X  —  -  and  p2  for  (  x  —  -  )  • 
X  \       x) 


Then,     . 

Clearing  of  fractions,  etc., 

Factoring, 

6pa_|_6p_6=0. 
(2i)  +  3)(3p-2)  =  0. 

(2) 

1         3       2 
.-.  p  =  x--  =  -^or^. 
X         2       3 

(3) 
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Clearing  equations  (3)  of  fractions,  and  transposing, 

2a;2  +  3a;-2=0,  (4) 

or  3x2 -2x- 3  =  0.  (6) 

Factoring  (4),  (2  a;  -  1) (x  +  2)  =  0. 

X  =  J  or  —  2. 


Solving  (6)  by  the  formula,  §  890,  x  =  2  i:  V4  --  4 .  3j[-_3) 

2  •  o 

=  i(i±ViO). 
Hence,  x  =  J  or  -  2  or  J  (1  ±  VlO). 

70.  X*  -  10x8  +  35x2  -  50x  +24  =  0. 

Extracting  the  square  root  of  the  first  member  as  far  as  possible,  it  is 
found  that  the  first  member  lacks  1  of  being  the  square  of  x2  —  6  x  +  6. 
Adding  1  to  each  member, 

aj4  -  10x8  +  36x2  -  60x  +  25  =  1. 
Extracting  the  square  root,  x2  —  5x  +  6  =  ±  1. 

x2  —  5  X  =  —  4  or  —  6. 
Solving  these  two  equations,  x  =  1  or  4  or  2  or  3. 

71.  16 X*  -  8x3  -  31  x2  +  8x  +  16  =  0. 

Extracting  the  square  root  of  the  first  member  as  far  as  possible,  it  is 
found  that  the  first  member  lacks  1  of  being  the  square  of  4  x2  —  x  —  4. 
Adding  1  to  each  member, 

16 X*  -  8x8  -  31  x2  +  8x  +  16  =  1. 
Extracting  the  square  root,    4x2  —  x  —  4=  ±1. 

4  x2  —  X  =  6  or  3. 
Solving  these  two  equations,  x  =  —  1  or  |  or  1  or  —  }. 

72.  4x*-4x8-7x2  +  4x  +  3  =  0. 

Extracting  the  square  root  of  the  first  member  as  far  as  possible,  it  is 
found  that  the  first  member  lacks  1  of  being  the  square  of  2  x^  —  x  —  2. 
Adding  1  to  each  member, 

4x*  — 4x8-.7x2  +  4x  +  4  =  l. 
Extracting  the  square  root,     2x2  —  x  —  2=  ±1. 

2x2-x  =  3orl. 
Solving  these  two  equations,  x  =  —  1  or  }  or  1  or  —  J. 

78.  X2  +  X  +  1-— J: -  =  ?.  (1) 

X2  +  X  +  13  ^    ^ 

Ifa;2  +  x  +  l=i),  P--  =  l'  (2) 

P  3 
Clearing  of  fractions,  etc.,  Sp^  —  Sp  —  S=0. 
Factoring,  (i>  -  3)(3p  +  1)  =  0. 

.-.  p  =  x2  +  X  +  1  =  3  or  -  J.  (3) 

Transposing,  etc.,  x2  +  x  —  2  =  0,  (4) 

or  3x2-f  3x  +  4=0.  *  (6) 

Factoring  (4),  (a;  _  i)(a;  4. 2)  =  0. 

.*.  X  =  1  or  —  2. 

Solving  (6)  by  the  formula,  §  390,   x  =  -3  j:  V9-4.3.4 

=  i(-i±ivc:39). 

Hence,  x  =  1  or  —  2  or  J  (—  1  ±  JV— 39). 
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74.  a;2-2x  +  -— i -=4. 

a;2-2x  +  l 
Adding  1  to  each  member  and  substituting  ptor  7^  —  2x^1^ 

P  +  -  =  6. 
P 
Clearing  of  fractions,  etc. ,        p^  —  6p-\-4  =  0. 
Factoring,  (p  -  l)  (p  ~  4)  =  0. 

.-.  p  =  a;2  —  2  a;  +  1  =  1  or  4. 
Extracting  the  square  root,  a— l=ilordb2. 

.•.  X  =  2  or  0  or  3  or  —  1. 

76.  a:2-3a;  +  -— I =  1.  (1) 

ie2_3a.  +  2  ^  ^ 

Adding  2  to  each  member  and  substituting  p  f  or  a;^  —  3  x  +  2, 

P  +  ?  =  3.  (2) 

P 
Clearing  of  fractions,  etc.,        p^  _  3^  ^  2  =  0. 
Factoring,  (p  —  l)  (p  _  2)  =  0. 

.-.  p  =  x2  _  3  aj  _|_  2  =  1  or  2.  (8) 

Transposing,  etc.,  x^  —  3  x  -|- 1  =  0, 

or  x2  —  3  X  =  0. 

Solving  (4)  by  the  formula,  §  390,  x  =  3zfcV9-4.1_J. 

2*1 

=  K3±>/6). 
Factoring  (6),  x(x  -  3)  =  0. 

.-.  X  =  0  or  3. 
Hence,  x  =  0  or  3  or  }  (3  ±  V6). 

2 


■n 


76.                                    x«-x+         -         -7. 

x^  —  x  —  4 
Adding  —  4  to  each  member  and  substituting  p  for  x^  —  x  —  4, 

(1) 

p*-3p  +  2  = 

(P-1KP-2)  = 

.•.p  =  x2  —  X  —  4  = 

x2-x-6  = 

ic2-a;-6  = 

a,  §  390,            X  = 

=  3. 

(2) 

Clearing  effractions,  etc.. 
Factoring, 

Transposing,  etc., 
or 

=  0. 
=  0. 

=  1  or  2. 
=  0, 
=  0. 

(5) 

Solving  (4)  by  the  formul 

_l±Vl-4.1C-6) 
2 

Factoring  (6), 
Hence, 

(x-3)(x  +  2); 

.*.  x  = 

x  = 

=  Ki±V2l). 

=  3  or  -  2. 

=  3  or  -  2  or  }(1  ±  v^). 

77. 

If            =p, 

X 

Clearing  of  fractions,  etc.. 

X       ,  xa-1. 

X2_l             X 

6p2  +  13p  +  6  = 

13 
6  ' 
13 
6* 
=  0. 
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Factoring,  (2  p  +  3)  (Sp  +  2)  =  0. 

.  ^     x^-l         3  ^^     2  .OS 

...p=-_-  =  --or--.  (3) 

Clearing  of  fractions,  etc.,      2  x^  +  3  a;  -  2  =  0, 

or  3x2  +  2a;-3=0. 

Factoring  (4) ,  (2  x  -  l)(aj  +  2)  =  0. 

/.  a;  =  J  or  —  i 


Solving  (5)  by  the  formula,  §  390,  « =     ^^^\    t'^^     ^^ 

=  j(-i±VIO). 

Hence,  a;  =  i  or  -  2  or  J(-  1  ±  VlO). 

78.  ? +  ^         .-3  =  0.  (1) 

l  +  a  +  «^     VI  +  aj  +  x2 


Let  Vl  +  a;  +  x2=p. 

Then,  l  +  2_3  =  o. 

p2     p 

Factoring,  (i  -  l]  (-  +  3^  0. 


Then,  l  +  2_3  =  o.  (2) 

p2     p 


.i  =  lor. 


whence,  p  =  vT-j-xT^  =  1  or  -  J.  (3) 

Squaring,  1  +  a;  +  x^  =  1  or  J.  (4^ 

From  (4),  x2  +  x  =  0,  (6) 

or  x2  +  x  =  -S.  (6) 

Factoring  (6) ,  x(x  +  1 )  =  0. 

.'.  x  =  0  or  —1. 
Completing  the  square  in  (6),     x^  +  »  + 1  =  -  }|- 

Hence,  x  =  Oor-lor-}±J  V-23. 

—  i  ±  iV— 23  does  not  verify  and  is  rejected. 


{■ 
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rx24-?/2  =  20,  *  (1) 

x  =  2y.  (2) 

Substituting  (2)  in  (1),  4  2/2  4.  ^2  =  20.  (3) 

Solving  (3),  y  =  ±2. 

Substituting  y  =  2  in  (2),  x  =  4. 

Substituting  y  =  —  2  in  (2) ,  x  =  —  4. 

Hence,  when  x  =  4,  y  =  2  ;  when  x  =  —  4,  y  =  —  2. 

ri0xH-2/  =  3x2/,  (1) 

*•  i      2/-x  =  2.  (2) 

From  (2),  2/  =  x  +  2.  (3) 

Substituting  (3)  in  (1),  10  x  +  x  +  2  =  3  x(x  +  2).  (4) 

Solving  (4),  X  =  2  or  -  f  (5) 

Substituting  (6)  in  (3),  y  =  4  or  J. 

STAND.   A  LO.  KEY  —  19 
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A 

fa:2  +  iry  =  12, 

(1) 

4. 

(2) 

From  (2), 

y  =  x-2. 

(3) 

Substituting  (3)  in  (1), 

a«  +  x(aj-2)=12. 

(4) 
(6) 

Solving  (4), 

X  =  3  or  -  2. 

Substituting  (6)  in  (3), 

y  =  1  or  —  4. 

6. 

f  «i2  -  3  n2  =  13, 
\    «i-2n  =  l. 

0) 

(2) 

From  (2), 

«i  =  1  +  2  w. 

(3) 

Substituting  (3)  in  (1), 

l  +  4n  +  4n2-3n2=13. 

(4) 
(6) 

Solving, 

n  =  2  or  -  6. 

Substituting  (6)  in  (2), 

TO  =  6  or  —  11. 
Page  310 

6. 

/          X  =  6  -  y, 

tx8  +  y«  =  72. 

s 

Substituting  (1)  in  (2), 

216  -  108  y  +  18  y2  _  y8  _|.  y8  =  72. 

y2  _  (J  y  _|.  8  =  0. 

s 

Solving  (3), 

y  =  4  or  2. 

Substituting  (4)  in  (1), 

X  =  2  or  4. 

7. 

rxy(x-2j/)  =10, 

\                xy  =  10. 

(1) 

<!) 

Substituting(2)  in  (1),  etc. 

x-2y  =  l. 

^?^ 

From  (3), 

x  =  2y  +  l. 

(4) 

Substituting  (4)  in  (2), 

(2y  +  l)y  =  10. 

(6) 

Solving  (5), 

y  =  2  or  —  |. 
X  =  6  or  —  4. 

Substituting  (6)  in  (4), 

8. 

r3x(y  +  l)  =  12, 
\               Sx  =  2y. 

(1) 
(2) 

Substituting  (2)  in  (1), 

2y(y  +  l)=12. 

S?^ 

Solving  (3), 

y  =  2  or  -  3. 

W 

Substituting  (4)  in  (2)  and  solving,         a  =  J  or  -  2. 

9. 

r3r«-  10r  =  «, 
\         2  -  «  =  -  r. 

(1) 

(2) 

From  (2), 

8  =  r  +  2. 

(3) 

Substituting  (3)  in  (1),  3» 

•(r  + 2)  -  10  r  =  r  + 2. 

(4) 

Solving, 

r  =  2  or  -  4. 

(6) 

Substituting  (6)  in  (3), 

«  =  4  or  f 

Q 

f  x2  +  y2  =  26, 

I  x  +  y  =  7. 

(1) 

J0> 

(2) 
(3) 

Squaring  (2), 

r2+2xj/  +  y2=49. 

Subtracting  (1)  from  (3), 

2xy  =  24. 

(4) 

Subtracting  (4)  from  (1), 

x2  -  2  x«  +  y2  =  1. 

(6~) 

Extracting  the  square  root  of  (5),     x  —  y  =  ±  1- 

(«) 

Adding  (2)  and  (6),  x  =  4  or  3. 

Subtracting  (6)  from  (2),  y  =  3  or  4. 
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fx2  +  y2  =  5o,  m 

*•  \         xy  =  T.  (2) 

Multiplying  (2)  by  2,  2xy  =  14.  (3) 

Adding  (3)  to  (1),  x^-}-2xy  +  y^  =  64.  (4^ 


From  (4),                                             a;  +  2/ =  db  8.  (6) 

From  (6),                                            x-y=±6.  (7) 
Since  (4)  and  (5)  are  derived  separately,  neither  from  the  other, 

"                      "                            "  -8, 


from(6)and(7),{,^l^=«'^or{^l^^Z%^or{-^J:p 

From  these  equations,  a;=7,  1,  —  1,  —  7; 

and  y  =  1,  7,  —  7,  —  1. 

^'  ta:2  +  y2  =  34. 

Squaring  (1),  x^  +  2xy -^  y^  =  0^. 

Subtracting  (3)  from  (2),  -  2  icy  =-  30. 

Adding  (4)  to  (2),  x^-'2xy  +  y^  =  4. 

.-.  aj-y=  ±2. 

From  (1)  and  (6),  a;  =  6  or  3, 

and  y  =  3  or  6. 

(    x  +  y  =  9, 
®-  ta^  +  2/*  =  243. 

Cubing  (1),  a*  +  3x2y  +  3a^2  +  y8_  729. 

Subtracting  (2)  from  (3),       Sx^-hSxy^=  486. 

xy(x-{-y)  =  162. 
Substituting  (1)  in  (4),  9xy  =  162. 

.-.  ary  =  18. 
Squaring  (1),  x^ +  2xy +  y^  =  S1. 

Subtracting  (5)  x  4  from  (6) ,  a;2  -  2  xy  +  2/^  =  9. 

.\x-y  =  ±S. 
From  (1)  and  (7),  x  =  6  or  3, 

and  y  =  3  or  6. 


{. 


x  +  yz 
.x^  +  xy-^y^z 
Squaring  (1),  x^-\-2xy  +  y^z 

Subtracting  (2)  from  (3),  xy  : 

Multiplying  (4)  by  4,  4xy: 

Subtracting  (6)  from  (3),     x^-2xy  +  y^: 
Extracting  the  square  root,  x^y  ■- 

Adding  (1)  and  (7),  x-. 

Subtracting  (7)  from  (1),  y  -. 

•  xy  +  y^z 

Subtracting  (2)  from  (1),  xy  -. 

Adding  (1)  and  (3),  x^-{-2xy  +  y^z 

Extracting  the  square  root,  x  +  y  z 

Multiplying  (3)  by  3,  Sxy  z 


fx^  +  i 


8, 

(1) 

49. 

(2) 
(3) 

64. 

16. 

(4) 

60. 

(5) 

4. 

(6) 

±2. 

(7) 

5  or  3. 

3  or  6. 

31, 

0) 

26. 

(2) 

5. 

(8) 

36. 

(4) 

±6. 

(6) 

16. 

(6) 
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Subtracting  (6)  from  (1),    x^  —  2xy  +  y^  =  16.  *   (7) 

Extracting  the  square  root,  x  —  y  =  ±4.  (8) 

Since  (4)  and  (7)  are  derived  separately,  neither  from  the  other, 
from  (6)  and  (8),  J«'  +  y  =  5'  ix-^y  =  6       ( a;  +  y  =  --6,  r  a5  +  y  =  -6, 

From  these  equations,  x  =  5,  1,  —  1,  —  5 ; 

and  y  =  1,  5,  —  6,  —  1. 


u. 


a:a  +  ya  =  8,  (1) 

.xy-hy^  =  4.  (2) 

Subtracting  (2)  from  (1),  xy  =  4.  (3) 

Subtractmg  (3)  from  (2),      x^ -2xy -^y^  =  0.  (4 ) 

Multiplying  (8)  by  3,  Sxy  =  12.  (6) 

Adding  (2)  and  (6),  x^-h2xy  +  y^  =  16.  (6) 

Extracting  the  square  root  of  (4),     a:  —  y  =  0.  (7) 

Extracting  the  square  root  of  (6),     a  +  y  =  ±  4.  (8) 
From  (7)  and  (8),                                     a;  =  2  or  -  2, 
and                                                                y  =  2  or  —  2. 

10  /        a5^  +  y2  =  18,  (1) 
\x  +  y  +  xy  =  U,                                  (2) 

From  (2),  x  +  y  =  11  -  xy.  (3) 

Squaring  (3),  x^  +  2xy  +  y^=:  121  -  22 xy  +  xV-         (4) 

Subtracting  (1)  from  (4),  2  xy  =  108  -  22  xy  +  xV- 

x2y2  -  24  xy+ 108  =  0.  (6) 

(xy-6)(xy-18)  =  0. 

.-.  xy  =  6  or  18.  (6) 

Subtracting  (6)  from  (2),  x  +  y  =  6  or  -  7.  (7) 

Multiplying  (6)  by  2,  2  xy  =  12  or  36.  (8) 

Subtracting  2  xy  =  12  from  (1), 

x2-2xy  +  y2  =  l; 
whence,  x  —  y  =  ±  1.  (9) 

Subtracting  2  xy  =  36  from  (1), 

x2-2xy  +  y2=-23j 

whence,  x  —  y  =  ±  V—  23. 

Whenxy  =  6,  \^'^l^^.        When  xy  =  18,  ;«  +  2^=-7, 
tx— y— ±1.  {,x-^y  =  ±y/ 

From  these  equations,        x  =  3,  2,  J(—  7  +  V—  23),  i(—  7  - 

and  y  =  2,  3,  K-  7  -  v^=^),  i(-  7  + 

11  rx2  +  3xy  +  y2  =  31, 

Subtracting  (2)  from  (1),    x^  +  2  xy  +  y2  =  26. 

Extracting  the  square  root,  x  +  y  =  ±  6. 

Multiplying  (2)  by  4,  4  xy  =  24. 

Subtracting  (6)  from  (3),     x2  -  2  xy  +  y2  =  1. 

Extracting  the  square  root,  x  —  y  =  ±  1. 

Since  (3)  and  (6)  are  derived  separately,  neither  from  the  other. 

From  these  equations,  x  =  3,  2,  —  2,  —  3 ; 

and  y  =  2,  3,  -  8,  -  2. 
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J  J   x2 +  2^2  =  100,  m 

^^'  I  (a;  +  yy  =  196.  (2) 

From  (2),  x^ -^  2  xy -\-  y^  =  196.  (3) 

Subtracting  (1)  from  (3),  2iry  =  96.  (4) 

Multiplying  (4)  by  2,  ixy  =  192.  (6) 

Subtracting  (6)  from  (3),     a^  -  2  xy  +  y^  =  4.  (6) 

Extracting  the  square  root,  a;  —  y  =  ±  2.  (7) 

From  (2),  x-\-y  =  ±U.  (8) 

Since  (3)  and  (6)  are  derived  separately,  neither  from  the  other, 
from  r?^  and  rs^     f  a;H-y=14,    fa;+y=14,     fa;+y  =  -14,    (x+y:=z-^U, 
from(^7;ana  w,  |^_y^2;    \ic-y^-2;  la;-y=2;        lx-y«:-2. 

From  these  eqaations,  cc  =  8,  «,  —  6,  —  8; 

and  y  =  6,  8,  -  8,  -  6. 

io  fx  +  xy  +  y  =  19,  (1) 

^^'  \  a:V  =  144.  (2) 

From  (2),  xy  =  ±  12.  (3) 

Subtracting  (3)  from  (1),  aj  +  y  =  7or31.  (4) 

From  r3^  and  r4^    i  25+2^=7,     fa;+y=7,        ra;4-y=31,   ra;+y=31, 
*rom(d)anaC4;,  j     ary  =  12;t     a^=-12;\     a:y=12;  \     ajy= -12. 
Solving  these  sets  of  equations  as  in  Ex.  1,  p.  310, 

X  =  4,  3,  K7  +  V97),  K7  -  V97),  i(31  +  V913),  1(31_-  V9l3), 

_  i(31  +  V1009),  i(31  -  ViOU9); 

y  =3,  4,  i(7  -  V97),  iO  +  >/97),  i(31  -  V913),  K^l  +  V9l3), 

_  i(31  W1009),  i(3M^Vl009). 

But,  X  =  i(7  +  V97),  i(7  -  V97),  iO^l  +>/?!?)»  i(31  -  V913)  ; 

and       y  =  i(7  -  V97),  1(7  +  V97),  K^l  -  V913),  i(81  -tV913), 

do  not  verify  and  are  rejected. 
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14.  fx*  +  y*  =  17,  m 

1    x  +  y  =  S.  (2) 

Raising  (2)  to  the  fourth  power, 

5C*  H-  4  x8y  +  6  aV  4-  4  xys  4-  2/*  =  81.  (3) 

Subtracting (l)from( 3),  4a^  +  6xh/^  +  4xy^  =  64t. 

Dividing  (4)  by  2,  2  icSy  -f  3  xV  +  2xy^  =  32. 

2x2^x  squareof  (2),         2x8y  H-4xV  ^2xy8  =  18xy. 

Subtracting  (6)  from  (6),  xV  =.18  xy  —  32. 

Solvmg  (7)  for  xy,  xy  =  2  or  16.  (8) 

Squaring  (2) ,  a;a  +  2  xy  +  y'^  =  9.  (9) 

Subtracting  4  xy  =  8  from  (9),    x^  —  2  xj^  -f  2^^  =  1 ; 
whence,  x  — y=±l.  (10) 

Subti-acting  4  xy  =  64  from  (9),  x^  —  2xy  +  y'^  =  -'  56 j 

whence,  x  —  y  =  i  V—  55.  (11) 

When»:!,  =  2,    {^l^z'^,.       When  xy  =  16,  {  ^ +|l  ^^  ^;:^ 
From  these  equations,  x  =  2,  1,  i(3  +  V— 55),  i(3  —  V— 55)  ; 
and  y  =  l,2,  i(3->/^^66),  J(3+V^^^^). 
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16. 

x*+a;V  +  y*  =  21,                          (1) 
\    a^  +  xy-hy'^  =  l,                          (2) 

From  (2), 

^-{-y''  =  7'-xy.                   (3) 

Squaring  (3), 

x*H-2a;2y2  +  y4  =  49-14ajy  +  x2y2.    W 

Subtracting  (1)  from  (4), 

a^2  =  28  -  14a;y  +  a^2,  (5^ 

Solving  (5)  for  xy, 

xy  =  2.                           (6) 

Adding  (6)  to  (2), 

x^-\-2xy  +  y'2  =  9; 

whence, 

x-hy=±S,                       (7) 

Subtracting  (6)  x  3  from 

(2), 

x^-2xy  +  y^=:l; 

whence, 

x-y=±l.                        (8) 

Since  (7)  and  (8)  have  been  derived  separately,  we  have 

"[a;-y  =  l;       lx-y  =  -l;        [x-y  =  l;  tx-y  =  -l. 

From  these  equations,  x=:2,  1,  — 1,  — 2; 

and  y  =  1,  2,  -  2,  -  1. 
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f     2x2-3y-y2  =  8,  (1) 

l6x2_5icy_62/2=:0.  (2) 

Factoring  (2),  (3  x  +  2  y)  (2  x  -  3  y)  =  0. 

y  =  -f,         (3) 

Substituting  (3)  in  (1),  simplifying,  etc.,  aJ2  —  18  x  +  32  =  0.  (5) 

Factoring  (5),  (x  - 16)  (x  -  2)  =  0.  (6) 

From  (6),    •  x  =  16  or  2.  (7) 

Substituting  (7)  in  (3),    •  y  =  -  24  or  —  3.  (8) 

Substituting  (4)  in  (1),  simplifying,  etc.,  7  x2  -  9  x  -  36  =  0.  (9) 

Solving,  X  =  3  or  -  J/.     (10) 

Substituting  (10)  in  (4),  y  =  2  or  -  f       (11) 

Hence,  from  (7) ,  (8) ,  (10) ,  and  (11),  the  roots  of  the  given  equations  are, 

fx  =  16,2,3,  -J^; 

ly=-24,  -3,2,  -f 

8.  |6x2+8xi^-4y2  =  o,  (1) 

[  xy  +  2y^  =  60.  (2) 

Factoring  (1),  (5  x  -  2  y)  (x  +  2  y)  =  0, 

whence,  ^"^"^^  ^^'^ 

or,  y  =  - 1.  (4) 

Substituting  (3)  in  (2),  simplifying,  etc.,  30x2  =  120. 

.-.  x  =  2or  — 2.        (5) 
Substituting  (5)  in  (3),  y  =  5  or  —  5, 

From  (2),  2/(x  +  2  y)  =  60.  (6) 

Substituting  (4)  in  (6),  _  ?  (x  _  a;)  =  60. 

X .  0  =  -  120. 

.-.  x  =  -^Jft.  (7) 


{; 
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Substituting  (7)  in  (4) ,  y  =  i?5.  =  ??. 

2*0       0 

Note.  —  The  interpretation  of  such  expressions  will  be  found  in  §  643. 
Such  roots  are  called  infinite  roots.  The  symbol  for  an  infinite  number 
is  oo ,  read  *' infinity.**    Hence,  from  aj  +  22/  =  0,  x  =  ao,y  =  oo. 

4  f     2x^-xy-y^=z0,  (1) 

\4x^-h4xy-\-y^  =  SQ,  (2) 

Factoring  (1),                                    (2  x  +  y)  (a  -  y)  =  0.  (3) 

From  (3),                                                                     y  =  x,  (4) 

and                                                                                   y  =  —  2  ic.  (6) 

Substituting  (4)  in  (2),  solving,  etc.,                        x  =  2  or  —  2.  (6) 
Substituting  (6)  in  (4),                                                y  =  2  or  —  2. 
The  value  y  =  —  2  x  in  (6)  gives  rise  to  infinite  roots. 
See  Note,  Ex.  3. 

5  r6«2+a;2/_i2y2  =  o,  (1) 

\          x2  +  a;y-y  =  l.  (2) 

Factoring  (1),                            (3x- 4y)(2»  + 3y)  =0.  (3) 

From  (3),                                                                   y=?^,  (4) 

and                                                                               2'=-F  ^^^ 
Substituting  (4)  in  (2),  simplifying,  etc.,   7  x^  _  3  a;  =  4. 

Solving,                                                                         X  =  1  or  -  f  (6) 

Substituting  (6)  in  (4),                                               y  =  }  or  -  f.  (7) 
Substituting  (6)  in  (2),                             x^  +  2  x  -  3  =  0. 

Solving,                                                                      X  =  1,  or  -  3.  (8) 

Substituting  (8)  m  (6),                                               y=-i  or  2.  (») 

Hence,  from  (6),  (7),  (8),  and  (9),  the  roots  are  j  ^  =  ^'  ""  ^J  ^'  "  ^ » 

L  y  —  J,  —  f,  —  f ,  2. 

^                                   f3x2-7xy-40y2  =  0,  (1) 

^'                                 I    x2-    xy-12y2=8.  (2) 

Factoring  (1) ,             (3  x  +  8  y)  (x  -  5  y)  =  0.  (3) 

From  (3),                                                y  =|,  (4) 

and                                                               y  =  -T'  ^^^ 

Substituting  (4)  in  (2), simplifying,  etc.,  x  =  5  or  —  6.  (6) 

Substituting  (6)  in  (4),                            y  =  1  or  -  1.  (7) 
Substituting  (6)  in  (2),                         6  x2  =  -  128. 

x  =  f>^^^or-tV^^nO.  (8) 

Substituting  (8)  in  (5),                           y  =-|V  -  lOorfV- 10.  (9; 
Hence,  from  (6),  (7),  (8),  and  (9),  the  roots  are, 
f  X  =  5,  -  5,  4  V^lO,  -  f  V^Tio  ; 

I  y  =  1,  - 1,  -  f  v^no,  f  v^^oo; 
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'  |3a2-13xy  +  12y2  =  o.  (2) 

Factoring  (2),  (3x- 4y)Ca;- 3  2/)  =  0.  (3) 

From  (3),  y=|,  (4) 

ajid  y=^.  (6) 

Substituting  (4)  in  (1),  6  aj2  =  180. 

/.  a;  =  6  or  —  6.  (6) 

Substituting  (6)  in  (4),  y  =  2  or  —  2.  (7) 

Substituting  (6)  in  (1),  x*  =  -  64. 

.•.x=±8V^n[.  (8) 

Substituting  (8)  in  (6),  y  =±  eV^^.  -     (9) 

Hence,  from  (6),  (7),  (8),  and  (9),  the  roots  are, 
[  X  =  6,  -  6,  SV^,  -  8 V^ 
[  y  =  2,  -  2,  6>/^^,  -  eV^. 

>-7xy  +  4y2  =  o,  (1) 

'      7xy  +  Syi  =  4.  (2) 

Factoring  (1),  \x-y)(Sx-4y)  =  0,  (3) 

From  (3;,  y  =  x,  (4) 

and  y  =  ^.  (6) 

Substituting  (4)  in  (2),  and  solving,     «  =  2  or  —  2.  (6) 

Substituting  (6)  in  (4),  y  =  2oT—2,  (7) 

Substituting  (6)  in  (2),  23  x^  =  64. 

.'.x  =  ±^y/2S.  (8) 

Substituting  (8)  in  (5),  y  =  ±  A V^.  (9) 

Hence,  from  (6),  (7),  (8),  and  (9),  the  roots  are, 

rx  =  2,  -2,  5ftfV23,  -AV23; 

ly  =  2,  -2,  3fjV23,  -A>/23. 

9  fx2  +  2,2  +  a._y  =12,  (1) 

I  3  x-2  +  2  xy  -  2/2  =  0.  (2) 

Factoring  (2) ,  {Sx  -  y)(^x +  y)  =  0.  (3) 

From  (3),  y  =  3x,  (4) 

and  y  r=  —  X.  (5) 

Substituting  (4)  in  (1),  simplifying,  etc., 

6x2_x  =  6. 
Solving,  X  =  S  or  - 1.  (6) 

Substituting  (6)  in  (4),  y  =  J^  or  -  3.  (7) 

Substituting  (6)  in  (1),  simplifying,  etc., 

x2  H-  X  =  6. 
Solving, «  X  =  2  or  -  3.  (8) 

Substituting  (8)  in  (5), "  y  =  -  2  or  3.  (9) 

Hence,  from  (6),  (7),  (8),  and  (9),  the  roots  are, 
fx=  f,   -1,2,  -3; 
ly  =  Y» -3,-2,8. 
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fa;y  +  3y2  =  20,  (1) 

ta;2-3a:y=-8.  (2) 

Assume  x  =  vy,  (3) 

Substituting  (3)  in  (1),  vy^  -\-Sy^  =  20.  (4) 

Substituting  (3)  in  (2) ,  v^'^  —  Svy^  =  -S.  (6) 

From  (4)  and  (6),  y«  =  _M_  =  _^.  (6) 

Clearing  of  fractions,  etc. ,  5  v*  — 13 1?  -f  6  =  0. 

Factoring,  (t?  —  2)  (6 1?  —  3)  =  0. 

.\v  =  2  or  f . 

Substituting  2  for  t?  in  (6),  y  =  2  or  —  2,  \  ^i,«„  ^     o 

whence,  by  (3),  a;  =  4  or  -  4,  /  ^'^^^  ^  -  ^' 

Substituting,  {  for  v  in  (6),  y  =  | V2  or  -  fy2, 1  ^j^^^  ^^ . 

whence,  by  (3),  x  =  V2ot  —  \/2,      /  ^' 


Hence,  f  a.  =  4, -4,  V2  -  V2  ; 

l!/=2,  -2,  4V2,  -iVi 


3. 


y=2, -2,  }V2,  -IV2. 

f    x2  +  a;y  =  12,  (1) 

txy  +  2y2  =  6.  (2) 

Assume                                                  x  =  vy.  (3) 

Substituting  (3)  'in  (1),            v^y^  +  vy^  =  12.  (4) 

Substituting  (3)  in  (2),            vy^-{-2y^  =  b.  (6) 

From  (4)  and  (6),  y^  =  -i?-  =  — ^ .  (6) 

Clearing  of  fractions,  etc.,  6 1?^  —  7 1?  —  24  =  0. 
Factoring,  («  —  3)  (6  «  +  8)  =  0. 

.*.  t?  =  3  or  —  f . 
Substituting  3  for  «  in  (6),  y  =  1  or  —  1,  )  ^,  ^„         « 

whence,  by  (3),  «  =  3  or  -  3,  /  ^^®^  *  "  ^• 

Substituting  -  I  for  t;  in  (6),        y  =  f  V2  or  -  5  V2,  \  ^j^^^  ^  ^  __ 
whence,  by  (3),  a;  =  -  4\/2  or  4V2,  J  ^* 

Hence,  ra:  =  3,  -  3,  4V2,  -  4V2, 

ly  =  l,  -1,  -tV2,|V2. 
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.  ra;2  +  2y2=:44,  (1) 

*•                           ,  I  a;2/-y2=,8.  (2) 

Assume  x  =  i?y.  (3) 

Substituting  (3)  in  (1),  v^^  +  2  y2  =  44.  (4) 

Substituting  (3)  in  (2),  vy^  -  y2  -  g.  (6) 

From  (4)  and  (5),  ^2=     44    ^     8  .                          ^^^ 

Clearing  of  fractions,  etc.,    2  v^  __  n  |,  _|_  15  _  q. 
(i?-3)(2v-5)  =0. 

.'.  '»  =  3  or  f. 
Substituting  3  for  t?  in  (6),         y  =  2  or  —  2, 1  „ ,  ^„  ^      „ 
whence,  by  (3),  x  =  6  or  -  6,  /  ^^®^  ^  =  ^• 
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Substituting  f  for  t?  in  (6),         ^  =  4  ^3  or  —  J  V3,     \      ,  __ 

whence,  by  (3),  x  =  ^Vs  ot --^VsJ         ""  "^  ""  ^• 

Hence,  fx  =  6,-6,  Y-  V3,  -  i^  V3 ; 

ly  =  2, -2,  JV3,  -.JV3. 

6.                                                      Ix(x-y)=6,  (1) 

I    x^-y^  =  S.  (2) 

Assume                                                         x  =  vy,  (S) 

Substituting  (3)  in  (1),                   v'^y^  -vy^  =Q.  (4) 

Substituting  (3)  in  (2),                     vV  —  y^  =  S.  (6) 

From  (4)  and  (5),                         ^  =  -^  =     3  . 

Clearing  of  fractions,  etc.,  v^  -\-v  =  2. 

Solving,  I?  =  —  2  or  1. 

Substituting  —  2  for  t?  in  (6),  v  =  1  or  —  1,  ) 

whence,  by  (3),  «  =  -  2  or  2!  |   whent;  =  -2. 

Substituting  1  for  v  in  (6)  gives  rise  to  infinite  roots.     See  Note,  Ex.  3, 
p.  295. 

f       a;2-a^-y2  =  20,  (1) 

\x2-3a^  +  22/2  =  8.  (2) 

Assume                                                         x  =  vy,  (3) 

Substituting  (3)  in  (1),          vY  -  ^^  -  2/^  =  20.  (4) 

Substituting  (3)  in  (2),    rV  „  3  ^^2  +  22/^  =  8.  (6) 

From  (4) and  (5),                   yS  =.       20  8 


t72-«7-l        t72-3l7  +  2  ^ 

Clearing  of  fractions,  etc.,     3 172  _  13 ,,  4.  12  =  0. 
Factoring,  („  _  3)  (3  ^  «.  4)  -  0. 

.-.  r  =3orf 
Substituting  3  for  v  in  (6),    y  =  2  or  -  2,  \      , 
whence,  by  (3),  a  =  6  or  -  6,  /   ™®^  ^  =  3* 

Substituting  I  fort?  in  (6),     2^  =  6  V-  1  or  —  6  V^,  \     .  _. 

whence,  by  (3),  a;  =  8  V^l  or  —  8  V^T^  i   ^  en  t?  -  f . 

Hence,  fa.  =  6,  -  6,  8  V^l,  >  8  V^T; 

ly  =  2,  -2,  eV^TT,  _6>A:T. 

fa2-5y4-2/2  =  21,  (1) 


^'  \        a;2 -^  2 'y2  =  27.  (2) 

Assume  x  =  vy,"  (3) 

Substituting  (3)  in  (1),  v^  -  vy^  -{-y^  =  21.  (4) 

Substituting  (3)  in  (2),  v^  +  2y^  =  27.  (6) 

From  (4)  and  (6),  \fi  = ^ =  -?I- .  (6) 

Clearing  of  fractions,  etc.,        2r2_9,,„5=;0. 
Factoring,  (t?  —  6)  (2  t?  +  1)  =  0. 

.•.  1?  =  6  or  —  \. 
Substituting  5  for  t?  in  (6),  V  =  1  or  —  1, 1      ,  ,- 

whence,  by  (8),  ^  ^'  ^  =  5  or  -  s!  }  '•>«"  "  =  6- 
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Substituting -J  fort;  in  (6),       y  =  2V3or-2\/3,\,  _ 

whence,  by  (3),  «  =  -  V3  or  V3,       /  ''^^''  ^  —  i- 

Hence,  fx  =  b,  -6,  V3.  -v/3;  _ 

ly  =  l,  -1,  -2\/3,  2V3. 

g                                       f2a^-3a^  +  2y2  =  ioo,  n) 

,        .                                  I                  x2-2/2  =  76.  (2) 

Assume                                                          a;  =  ry.  (3) 

Substituting  (3)  in  (1),  2  v^^  —  Svy^-{-2y^  =  100.  (4) 

Substituting  (3)  in  (2),                    ^V  _  y2  _  75,  ^5^ 

From  (4)  and  (6),  y^  = ^55 =  _IL-.  C6^ 

Reducing  (6),  2 1?2  _  9 1,  _|.  10  =  0. 

Factoring,  (t;  -  2)(2 1?  -  6)  =  0. 

.-.  t?  =  2or  }. 

Substituting  2  for  t?  in  (6),     y  =  6  or  —  6,     \      , 
whence,  by  (3),  a;  =  10  or  -  10,  /  ^^®^  ^  =  2* 

Substituting  f  fori?  in  (6),     y  = -^^^^  V7  or  -  ^^  V?, -»      ,  _ 

whence,  by  (3),  a;  =  ^y'^  V7  or  -  y  Vl,  /  ^r  *' 

9  ra;2_6x2/  +  3y2=38,  (1) 

I    3a;2  +  a;y  +  2/2  =  24.  (2) 

Multiplying  (1)  by  3,        3  a;2  _  15  ^^  _^  9  ^2  =  24.  (3) 

Subtracting  (3)  from  (2),  I6xy  —  Sy^z=0. 

Sy(2x-y)=0. 

y  =  0oT2x. 
Substituting  0  for  y  in  (1),  a;  =  i  2  V2. 

Substituting  2  a;  for  y  in  (1),  x  =  ±^  y/Q. 

Then,  from  y  =  2Xy  y=±l  V6. 

Hence,  the  roots  are  f  «  =  2  V2,  -  2  V2,  J  Vti,  -  f  Vo ; 

U  =  0,  0,JV6, -jVe. 
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10.  rw2  +  m»  =  2,  (1) 

\  WW  +  n2  =  -  1.  (2) 

Adding  (1)  and  (2),  w2  +  2  mn  +  n2  =  1.  (3 ) 

.  *.  w  +  n  =  1  or  —  1.  (4) 

Subtracting  (2)  from  (1),  m2  -  n2  =  3.  (5) 

Dividing  (6)  by  (4),  m  -  n  =  3  or  -  3.  (6) 

Combining  (4)  and  (6),  w  =  2,  -  2, 

and  n  =  -  1,  1. 

11.  IP'  +  q^+P  +  q  =  S6,     (1) 

1  pq=-16.{2) 

Multiplying  (2)  by  2,  and  adding  (1), p^ +  2pq-\-^ -\-p-{.q  =  6. 
Completing  the  square,  (.P +  9)^  +  (p  +  q)  +  (i)^  =  ^. 

Extracting  the  square  root,  j)-fg4.j=:-t.|. 

.•.l>  +  g=2or-3.       (3) 
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Equations  (2)  and  (3)  give  two  pairs  of  simultaneous  equations, 

\       pq=-lb;    '*"''     \       pq=~l6. 
Solving,  according  to  §  407,  the  corresponding  values  of  p  and  q  are. 


fp  =  5,  -3,  i(-3+  V69),  i(-3-  V69); 
lg=-3,  6,  i(-3-V69),  J(-3  4-\/69). 


12. 

Squaring  (2), 
Subtracting  (3)  from  (1), 
Adding  (4)  and(l). 
Extracting  the  square  root. 
Adding  (2)  and  (6), 
Subtracting  (2)  from  (6), 


18. 

Squaring  (2), 
Subtracting  (3)  from  (1), 
Adding  (4)  and  (1), 
Extracting  the  square  root, 
Adding  (2)  and  (6), 
Subtracting  (2)  from  (6), 
Hence,  from  (7)  and  (8), 

14. 

Assume, 

and 
Substituting  these  values  in  (1), 
M*-h4  w8^+6ttV+4  Mt7«  +  v*+tt*  -4uh)-\-6  u^^-iuv^  +  i?*  =  17,  (5) 

and  in  (2),  2i?  =  l.     (6) 

Dividing  (5)  by  2,  w*  +  6  mV  ^  v*  =  ^.  -(7) 

Dividing  (6)  by  2,  v  =  J.  (8) 

Substituting  i  for  v  in  (7)and  solving,        «  =  ±  |  or  i  J  V—  16.     (9) 
Substituting   (8)  and  (9)  in   (3)   and  (4),  the  following  values  are 

found, 

(x  =  2,  -1,  1(1  + yCITS),  iO-  V3l5)j 

ly  =  l,  -2,  i(-l  + V-16),  J(-l-V-16). 
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fa2+62  3=l30, 
\    a-b=2. 
a2  -  2  a6  +  62  =  4. 

2  a6  =  126. 
a24-2a6+62  =  266. 
a  +  6  =  ±  16. 
a  =  9  or  —  7. 
6  =  7  or  -  9. 

E8 

(6) 
(8) 

a;2     y2 

0) 

1 

l-Ui. 

L   a:     » 

A  =  12. 

(2) 
(3) 
(4) 

a^     xy     y2 

(6) 

1  +  I  =  i5. 
X     y 

(«) 

i  =  3  or  -  2. 

X 

(7) 

i=:2or-3. 

(8) 

{;:|;rj; 

-y  =  l. 

a  =  M  +  i?, 
y=zu—v. 

8? 
8! 
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"•  \    c^-cd  +  cP  =  S.  (2) 

Dividing  (1)  by  (2),  c^-hcd+dP  =  l.  (3) 

Subtracting  (2)  from  (8),  2  cd  =  —  2  ; 

whence,  cd=—l,  (4) 

Adding  (4)  and  (3),  c^ -\- 2  cd -h  dP  =  0,  (6) 

Subtracting  (4)  from  (2),        c^  -  2  cdH-  cP  =  4.  (6) 

Extracting  the  square  root  of  TS),        c  +  d  =  i  0  ;  that  is,  0  or  0.    (7) 
Extracting  the  square  root  of  f6^,        c  —  d  =  2  or  —  2.  (8) 

Since  (7)  and  (8)  were  derivea  independently,  with  each  value  of  c  +  d, 
may  be  associated  each  value  of  c  —  d.  This  gives  the  following  equa- 
tions, 


j  c  +  d  =  0,     Jc  +  fl[  =  0,         Jc  +  c?  =  0,     /c  +  (i  =  0, 
\c-(i  =  2;    \c-d=-2;    \c-d  =  2;    tc-d=-2. 

-1,  1,  -  1 
1,  1,  -  1,  1. 


Solving,  {  J  =  -    ~^'  ^' - ""-^^ 


rr8-.s«  =  64,  (1) 


^®-                                                    \    r-«  =  6.  (2) 

Dividing  (1)  by  (2),                   r^  +  r«  +  s^  =  g.  (3) 

Squaring  (2),                            r^  —  2  rs -\- s^^  =  S6.  (4) 
Subtracting  (4)  from  (3),                      8  r«  =  —  27. 

rs=-9.  (5) 
Adding  (3)  and  (5),                f^  +  2r8  +  af^  =  0. 

r  +  s  =  ±  0 ;  that  is,  0  or  0.     (6) 
Adding  (2)  and  (6),  r  =  3  or  3. 

Subtracting  (2)  from  (6),  a  =-  3  or  -  8. 

17                                          /         x^^2xy=:7y,  (1) 

"•                                          \23fi-xy  +  y''  =  Sy.  (2) 

Multiplying  (1)  by  8,                  Sx^-{-16xy  =  66 y.  (3) 

Multiplying  (2)  by  7,       14  a;2  -  7  xy  +  7  y^  =  66  y,  (4) 

Subtracting  (3)  from  (4),  6  a:2_23  xy+7y^  =  0.  (6) 


(6) 
(7) 
(8) 


(9) 
(10) 

(11) 
(12) 


Dividing  (5)  by  y*. 

6a;2 

y2 

2^^^  +  7  =  0. 

y 

Solving, 
From  (6), 
and 

y     2       S 
y=Sx, 

Substituting  (7)  in  (2), 
whence. 
Substituting  (9)  in  (7), 
Substituting  (8)  in  (2), 
Substituting  (11)  in  (8), 

Hence, 

8ai2-24aj  =  0; 

a;  =  0  or  8. 

y  =  0  or  9. 

a;  =  Oor|f. 

y  =  OorA. 
ra;  =  0,3,0,  H; 
ly  =  o,  9,  0,  A. 

18. 

Subtracting  (2)  from  (1), 
whence. 

'  (xy-hx  =  32, 
\xy-\-y  =  27. 
x-y  =  &; 
y  =  x  —  6, 

(1) 

(2) 
(3) 
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Substituting  (3)  in  (1), 

x(a;-5)  +  a  =  32, 

or 

a;2-4x  =  32. 

Solving, 

X  =  8  or  —  4. 

w 

Substituting  (4)  in  (3), 

y  =  3  or  —  9. 

to 

/2a;2-3y2  =  5, 
\3a;2-22^2:=30. 

(1) 

18. 

(2) 

Multiplying  (1)  by  2, 
,  Multiplying  (2)  by  3, 

4x2-62^2  =  10. 

(3) 

9x2-6  2/2  =  90. 

(4) 

Subtracting  (3)  from  (4), 

6x2  =  80. 

.  •.  X  =  4  or  —  4. 

(5) 

Substituting  4  for  a;  in  (1), 

2/  =  3  or  —  3. 

Substituting  -4  for  a;  in  (1), 

y  =  3  or  -  3. 

Hence, 

rx  =  4,4,  -4,  -4; 
t2^  =  3, -3,  3,  -3. 

1. 

rx  +  y  =  3, 

I      x2/  =  2. 

1 

Squaring  (1), 

x2  +  2x2/  +  2/'^  =  9. 

(,!^ 

Multiplying  (2)  by  4, 

4x2/  =  8. 

(4) 

Subtracting  (4)  from  (3), 

x2-2x2/  +  2^2  =  i. 

Y^ 

Extracting  the  square  root. 

a;-2/  =  ±l. 

ffi 

Adding  (1)  and  (6), 

X  =  2  or  1. 

Subtracting  (6)  from  (1), 

2/  =  1  or  2. 

/5x2-42/2  =  44, 
\4x2-62/2  =  19. 

^1) 

2. 

(2) 

Multiplying  (1)  by  5, 

26x2-20  2/2  =  220. 

(3) 

Multiplying  (2)  by  4, 

16x2-202/2  =  76. 

(4) 

Subtracting  (4)  from  (3), 

9x2  =  144. 
X  =  4  or  —  4. 

Substituting  4  for  x  in  (1), 

2/  =  3  or  -  3. 

Substituting  -  4  for  a;  in  (1), 

2/  =  3  or  —  3. 

Hence, 

rx  =  4,4,  -4,  -4; 
\2/  =  3,  -3,3,  -3. 

\x2  +  3/2  =  61. 

(1) 

8. 

(2) 

Substituting  1  +  x  for  2/  in  (2),  x2  +  1+  2  x  +  x2  =  61. 

x2  +  X  -  30  =  0. 
Factoring,  («  -  6)  (x  +  6)  =  0. 

.-.  x  =  6or-6.  (3) 

Substituting  (3)  in  (1),  2^  =  6  or  -  6. 


/x2-x2/  =  48,  (1) 

\x2/-2/2  =  12.  (2) 

2x2/4-2/2  =  36.  (3) 

.'.  x-2/=6or -6.  (4) 

Adding  (1)  and  (2),  x2  -  2/^  =  60.  (5) 

Dividing  (6)  by  (4),  x  +  2^  =  10  or  -  10.  (6) 

Adding  (4)  and  (6),  x  =  8  or  -  8. 

--•*-'-  2^  =  2  or -2. 
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Subtracting  (2)  from  (1),  x2  -  2  X2/  +  2/^ 

X  —  y  =  6  or  —  6. 


Adding  (4)  and 

Subtracting  (4)  from  (6),  y  =  2  or  —  2. 
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•  ra  +  a6  +  28  =  0,                          (1) 

®'  t&  +  «&  +  40  =  0.                          (2) 

Subtracting  (2)  from  (1),  o  -  6  =  12 ; 

whence,  6  =  a  — 12.                  (3) 

Substituting  (3)  in  (1),  o  +  a(o  —  12)  +  28  =  0, 

or  a2- 11 0  +  28  =  0. 

Solving,  a  =  7  or  4.                   (4) 

Substituting  (4)  in  (3),  6  =  -  6  or  -  8. 

ft  /         x^-Sxy  =  Sx,                             (1) 

"•  \2x^-xy-hy^  =  Sx.                            (2) 

Subtracting  (1)  from  (2),  x^ '\-2xy -\-y^  =  0, 

Extracting  the  square  root,  as  +  y  =  ±  0  ;  that  is,  0  or  0. 

.-.  y=-a;,  (3) 

and  y=—x,                           (4) 

Substituting  (3)  in  (2),  a;  =  2or0.                        (6) 

Substituting  (6)  in  (3),  y  =—  2  or  0.                     (6) 

Substituting  (4)  in  (2),  x  =  2  or  0. 

Substituting  (6)  in  (4),  y  =  -  2  or  0. 

Hence  ra;  =  2,0,2,0; 


raj*  +  a;V  +  y*  =  2i,  (1) 

\    x2-  -     - 


\    x^'-xy-hy^  =  7. 
Dividing  (1)  by  (2),  x^ -\- xy  +  y^  =  S. 

Subtracting  (2)  from  (3),  2xy=-4; 

whence,  xy  =  —  2,  (4) 

Adding  (4)  and  (3) ,  x^  +  2xy  +  y^=l.  (6) 

Subtracting  (4)  from  (2),         x^ -2xy -^y^  =  9.  (6) 

Extracting  the  square  root  of  (6),         a;  -|-  y  =  1  or  —  1.  (7) 

Extracting  the  square  root  d  (6),         x—y  =  SoT  —3.  (8) 

Since  (7)  and  (8)  were  derived  independently,  with  each  value  oix-^-y 

may  be  associated  each  value  of  x  —  y. 
Hence     ]^  +  y  =  h     fx^y  =  l,  rx  +  y=-l,    Jx-\-y=-l, 

Hence,    \^_y^Q,    |a;-j/=-3;      tx-2/  =  3;      \x-.y  =  -S. 

Solvingthese,  {^  =  -'172;  -27^ 

(x^  +  y^  +  x^y  =  26,  '         (1) 

"•  t  xy  =  -12.  (2) 

(2)  X  2,  added  to  (1),  x^-\-2xy  +  y^  +  x  +  y  =  2. 
Completing  the  square,  (x  +  y)^  +  (x  +  y)  +  ( J)^  =  |. 
Extracting  the  square  root,  ac  +  2/-fi  =  ±}. 

.-.  X4-2^  =  1  or-2.  (3) 

From  (2)  and  (3),   {^+4=i'i2  ; --<^   {""xIZZ'A 
Solving,  fx=-S,  4,   -1-V13,    -1+VI3; 

^'  ly  =  4,    -3,   -.l+v/13,    -1-VI3. 
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rx2  +  y2  =  40,  (1) 

L         xy  =  12.  (2) 

Adding  (2)  x  2  to  (1),  x^  +  2xy -{■  y^  =  6^; 

whence,  x  +  y  =±S.  (3) 


{■ 
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Subtracting  (2)  X  2  from  (1),   a«  — 2a5y  +  y«  =  16; 
whence,  x  -  y  =  ±  4.  (4) 

Solving  the  foar  sets  of  equations  gi?en  in  (3)  and  (4), 

x  =  6,  2,  -2,  -6; 


and 

y  =  2,  6,  -6,  -2 

10 

0) 

AV» 

(2) 

From  (1), 

x(x+y)=-6. 

(3) 

From  (2), 

y(x+y)=16. 

(4) 

Dividing  (4)  by  (3), 

X         2 

. 

whence, 

y=-}x. 

(6) 

Substituting  (5)  in  (1), 

whence, 

X  =  2  or  -  2. 

(6) 

Substituting  (6)  in  (5), 

y  =  —  5  or  6. 

Ux  =  vy,v  =  —1  or  —  J. 

The  value  v  =  -l  gives  rise  to  infinite  roots. 

See  Note,  Ex.  3,  p.  296. 

11. 

fx»  +  y»  =  28, 
I    a;  +  y  =  4. 

(1) 

(2) 

Dividing  (1)  by  (2), 

a^-«y  +  y^  =  7. 

(8) 

Squaring  (2), 

x^+2xy4-y2=16. 

C4) 

Subtracting  (3)  from  (4), 

3xy  =  9; 

whence. 

xy  =  3. 

(S) 

Subtracting  (6)  from  (8), 

x«-2xs^  +  y2  =  4; 

whence, 

x-y  =  ±2. 

(«) 

From  (2)  and  (6), 

X  =  3  or  1, 

and 

y  =  1  or  8. 

13. 

fx*  +  y*=82, 
I  x-hy=4. 

(1) 
(?) 

and  w  =  2. 

Substituting  (6)  in  (6),  ir*  +  24  r^  -  26  =  0, 


Let  X  =  w  + 1?, 

and  y  =  ti  ~  t?. 

Substituting  (3)  and  (4)  in  (1)  and  (2),  and  dividing  by  2, 

tt*  +  6«2t;2  +  t7*=41,  (6) 

re) 

(7) 
Factoring,  (v  -  l)(t?  4-  l)(t?^  4-  26)  =  0. 

.•.-»  =  1  or  -  1  or  by/—  1  or  -  5  V^.        (8) 

By  (3),  (6) 4-  (8)  gives,       x  =  3  or  1  or  2  +  6  V^^T  or  2  -  5  V^. 

By  (4),  (6)  -  (8)  gives,       y  =  1  or  3  or  2  -  6 V"^  or  2  +  5  V^H^. 

18  fx*  +  y*  =  17,  (1) 

^'-  t    x-y  =  -3.  (2) 

Let  X  =  M  + «,  (3) 

and  y  =  u  —  v,  (4) 

Substituting  (3)  and  (4)  in  (1)  and  (2),  and  dividing  by  2, 

and  ©=— J. 

Substituting  (6)  in  (5), 

tt*  +  V  «**  -  f  I  =  0.  . 
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Completing  the  square  and  solving, 


:  J  or  -  ^^. 


.-.  w=  ±  Jor  ±  JV-55. 

By  (3),  (5)  +  (7)  gives,  

x=-h  -2,  i(-3  +  V^^56),  K-3-  V-66); 
By  (4),  (7)  -  (6)  gives, 

y  =  2,  1,  i(3  +  V^=^),  i(3  -  V^^^). 


14. 


r  acy  4-  «^  =  44, 
\a:y4-j^=-28. 
Subtracting  (2)  from  (1),     x^  -  ys  =  72. 
Adding  (1)  and  (2),  x^  +  2  xy -\- y^  =  16. 
Extracting  square  root,  a;  +  y  =  4  or  —  4. 

Dividing  (3)  by  (4),  x  -  j^  =  18  or  -  18. 

From  (4)  and  (5),  x  =  11  or  -  11, 

and  y  =  —  7  or  7. 


a) 


(1) 

(2) 
(3) 

(4) 
(6) 


15                          r       x2  +  4x  +  3y=-l, 
"•                        12x2  +  5x^  +  2^2  =  0. 
Factoring  (2) ,     (2  x  +  y)  (x  +  2  y)  =  0. 
From  (3),                                          y=-2x, 

and 

'=-!■ 

Substituting  (4)  in  (1), 
Substituting  (6)  in  (4), 
Substituting  (5)  in  (1), 
Substituting  (8)  in  (5), 

Hence, 

X  =  1  or  1. 

y=-2or  -2. 

x=:- Jor  -2. 

y  =  i  orl. 
fx  =  l,l,-i  -2; 
\y=-2, -2,J,1. 

16. 

^mn     18 

Squaring  (1),               ^^-^ 

.  2   +1»1. 
w»     n2     4 

(2)  X  4,  subtracted  from  ( 

3). 

^      1 
w2 

A  +  i^l. 

mn     n«     36 

Extracting  the  square  root 

i_i=+lor-^ 
m     n         &           6 

Adding  (1)  andX4), 

m     3       3 

Subtracting  (4)  from  (1), 

n     3       3 

Hence, 

/  TO  =  3,  6  ; 
t  n  =  6,3. 

STAND.    ALO.    KEY 

—  20 

(2) 
(3) 
(4) 

(5) 

(6) 
(7) 
(8) 


(1) 
(2) 
(3) 


(4> 
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\x2  +  j^  =  61.  (2) 


Hence,  rx  =  6,  -  6,  jV2,  -  iV^;_ 


18. 


17. 

Assume  x  =  vy.  (3) 

Substituting  (3)  in  (1),  ^^  -  vt/^  =  6.  (4) 

Substituting  (3)  in  (2),  t^2  _^  ^2  =  gi.  (5) 

From  (4)  and  (6),  y2=      6     =     61     .  ^^^ 

t?*  —  v     V*  H"  i 
Clearing  of  fractions,  etc.,        65 1?2  —  61 1?  —  6  =  0. 
Factoring,  (6 1?  -  6)  (11 1?  +  1)  =  0. 

.-.  t?  =  f  or-fj-. 
Substituting  f  for  r  in  (6),  y  =  6  or  -  5,  \      ,  _  « 

whence,  x  =  6  or  -  6,  /   ^^^^  ^  s- 

Substituting  -  ^  for  17  in  (6),    ^  =  ¥V^  or  -  Vj^.  \  when  t?  =  -  ^ 
whence,  x  =  —  jV2  or  JV2,      /  ^' 

rx  =  6, -6,  JV2, -iV^L 
l2/  =  5,  -6, -^V2,YV2. 

fx2  +  xy  =  77,  (1) 

\xy-y^  =  12.  (2) 

Assume  x  =  vy.  (3) 

Substituting  (3)  in  (1),  v^^-\-vy^  =  77.  (4) 

Substituting  (3)  in  (2),    vy^  -y'^  =  12.  (6) 

From  (4)  and  (5),  y^  =  — ^  =  -J^.  (6) 

t?"-*  -f-  w     v  —  1 

Clearing  of  fractions,  etc.,     12  v^  —  65 1?  +  77  =  0. 

Factoring,       (4  »  -  7)  (3 1?  -  1 1 )  =  0. 

.-.  w  =  f  orY- 
^  SubMituting  J  for  .  in  (6),         ,  =  4  or  -  4,  |  ,,^„  ^  ^  ^ 

Substituting  J^  for  t?  in  (6) ,       y  =  |  \/2_or  -  5  V2      |      ,         _  „ 
whence,  x  =  ■*2^V2  or  —  -y- V2,  i  "~  Tr* 

-  rx  =  7,  -  7, -VV2, -YV2  ; 

^""^^^  iy  =  4,  -4,f>/2,-jV2. 

19  /    2x-2^  =  2,  (1) 

From  (1),  y  =  2x-2.  (3) 

Substituting  (3)  in  (2), 

2x2  +  4x2-8x  +  4  =  J. 

Completing  the  square, 

«  -  I  =  ±  i. 

x  =  Jori  (4) 


Substituting  (4)  in  (3), 

y  =-Jor-l. 

20. 

/x2  +  x2/H-y2=i9, 

(1) 
(2) 

Dividing  (2)  by  (1), 

x  —  y  =  l. 

(3) 

Squaring  (3), 

xa-2x2/  +  2^2  =  i. 

(4) 

Subtracting  (4)  from  (1), 
hence. 

3x2/  =  18; 
xy  =  6. 

(5) 
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Adding  (6)  to  (1),  x^-\-2xy +  y^  =  25; 
whence,  x  +  y  =  ±6.  (6) 

From  (6)  and  (3),  a;  =  3  or  -  2, 

and  y  =  2  or  —  3. 

21  rx2  +  3a;y  =  2/2  +  23,  (1) 

\    x^Sy  =  9.  (2) 

From  (1) ,  ic(a;  +  3  2/ )  =  y2  4.  23. 

From  (2),  x  =  9-3y. 

Substituting  (4)  and  (2)  in  (3),  (9-3  y)9  =  y^  +  23. 

y2  +  27y-68=0. 
Factoring,  (y  _  2)  (y  +  29)  =  0. 

.-.  2/  =  2  or  -  29.  (5) 

Substituting  (6)  in  (4),  x  =  S  or  96. 

22  /   4a;y  =  96-xV,  (1) 

\x  +  y  =  6.  (2) 

Solving  (1)  for  ocy,  aw  =  8  or  - 12.  (3) 

Squaring  (2) ,  x^ -^  2  xy -\- y^  =  36.  (4) 

Subtracting  4  ay  =  32  from  (4),     x^  —  2xy-\-y^=z4; 
whence,  x-'y  =  ±2.  (6) 

Subtracting  4xy  =  —4S  from  (4),  x^  —  2xy-\-y'-^  =  M; 
whence,  a;  -  2^  =  ±  2  v^.  (6) 

From  (2)  and  (5),    a;  =  4  or  2  and  2^  =  2  or  4. 

From  (2)  and  (6),    x  =  3+  v^orS-  \/21  and 2^  =  3 -  V2I  or  8+  v^. 


Hence,  (x  =  i,2,S  +  V2l,  S-Vn; 

12^  =  2,  4,  3- V^,  3  +  \/21. 


23. 

Assume 

Substituting  (3)  in(l), 

Substituting  (3)  in  (2), 

(x^--xy  =  S, 
\xy  +  y^  =  12, 
x  =  vy, 

vy^  -{-y^  =  12. 

From  (4)  and  (6), 

Clearing  of  fractions,  etc., 
Factoring, 

3tj2-5r-2  =  0. 
(t?-2)(3t;  +  l)=0. 

.-.  17  =  2  or  -  J. 

8J 

(3) 


(6) 


Substituting  2  for  t?  in  (6),  j^  =  2  or  -  2,  \     ,  „ 

'  whence,  by  (3) ,  a  =  4  or  -  4,  /  ^^®°  ^  "  -^• 

Substituting  -  J  for  «  in  (6),  2^  =  3  v^  or  -  3V2,  I  ^j^^^^  -»  =  -.!. 

whence,  a;  =  —  \/2  or  ^2,       i 

Hence, 

24. 

It  is  evident  that  a;  =  0  satisfies  (1) 
Substituting  0  for  x  in  (2), 

Dividing  (1)  by  a;, 
31ultiplying  (4)  by  y, 
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«  =  4, -4,  v^, -V2; 

y  =  2,  -2,  -3v^,  3V2. 

(1) 

(2) 

^'^-             -2,^  =  -!. 

.•.y  =  ±l. 

(3) 

x  +  y  =  l. 

(4) 

y(x  +  y)=y. 

(6) 

808  KEY  TO  STANDARD  ALGEBRA  [321 

Subtracting  (2)  from  (5),  2y^  =  y-^l. 

2y2-y-l=0. 

(y-i)(2y4-i)  =  o. 

/.y  =  lor-J.  (6) 

SubfiEtituting  (6)  in  (4),  a;  =  0  or  f . 

_  j  a;  =  0,0,  0,  J; 


fa;2  +  3a^-j/2  =  43,  (1) 


^*  \  x  +  2y  =  10.  (2) 

From  (2),  a  =  10  -  2  y.  (3) 

Substituting  (3)  in  (1), 

100- 40y  + 4^24.  soy- 6^2-2,2  =  43. 

3  y2  4- 10  y  -  57  =  0. 
(y-3)(3y  +  19)  =  0. 

/.2/  =  3or-Jjf.  (4) 

Substituting  (4)  in  (3) ,  «  =  4  or  i^. 


r  2  a;2  +  3  xy^y2-  20,  (1) 


^*  \  6x2  +  4^2  =  41.  (2) 

Multiplying  (1)  by  41,        82  x^  +  123  a:y  +  41  y2  =  41 .  20.  (3) 

Multiplying  (2)  by  20,  100  z^  +  80  2/2  =  20  .  41.  (4) 

Subtracting  (3)  from  (4) ,    18  ac^  —  123  xy-\-S9y^  =  0. 

6a;2-41xy-}-13y2  =  o.  (6) 

Factoring,  (3  x  -  y)  (2  a  -  13  y)  =  0. 

.',x=jryoT^y.  (6) 

Substituting  J  y  for  x  in  (2),  2/  =  3  or  -  3 ; 

whence,  a;  =  1  or  —  1. 

Substituting  ^  y  for  a;  in  (2),  y  =  ^V2i  or  -  ^^/21 ; 

whence,  x  =  J}'^^  or  —  i{  V2I. 

Hence,  f  x  =  1,  -  1,  H  V?!,  -  if  ^^ ; 

^y  =  3, -3,  AV21, -^\V21. 

07                                                          /     2x2,-^2  =  12,  (1) 

*^-                                                        \  3x2^  +  5x2  =  104.  (2) 

Multiplying  (1)  by  26,                      52  X2,  -  26  2/2  =  312.  (3) 

Multiplying  (2)  by  3,                          9xy-\- 16  x2  =  312.  .    (4) 

Subtracting  (3)  from  (4),    16  x2  —  43  xy  +  26  2/2  =  0.  (5) 
Factoring,                           (x  -  2  y)  ( 15  x  -  13  2,)  =  0. 

.•.x  =  22,orHy.  (6) 

Substituting  2  j/  for  x  m  (1),  y  =  2  or  —  2 ; 

whence,  x  =  4  or  —  4. 

Substituting  Jf  y  for  x  in  (1),  y  =  ^yV55  or  -  y<^  V66  ; 

whence,  x  =  is  v^  or  —  |f  \/65. 

aJ  =  4,  -4,  j|V65,  -||V65; 


Hence,  {  ^  ^  ^^  -  2,  ^Vb5,  -  VV56. 


28. 


rx2  +  xy  +  2/^=151,  (1) 


x2  +  2/2  =  106.  (2) 

Subtracting  (2)  from  (1),  xv  =  45.  (3) 

Adding  (3)  to  (1),  x2  -f  2  xy  +  2,2  =  196 ; 

whence,  x  +  y  =  ±  14.  (4) 
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\ 

Subtracting  (3)  x  3  from  (1),   x^-2xy +  y'^  =  16; 
whence,  x  --  y  =  ±  4.  (5) 

Since  (4)  and  (6)  are  derived  separately,  neither  from  the  other, 

Solving  these  equations,  x  =  9,  6,  —  6,  —  9  j 

and  y  =  6,  9,  -  9,  —  6. 

f  H-a;  =  y,  (1) 

^-  1+^=^.  (2) 

Substituting  (1)  in  (2),  and  simplifying, 

x8-x2-a;  +  l=0. 

Factoring,  x2  (a;  —  1 ) — (x  —  1 )  =  0. 

(a;_l)(x-lXx+l)=0. 

.•.x  =  1,1,-1.  (3) 

Substituting  these  values  for  x  in  (1),  y  =  2,  2,  0. 

(1) 

(2) 

Dividing  (1)  by  (2),  x2  +  y2  =  41.  (3) 

From  (2)  and  (3),  x2  =  26 ; 

whence,  x  =  ±  5 ;  (4) 

also,  y2_i6; 

whence,  y  =  ±  4.  (5) 

Since  (4)  and  (5)  are  derived  separately,     x  =  5,  5,  —5,-6, 
when  y  =  4,  —  4,  4,  —  4. 

81  r  x2  +  j^+y2  =  84,  (1) 

lx-\/xy  +  y  =  6.  (2) 

Dividing  (1)  by  (2),  x  +  V^  +  y  =  14.  (3) 

Adding  (2)  and  (3)  and  dividing  by  2,  x  +  y  =  10.  (4) 

Subtracting  (4)  from  (3),  Vxy  =  4; 

whence,  xy  =  16.  (6) 

Subtracting  (6)  x  3  from  (1),   x2  —  2  xy  +  y2  =  36 ; 
whence,  x  —  y  =  ±  6.  (6) 

From  (4)  and  (6),  x  =  8  or  2, 

and  y  =  2  or  8. 

f4x2-2xy  +  iif2  =  l.S,  (1) 

\  8  x8  +  y8  =  65.  (2) 

Dividing  (2)  by  (1),  2  x  +  y  =  5.  (3) 

Squaring  (3),  4  a^  +  4  xy  +  y2  =  25.  (4) 

Subtracting  (1)  from  (4),  6  xy  =  12; 

Whence,  8  xy  =  16.  (6) 

Subtracting  (6)  from  (4),       4  x2  —  4  xy  +  y2  =  9 ; 
whence,  2  x  —  y  =  ±  3.  (6) 

From  (3)  and  (6),  x  =  2  or  J, 

and  y  =  1  or  4. 


82. 


f6x2-f6y2  =  13xy,  (1) 


^'  \       x2  -  ys  =  20.  '  (2) 

From  (1),  6  x2  -.  13  xy  +  6  y2  =  0. 
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Factoring,  (2  a;- 3y)(3a5- 2y)  =  0. 

,'.y  =  ixoiix.  (3) 

Substitutmg  J x  for  y  in  (2),  a;  =  «  or  —  6; 

whence,  y  =  4  or  —  4. 

Substituting  f  a;  for  y  in  (2),  a;  =  4 y/^^  or  — '4  VITi ; 

whence,  y  =  6\/^^  or  —  e-x/^. 

f  xa  +  y2-3(a;  +  y)=8,  (1) 

**•  I  x  +  y  +  xy  =  11,  (2) 

Adding  (2)  x  2  to  (1 ) ,  x^  +  2  «y  +  y2  _  (a;  +  j,)  ^  30. 

Completing  the  square,  {x-^y)^-(X'\-y)+ i=  30J  =  i}i.  (3) 

Extracting  the  square  root,  ^-hy  —  i=±^; 

whence,  x  +  y  =  6  or  —  5.  (4) 

Subtracting  (4)  from  (2),  when  x  +  y  =  6,  a^  =  5,  (6) 

and  when  x  +  y  = — 5,  xy  =  1Q.  (6) 

To  form  x^  —  2  xy  +  y^,  it  is  necessary  to  subtract  2  xy— 3(x+y)from(l). 
From  (6),  whenx  +  y  =  6,    2xy  -  3(x  +  y)  =  - 8.  (7) 

From  (6),  when  x  +  y  =  —  6,  2  xy  —  3(x  +  y)  =  47.  (8) 

Subtracting  (7)  from  (1),         x^  -  2  xy  +  y*  =  16. 
Therefore,  when  x  +  y  =  6,  x  —  y  =  ±  4.  (9) 

Subtracting  (8)  from  (1),         x^  —  2  xy  +  y^  =  -  39^ 

Therefore,  when  x  +  y=—  5,  X''y=±  V— 39.  (10) 

From  (9),  x  =  5  or  1, 

and  y  =  I  or  5. 

From  (10),        »  =  J  (-  6  +  ^^^^39)  or  J(-  6  -  V^^W)  ; 

and  y  =  i(-.  6  -  V^^^)  or  ^  (-  5  +  V^^39). 

Hence  rx  =  6,  1,  i(- 5  +  V- 89),  i(- 5  -  V- 39); 
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86. 


{ 


x»-y8  =  37,  (1) 

xy(y-x)  =  -12.  (2S 

Changing  signs  in  (2),  xy(x  --  y)  =  12.  (3) 

Dividing  (1)  by  (8),  ^±m±J/l  =  E. 

xy  iji 

Clearing  of  fractions,  etc.,  12  x^  -  25  xy  +  12  y^  =  0. 
Factoring,  (3  x  —  4  y)  (4  x  -  3  y)  =  0. 

.-.  y  =  |xorJx.  (4) 

Substituting  |  x  for  y  in  (3),  a?  =  64. 

Transposing  and  factoring, (x--4)(x2+4x+ 16)  =  0.  (5) 

Equating  each  factor  to  zero  and  solving, 

x  =  4or2(-l+\/^^)  or2(-l-V=:3); 
whence,  since  y  =  fx,  y=:3orf(— 1+  V— 3)  or  f  (—  1  —  V—  3); 
Substituting  J  x  for  y  in  (2),  x*  =  —  27. 

Transposing  and  factoring, 

(x  +  3)(x2  —  3  X  +  9)  =  0. 
Equating  each  factor  to  zero  and  solving, 

x  =  -3orJ(l  +>/^^)  orf  (l-yCTs). 
whence,  since  y  =  fx,  y=  —  4or2(l  +  V—  3)  or  2  (1  —  V—  3). 
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Hence, 


86. 


a;  =  4,-8,  2(-l+V=r3),  2(~l->/33),  }(1  + 

_    Ki- 

y  =  3, -4,i(-l+V:=^),}(-l-V-8),2(l  + 
2(l- 


Squa^mg  (2), 

Multiplying  (1)  by  2, 

Subtracting  (3)  from  (4), 
whence, 

From  (2)  and  (5), 
and 

Hence, 
and 

87. 


Dividing  (1)  by  (2), 


Clearing  of  fractions,  etc.. 
Factoring, 


I  VS  +  Vy  =  7. 
a;  +  2V^  +  y  =  49. 
2x  +  2y  =  60. 
x-'2y/xy  +  y  =  1; 
Vx  —  Vy  =±1. 
Vx  =  4  or  8, 
"v^  =  3  or  4. 
x=  16  or  9, 
y  =  9  or  16. 


/x^+y8  =  226y, 
\x2-y2  =  75. 

-^  +  y'  =  3y. 


(6) 


(3) 


te-y 
x2_4a;y4-4y2  =  0. 
(x-2y)(x-2y)  =  0. 
.-.  X  =  2  y. 
Substituting  (6)  in  (2),  y  =  6  or  —  5 ; 

whence,  a;  =  10  or  —  10. 

Since  the  factors  of  (4)  are  equal,  each  of  the  values  in  (6)  and  (7)  is 
twice  used  as  a  root 


(4) 
(6) 
(0) 
(7) 


88. 

Let 
and 
Substituting  (3)  and  (4)  in  (1), 


/a;2  +  y2  =  3a;y  +  5, 
\x*  +  y*=2. 


and  in  (2) 
Substituting  (6)  in  (6), 


a:  =  M  + 1?, 
y  =  u-v. 
^  =  6(t?2-l), 


w*  +  6  u^v^  +  v*  =  1. 
66 1;4- 80^2 +  24  =  0. 
7«*-10r2+3  =  0. 
(«-l)(t?-}-l)(7v2_3)=0. 

.\v  =  l,  -1,  }V2l,  -  Jv^. 
Substituting  (7)  in  (6),       u  =  0,  0,  ±  ^n/-  36,  ±  fV-36. 

-3o-v^); 


fa;  =  M  +  t;  =  l,  -1,  K±  2^^^^  + V21),  K±  2>  

ly  =  M  -  t;  =  -  1,  1,  K±  2\/^r35  -  \/21),  K±  2  V-  86  +  v'2i). 


From  (2), 
whence, 
or 

Substituting  (3)  in  (1), 

Clearing  of  fraction,  etc., 

Factoring, 


r3xy  +  2x  +  y  =  25, 
t        9x2-4y2  =  0. 

9x2  =  4  y2; 
3  X  =  2  y, 
3x  =  -2y. 
2y2  +  K2y)+2/  =  26. 
6y2  +  7y-76  =  0. 
(y-3)(6y  +  26;)=Q. 
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(1) 
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Therefore,  when  3  x  =  2  y,  y  =  3  or  —  ^^ ; 

whence,  a;  =  2  or  —  -^jf . 

Substituting  (4)  in  (1),     -  2  y2  -  f  (2  j^)  +  y  =  25. 
Clearing  of  fractions,  etc.,  6  y^  +  y  +  7^  =  0. 

Solving,  y=-^^^\-^-g^  =  -A(lTV^1799); 

whence,  since  3x=  —  2y,  x  =  ^(l  T V—  1799). 

nence,       ^^  ^  3^  _  ^    _  ^^^  _^  ^_  j^gy^^  _  ^^^  _  V:n[799). 

rx2- 7x^  +  122,2  =  0,  (1). 

*"•  I  xy  +  3j,  =  2x  +  21.  (2> 

Factoring  (1),  (x  —  4 y) (x  —  3  2,)  =  0. 

.-.  x  =  4yor8y.  (3) 

Substituting  4 y  for  x  in  (2),    4y^-5y  -21=0, 
Factoring,  (y  -  3)  (4  y  +  7)  =  0. 

.-.  y  =  3or-J; 
whence,  x  =  12  or  —  7. 

Substituting  3  y  for  x  in  (2),  y^  ~  y  =  7. 

Completing  the  square,  y^  —  y  +  \  =  ^' 

Solving,  y  =  i  (1  +  v/29)  or  J(l  -  V29) ; 

whence,  x  =  |(1  +  \/29)  or  f  (1  -  y/29) .  , 

41  Ux  +  y)(x^  +  y^)  =  e6,  (1) 

Dividing  (1)  by  (2),  7^^^^  =  13. 

Clearing  of  fractions,  etc.,        6  x^  —  13  xy  +  6  y2  =  0. 
Factoring,  (2  x  -  3  y)  (3  x  —  2  y)  =  0. 

.-.  x  =  iyorJy. 
Substituting  f  y  f or  x  in  (2) ,  y»  =  8. 

Transposing  and  factoring,  (y  —  2)  (y^  +  2  y  +  4)  =  0. 
.-.  y  =  2  or  —  1  if  V^^or  -  1  —  y/^^; 
whence,  x  =  3  or  J(—  1  +  V^^)  or  i(—  1  -  V^). 

Substituting  f  y  for  x  in  (2),  y^  =  27. 

Transposing  and  factoring,  (y  —  3)  (y^  +  3  y  +  9)  =  0. 
/.  y  =  3  or  JC-  1  +  v^)  or  J(-  l  W^^Ts); 
whence,  x  =  2,  or  —  1  +  V—  3  or  —  1  -  V—  3. 

X  =  3,  2,  |(-  1  +  V^^),  i(-  1  -  V^),  -  1  +  V^, 

-l-V-3; 
y  =  2,3, -1+V=r3,  -1-V=^,  i(-l+V-3), 
I  s(-l-V33). 

**•  I        a:y  =  20. 

From  (1),  transposing,     x^  +  y^  —  (x  —  y)  =  i2. 
Subtracting  (2)  x  2  from  (3),  and  completing  the  square, 

x2  -  2xy  +  2/2_(a;  -  y)+  J  =  2  +  J  =  J.  (4) 

Extracting  the  square  root,  «  —  y  —  i  =  =fc|; 

whence,  x  —  y  =  2  or  —  1.  (6) 


Hence, 
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Squaring  (5),                         x^-2xy  +  y^  =  4  or  1, 

(fi) 

Adding  (2)  x  4  to  (6),          x^  +  2xy-\-  y^  =  84  or  81; 

whence,                                                    «  +  y  =  ±  2  V2i  or  ±  9. 

(7) 

Hence.    {HlZ^or  {^1|;=I?.  or  {,^l,^f|?^' 

o^lltlZl 

2V2i, 

Solving  these  equations,  a  =  4,  -  5,  1  +  V2l,  1  -  V21 ; 

and                                       y=6,  -4,  -  1  +  \/21,  -l-v^. 

43                                        rx  +  y  +  2Vx  +  y  =  24, 

(1) 
(2) 

Completing  squares,      x  +  y  +  2y/x-{-y-\-l=26, 

(3) 

and                                   x-y  +  3Vx-y  +  f  =  ^. 

(4) 

Extracting  square  roots,               V«  +  y  +  l=±5; 

whence,                                                   \/a  +  ^  =  4  or  —  6, 

(5) 

and                                                  y/x-y  +  i=±i; 

whence,  Vx  —  y  =  2  or  —  6.  (6) 

Squaring  (5),  jc  +  y  =  16  or  86.  (7) 

Squaring  (6),  a  —  y  =  4  or  25.  (8) 

Since  (7)  and  (8)  have  been  derived  separately,  we  have  the  equations, 

tx-y  =  4;  °^  t«-y  =  25;''''  \x-y  =  4;  ^^  tx-y  =  26. 
Solving  these  equations,  x  =  10,  V^,  20,  ^ ; 

and  y  =  6, -J,  16,  V- 


*  __  ^'o   iA  il   do  not  verify  and  are  rejected. 
y  —  —  ^»  ^"»  Tr» 


{ 

44  ra2  +  j,2  +  6VS?+7  =  55,  (1) 

Completing  the  square  in  (1), 

a;2  -f.  y2  ^  6  Vx2  +  yg  +  9  =  64 .  (3) 

Extracting  the  square  root,  y/x^  +  2/^  4-  3  =  ±  8  ; 

whence,  Va^T^  =  5  or  — 11.                     (4) 

Squaring  (4),  x^  +  y^  =  26  or  121.                      (5) 

From  (5)  and  (2),  x^  =  16  or  64, 

and  y2-9or57; 

Whence,         x  =  4,        4,-4,    -4,         8,  8,     —8,       —8; 

and  y  =  3,    -3,       3,    -3,    V57,    -\/67,    V67,    -\/57. 


Q 

— '  do  not  verify  and  are  rejected. 


ra5  =  8,_  8,-8,  _ 

\y=V67,    -V57,    V67,    ~V67, 

dft                /   «2-6ary  +  9y2  +  2x-6y-8  =  0,  (1) 

**^-               \x^  +  4xy  +  4y'^-4x-Sy^21=0.  (2) 

From  suggestion,  (a;  -  3 1/)^  4.  2(a;  -  3  y) -  8  =  0,  (3) 

(a;  +  22/)2-4(x  +  2y)-21=0.  (4) 

Solving  (3),                                            « -  3  y  =  2  or  -  4.  (5) 

Solving  (4),                                           x  +  2y=:7or-3.  (6) 
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From  (5)  and  (6), 

ra;-3y=2,      j«-8y=     2,      /x-3y=-4,      faj-8y=-4, 
\x  +  2y  =  7;     \a  +  2y=-3;     \a:  +  2y=     7;     \x  +  2y  =  -3. 

Solving,  |y  =  i^.i,j^,j. 

*"•  \a;y-2^2  =  2a6.  (2) 

Subtracting  (2)  from  (1),  x^—2xy-\-y^  =  a^-2ab  +  b^. 

Extracting  the  square  root,  x  —  y  =  ±(a~b).  (3) 

Adding  (1)  and  (2),  a^  -  y^  =  («  +  6)a.  (4) 

Dividing  (4)  by  (3),  x  +  y=  -^^^t^-  (6) 

Hence,  from  (3)  and  (5),  ]        ^        o-6  '    \        ^  a-b   ' 

Ix  — y  =  a  — 6;        la  — y  =  — (a— 6). 

Solving, 


47  /     x-2y  =  2(a  +  b),  (1) 

*^*  lay +  2  2^2  =  2  6(6 -a).  (2) 

From  (1),  x  =  2(jf-^a  +  6).  C3) 

Substituting  (8)  in  (2),  simplifying,  etc., 

y2+J(a  +  &)y  =  i6(6-a). 

Completing  the  square,  y^  +  Ka^b)y  +  ^^4^  =  ^^-'^f  +  < 

16  16 

Extracting  the  square  root,  y  +  ^"*"    =  i  ^^-^^^ — -' 

4  4 

.•.y  =  -6or^.       (4) 
Substituting  (4)  in  (3),  a;  =  2aora  +  3  6. 


f     ir8  +  y«  =  2a(a2  +  362),  (1) 

I  a;2y  +  a;y2  =  2  aCa*  -  62).  (2) 


48. 

Dividing  (1)  by  (2),  ^ri^  =  ^_^. 

Simplifying,  etc., 

(a2  -  62)a;2  -  2(a2  +  b^)xy  +  (o^  _  52)^2  =  0.  (3) 

Factoring  (3), 
[(a-6)«-(a  +  6)y][(a  +  6)a;-(a-6)y]=0.  (4) 

From  (4),  y  =  i^^Z^  or  i«JL?^. 

^  ^  a  +  6  a-6 

Substituting  (^  ""  ^^^  for  y  in  (2), 
a  +  6 


(a-6)x3(^_  6)2^:8^^ 
(a  +  6)         (a +  6)2  ^ 

=  2a(a  +  6)8. 
=  a  +  6. 
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.-.  x  =  a  +  6.  (5) 
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Substituting  (5)  in  y  =  ^^  ~  ^)^ ,  y  =  a  -  6. 

a-\-b 

Substituting  ^^  +  ^)^  for  j^  in  (2), 

a— 0  (a  — o)-* 

Dividing  by  a  +  6,  simplifying,  etc., 

••«  =  «-^-  (6) 

Substituting  (6)  in  y  =  k«+_^,  y-^  +  h. 


a-b 
49. 


f«  =  i««^  (1) 

\v  =  at,  (2) 

From  (2),  <  =  -.  (3) 

a 

From(l),                                                a=^.  (4) 

Substituting  (3)  in  (4),  solving,  a  = (5) 

ju  8 

Substituting  (5)  in  (3),  «  =  —  • 

V 

s=6t  +  iat^y  (1) 


(2) 


60.  /*=«« 

Iv  =  at. 

Clearing  (1)  of  fractions,  etc.,  at^  +  12 1  =  2  s. 

Solving  by  formula,  t  =  -6±V3tf+2ag  ^  ^3  ^ 

a 
Substituting  (3)  in  (2),  t?  =  -  6  ±  V36+2a«. 
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1.  Let  X  =  one  number, 
and  y  =  the  other. 

Then,  x  +  y  =  12, 

and  xy  =  32. 

Solving,  X  =  8  or  4, 

and  y  =  4  or  8. 

Hence,  the  numbers  are  4  and  8. 

2.  Let  X  =  one  number,  . 
and  y  =  the  other. 

Then,  «  +  y  =  17, 

and  a;2  4-2^2  =  167. 

Solving,  a;  =  11  or  6, 

and  y  =  6  or  11. 

Hence,  the  numbers  are  6  and  11. 
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3.  Let  X  =  the  greater  number, 
and                                                                 y  =  the  lesser  number. 

Then,  x  —  y=l, 

and  a*-y8  =  91. 

Solvmg,  x  =  Q  OT  —  5, 

and  y  =  5  or  —  6. 

Hence,  the  numbers  are  6  and  5,  or  —  5  and  —  6. 

4.  Let  X  =  one  number, 
and                                       •  y  =  the  other. 

Then,  a;  +  y  =  82, 

and  y/x^  y/y  =  lO. 

Solving,  a:  =  81  or  1, 

and  y  =  1  or  81. 

Hence,  the  numbers  are  81  and  1. 

5.  Let  X  =  number  of  rods  in  length  of  garden, 
and  y  =  number  of  rods  in  width  of  garden. 

Then,  since  the  length  and  width  together  are  one  half  of  the  distance 
around  the  garden,  and  their  product  is  the  area  in  square  rods, 

x  +  y  =  26, 
and  xy  =  160. 

Solving,  X  =  16  or  10, 

and  J/  =  10  or  16. 

Hence,  the  garden  is  16  rods  long  and  10  rods  wide. 

6.  Let  X  =  one  number, 

and  y  =  the  other. 

Then,  a^-(«  +  y)  =  59, 

and  a;2  4.  j,2  _.  170. 

Solving,  «=  11  or  7  or  — 8+V|l  or  — 8  — V2i, 

and  y  =  7  or  11  or  — 8-V21  or --8+V2r. 

Hence,  the  numbers  are  11  and  7  or  —  8  +  V2I  and  —  8  —  V2I. 

7.  Let  X  =  tens'  digit, 
and  y  =  units^  digit. 

Then,  l0x  +  y-6S  =  Wy-^x,  (1) 

and  (10a;4-2/)(a;  +  y)  =  729.  (2) 

From  (1),  y  =  x—7.  (3) 

Substituting  (3)  in  (2),  (11  a: -  7)  (2  a;  -  7)  =  729.  (4) 

Solving  (4),  a;  =  8  or  —  JJ. 

Rejecting  the  second  value,  from  (3),        y  =  l. 
Hence,  the  number  is  81. 

8.  Let  X  =  number  of  yards, 

and  y  =  number  of  cents  per  yard. 

Then,  xy  =  (m,  (1) 

and  (x  +  5)  (y  -  4)  =  600.  (2) 

Subtracting  (2)  from  (1),  4 x  -  6 y  +  20  =  0 ;  (3) 

whence,  5y=4a;  +  20.  (4) 

From  (1),  X'6yz=  3000.  (5) 

Substituting  (4)  in  (6),  4  a;2  +  20  x  =  3000  ; 

whence,  x  =  25  or  —  30.  (6) 

Substituting  (6)  in  (1),  y  =  24  or  -  20. 

Hence,  the  man  bought  25  yards  at  24  cents  per  yard. 
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9.   Let  X  =  number  of  gallons  of  Italian  oil, 

and  y  =  number  of  cents  Italian  oil  cost  per  gallon. 

Then,  ay  =  226,  (1) 

and  (aj-i)(y  +  60)  =  200.  (2) 

From  (2) ,  2  ay + 100  a;  -  y  =  460.  (3) 

Substituting  —  for  y  in  (3),  and  solving, 

x  =  ±i.  (4) 

Substituting  (4)  in  (1),   y  =  160. 

Then,  x-i  =  l, 

and  y  +  60  =  200. 

Hence,  1}  gallons  of  Italian  oil  were  bought  at  $1.60  per  gallon,  and  1 
gallon  of  French  oil  at  $2.00  per  gallon. 

10.  Let  X  =  number  of  yards  in  length, 
and                                                      y  =  number  of  yards  in  width. 

Then,  •  2fle+2y  =  18,  (1) 

and  ay  =  i  X  40.  (2) 

From  (2),  y=^.  (8) 

Substituting  (3)  in  (1) ,         a«  -  9  a  =  -  20. 

Solving,  a  =  5  or  4.  (4) 

Substituting  (4)  in  (3),  y  =  4  or  6. 

Hence,  the  length  is  6  yards  or  16  feet  and  the  width  4  yards  or  12 
feet. 

11.  Let  X  =  number  of  bales  he  pressed, 
and  y  =  number  of  pounds  in  each  bale. 

Then,  xy  =  6120,  (1) 

and  (a;  _  1)  (y  +  20)  =  6120.  (2) 

From  (2),  ay  +  20  a  -  y  =  6140.  (3) 

Substituting  (1)  in  (3),  etc.,  a^  -  a  =  306. 

Solving,  a  =  18  or  -  17.  (4) 

Substituting  18  for  a  in  (1),  y  =  340. 

Hence,  there  were  18  bales,  each  bale  weighing  340  pounds. 

12.  Let  a  =  number  of  feet  in  width  of  screen. 
Then,                                   a  +  J  =  number  of  feet  in  length  of  screen. 
Also  let                                     y  =  number  of  feet  in  width  of  frame. 
Then,  a(a  + })  =  10,  (1) 

and  (a-2y)(a  +  J-2y)=8.  ,  (2) 

From  (1),  a  =  3  or  —  y. 

Substituting  3  for  a  in  (2),  and  solving, 

y=3orJ. 

Since  the  width  of  the  frame  could  not  be  as  great  as  the  width  of  the 
screen,  the  value  3  is  inadmissible.  Hence,  the  width  of  the  frame  is  i  of 
a  foot  or  2  inches. 
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18.  Let  X  =  number  of  inches  in  side  of  blotter  after  it  is  cut, 

and  y  =  number  of  inches  cut  from  width  of  blotter. 

Then,  y  +  4  =  number  of  inches  cut  from  length  of  blotter. 

Then,  x^  =  256,  (1) 

and  (aj  +  y)  (X  +  y  +  4)  =  480.  (2) 

From  (1),  x  =  16. 

Substituting  16  for  a;  in  (2),  and  simplifying, 
y2  +  36  y  =  160. 

Solving,  y  =  4, 

and  y  +  4  =  8. 

Hence,  8  inches  were  cut  from  length  and  4  inches  from  width. 

14.  Let  X  =  number  of  loads  of  gravel  bought, 

and  y  =  number  of  cents  paid  for  1  load  of  gravel. 

Then,  x  +  4  =  number  of  loads  of  sand  bought, 

and  y  —  50  =  number  of  cents  paid  for  1  load  of  sand. 

Then,  xy  =  1000,  (1) 

and  (X  +  4Ky  -  60)  =  900.  (2) 

Substituting  (1)  m  (2)  and  simplifying, 
x2  +2  X  =  80. 

Solving,  X  =  8  or  —  10. 

Substituting 8  for  X  in  (1),  y  =  125. 

Then,  x  +  4  =  12, 

and  y  —  50  =  75. 

Hence,  8  loads  of  gravel  were  bought  at  9 1}  per  load  and  12  loads  of 
sand  were  bought  at  $  }  per  load. 

15.  Let  X  =  number  of  miles  in  hypotenuse  of  track, 
and  y  =  number  of  miles  in  1  leg  of  track. 

Then,  y  +  3  =  number  of  miles  in  other  leg  of  track. 

Then,  aj  + y  4.y +3  =  36,  (1) 

and  x2  =  y2  4.(y  +  3)2.  (2) 

From  (1),  x=33-2y.  (3) 

Substituting  (3)  in  (2), 

y2-69y=-540. 

Solving,  y  =  60  or  9. 

The  value  60  is  inadmissible,  since  the  whole  track  is  only  36  miles  long. 

Then,  considering  y  =  9,  y  +  3  =  12, 

and  from  (1),  x  =  16. 

Hence,  the  dimensions  of  the  course  are  9  miles,  12  miles,  and  15  miles. 

16.  Let  X  =  number  of  feet  in  length  of  rink, 
and  y  =  number  of  feet  in  width  of  rink. 

Then,        (x  +  50)  (y  +  60)  =  37,600,  (1) 

and  xy-\-ixy=  37,500.  (2) 

From  (2),  xy  =  20,000.  (3) 

From  (1)  and(3),x2-300x  =-  20,000. 

Solving,  X  =  200  or  100.  (4) 

Substituting  (4)  in  (3),     y  =  100  or  200. 
Hence,  the  length  is  200  feet  and  the  width  is  100  feet. 
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17.  Let  X  =  number  of  feet  in  width  of  produce  car, 
and                         y  =  number  of  feet  in  height  of  produce  car. 

Then,  a;  +  J  =  number  of  feet  in  width  of  furniture  car, 

and  |(  4- 1  =  number  of  feet  in  height  of  furniture  car. 

Then,  38  ay  =1848, 

and  (83  +  3)(a;  +  i)(y  +  1)  =  2448. 

From(l),  ^  y  =  — •  (8) 

Substituting  (3)  in  (2),  simplifying,  etc., 

2x2- 23a:  =-56. 

Solving,  X  =  8.  (4) 

Substituting  (4)  in  (3),  y  =  7. 

Then,  a;  +  i  =  SJ, 

and  y  +  1  =  8. 

Hence,  the  length  of  produce  car  is. 33  feet,  width  is  8  feet,  and  the 
height  is  7  feet.  The  length  of  the  furniture  car  is  36  feet,  the  width  ^ 
feet,  and  the  height  is  8  feet. 

18.  Let  X  =  number  of  days  it  will  take  the  first  man, 
and                         y  =  number  of  days  it  will  take  the  second. 

Then,  1  +  1  =  1  =  A, 

X     y     6|     20'. 
and  a  —  y  =  3. 

Solving,  «  =  15  or  |, 

and  y  =  12  or  —  f . 

Hence,  the  first  man  can  do  the  work  alone  in  15  days,  and  the  second 
can  do  it  alone  in  12  days. 

19.  Let  X  =  number  of  rods  in  length  of  field, 
and  y  =  number  of  rods  in  width  of  field. 

Then,  xy  =  1120,  area  of  field  in  square  rods.  (1) 

Since,  in  making  the  circuit  of  the  field  11  times,  11  x  6  ft.,  or  66  ft, 

is  cut  on  each  side,  both  the  length  and  the  width  of  the  field  is  reduced 

by  2  X  66  ft.,  or  132  ft.,  or  8  rd. 
Then,  (x  -  8)  (y  —  8)  =  640,  area  of  grass  still  standing.  (2) 

rrom(l),  y  =  i^.  (3) 

X 

Substituting  (8)  in  (2),  simplifying,  etc., 

a;2-.  68  a; +1120  =  0. 
Solving,  a;  =  40  or  28.  (4) 

Substituting  (4)  in  (3),  y  =  28  or  40. 
Hence,  the  length  of  the  field  is  40  rods,  and  the  width  28  rods. 

20.  Let  X  =  number  of  yards  in  circumference  of  fore  wheel, 
and  y  =  number  of  yards  in  circumference  of  hind  wheel. 

Then,  2^-240^,2^  ^^^ 

and  J40.__240_^g  (2^ 

x+1     y+1 
Dividing  (1)  by  12  and  clearing  of  fractions, 

-20a;  +  20y  =  iey.  (3) 
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Dividing  (2)  by  8,  clearing  of  fractions,  transposing,  etc., 

-31a  +  29y  =  xy  +  l.  (4) 

Subtracting  (3)  from  (4),       -lla;  +  9y=:l; 

whence,  y  =  — ^        -  (6) 

Solving  (5)  and  (3),  or  (6)  and  (4),        aj  =  4  or  -  ^, 
and  y  =  6  or  —  |. 

Hence,  the  fore  wheel  is  4  yards  and  the  hind  wheel  6  yards  in  circam- 
ference. 

Page  325 

21.  Let  X  =  number  of  dollars  in  larger  loan, 
and                     y  %  =  rate  of  interest  on  larger  loan. 

Then,       -^  =  number  of  dollars  interest  yielded  by  each  investment. 
100 

1000  —  x  =  number  of  dollars  in  smaller  loan, 

and  -^  -*■  (1000  —  aj\  or  — ^ — %  =  rate  of  interest  on  smaller  loan. 
100     ^  ^        1000 -a' 

1000 -a  '  ^  ^ 

and  (1000  -x)y  =  1600.  (2) 

Multiplying  (1)  by  (2),  xV  =  36  .  16  .  100  •  100 ; 

whence,  xy=±6.4.100=±  2400.  (3) 

Since  the  product  of  principal  and  rate  cannot  be  negative,  the  negative 
value  in  (3)  is  rejected. 
Adding  (3)  and  (2),  1000  y  =  4000. 

.-.  y  =  4.  (4) 

Substituting  (4)  in  (3),  x  =  600.  (6) 

From  (4)  and  (6),  1000  -  a;  =  400, 

and  xy       ^2400^^ 

1000  -x      400 
Hence,  the  sums  invested  were  $  600  at  4%  and  $400  at  6%. 

22.  Let         X  =  number  of  dollars  in  the  principal, 
and  y  =  number  of  per  cent  in  the  rate. 

Then,  x  +  .01  xy  =  11,130,  (1) 

and  (a;  +  100)  (1  +  .Oly-  .01)  =  11,130.  (2) 

Simplifying  (2),     .99  a:  +  y  +  99  +  .01  xy  =  11,130.  (3) 

Subtracting  (3)  from  (1),     .01  a;  -  y  -  99  =  0 ; 
whence,  a;  =  100  y  4-  9900.  (4; 

Substituting  (4)  in  (1)  and  simplifying, 

2,2  +  199  2/  -  1230  =  0.  (6) 

Factoring  (5),  (y  -  6)Cy  +  205)  =  0. 

.-.  y  =  6  or  -  205. 
Rejecting  the  second  value  and  substituting  the  first  in  (4), 

x  =  10,500. 
Hence,  the  principal  was  $  10,500,  and  the  rate  was  6%. 
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28.  Let  X  =  number  of  miles  per  hour  he  walks, 

and  y  =  number  of  miles  per  hour  he  rows. 

Then,  since  he  walks  4  miles  and  rows  8  miles, 

i  +  5  =  8,  (1) 

X     y 

and  4^_8^  =  5.  (2) 

X     y  — 2 

Subtracting  (1)  from  (2),     _A^-§  =  2.  (3) 

Simplifying,  y^  -  2  y  -  8  =  0.  (4) 

Solving  (4) ,  y  =  4  or  -  2.  (5) 

Substituting  (5)  in  (1),  x  =  4  or  ^. 

Hence,  his  rates  of  walking  and  rowing  are  each  4  miles  an  hour. 
Since  in  rowing  back,  he  rows  2  miles  an  hour  less  than  before,  his 
rate  of  rowing  back  is  2  miles  per  hour. 

S4.  Let  X  =  number  of  miles  each  traveled, 

and  .  y  =  number  of  miles  per  hour  A  traveled. 

Then,  -  =  number  of  hours  it  took  A, 

y 

and  -JL-.  =  number  of  hours  it  took  C. 

y-2 

.      20     ,a;-20         x        2  ... 

:  +  — :r-'-7. — s""5»  v^; 


(4) 
(5) 


y-2         y         y-2     3' 
and  _2L  +  ^Zl20  =  x^l  (2) 

y-2  y         y     S 

Simplifying  ri) ,  y2  _  2  y  =  8  a;  -  60.  (3; 

Subtracting  (1;  from  (2),  and  simplifying, 
y2  _  2  y  =  2  sc. 
Subtracting  (4)  from  (3),  etc.,         x  =  60. 
Substituting  (6)  in  (4),  y  =  12  or  —  10. 

Rejecting  the  negative  value,  it  is  seen  that  the  distance  each  traveled 
was  60  miles :  A  rode  12  miles  an  hour,  C  10  miles  an  hour,  and  B  10 
miles  an  hour  for  20  miles,  and  12  miles  an  hour  for  40  miles. 

25.  Let  X  =  number  of  seconds  torpedo  was  falling, 
and  y  =  number  of  seconds  sound  was  returning. 

Then,  a;  +  y  =  6,  (1) 

and  16.08  x^  -  1126.6  y  =  0.  (2) 

From  (1),  y  =  d-x,  (3) 

Substituting  (3)  in  (2),  simplifying,  etc., 

a;a  4.  70  a;  =  360. 
Solving,  as  =  4.7. 

Hence,  it  took  4.7  seconds  for  the  torpedo  to  fall. 

26.  Let  -^  =  number  of  pounds  of  clay  in  p  pounds. 

Then,  -^"^     .  240  =  number  of  pounds  of  clay  in  240  pounds, 

and  •  250  =  number  of  pounds  of  clay  in  260  pounds. 

240  —  p  =  number  of  pounds  of  clay  added  to  make  240  pounds. 

STAND.  ALO.  KEY  —  23  r^  1 
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Then,  (^V^)^-i^  =  240-p, 

100  100 

and  ^,(c-8)250^ 

100  100 

Simplifying  (1),     240  c  -  cp  +  100  p  =  21,600. 

Simplifying  (2),  250  c  —  cp  =  2000. 

Subtracting  (3)  from  (4),  10  c-100p=  -  19,600. 
.  From  (5),  c  =  lOp  —  1960. 

Substituting  (6)  in  (4), 
250(10  p  -  1960)  -  (lOp  -  1960)p  =  2000. 

Simplifying,  p2  _  44^  p  =  __  49,200. 

Solving,  p  =  246  or  200. 

Substituting  (7)  in  (6),  c  =  500  or  40. 

Evidently  the  first  value  of  p  is  inadmissible,  since  after  the  addition  of 
clay,  the  weight  of  the  mixture  was  only  240  pounds.  Hence,  p  =  200, 
and  c  =  40. 

GRAPHIC   SOLUTIONS 
Page  329 

1.   Since  the  coefficient  of  a:  is  —  4,  §  418,  first  substitute  2  for  x, 
y  =  ar2  —  4x  +  3 


(1) 

(2) 

(3) 
(4) 
(5) 
(«) 

(7) 


X 

y 

Points 

2 

-1 

A 

1,8 

0 

J5,  B' 

0,4 

3 

c,  a 

-1,^ 

8 

D,iy 

0     -.-^ 

t    -i^ 

X      it 

\      It 

L 

c  -  -^m 

^WV 

A 

Plotting  these  points  and  drawing  a  smooth  curve  through  them,  we 
have  the  graph  of  y  =  jc^  _  4  /g  ^  3^  which  crosses  the  cc-axis  at  1  and  ^ 
Hence,  the  roots  of  a;^  —  4  «  4-  3  =  0  are  1  and  3. 


.   Since  the  coefficient  of  a;  is  -  6,  §  418, 

first  substitute  3  for  a 

• 

y  =  x^-Qx  +  l 

i 

(B 

y 

Points 

~ 

0^ 

^ 

t 

— 

— 

,1 

[■  / 

jc 

/ 

3 
2,4 
1,6 
0,6 

-2 

-1 
2 
7 

A 
B,B' 

\ 

^ 

/ 

\ 

^( 

/ 

c 

'A 

c* 

V 

^ 

B 

^x 

y^ 

% 

Plotting  these  points  and  drawing  a  smooth  curve  through  them,  ^e 
have  the  graph  of  y  =  ic^  —  6  x+7,  v^ich  crosses  the  a>axis  approximatrjly 
at  1.6  and  4.4. 

Hence,  the  roots  of  x2  «.  6  x  +  7  =  0  are  1.6  and  4.4. 
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3.   Putting    a;2  —  4  a;  =  —  2    in    the    form  x^  _  4  jg  ^  2  =  0,   since    the 
coefficient  of  a;  is  —  4,  §  418,  first  substitute  2  for  x. 

2/  =  ic2-4a5  +  2 


X 

y 

Points 

2 
1,3 
0,4 
-1,5 

-2 

-1 

2 

7 

A 
B,B' 

c,  a 

_i ij_ 

_t — ^i_ 

A         ^  L 


Plotting  these  points  and  drawing  a  smooth  curve  through  them,  we 
have  the  graph  of  y  =  x2  — 4a;  +  2,  which  crosses  the  ic-axis  approxi- 
mately at  .6  and  3.4. 

Hence,  the  roots  of  a;2  —  4  as  +  2  =  0,  or  of  a;^  _  4  /«=  —2,  are  .6  and  3.4. 

4.  Putting  ar2  =  2(a;  +  1)  in  the  fonn  a;^  -  2  a;  -  2  =  0,  since  the 
coefficient  of  a;  is  —  2,  §  418,  first  substitute  1  for  x. 


y  = 

=  a;2  -  2  a;  - 

-2 

05 

y 

Points 

1 

-3 

A 

0,2 

-2 

B,B' 

-1,3 

1 

c,  a 

-2,4 

6 

D,D' 

d' 

tv' 

0' 

\ 

; 

rj 

\ 

«> 

/ 

\ 

/ 

?( 

c't. 

^^^c* 

\ 

\ 

b' 

<^ 

_ 

Plotting  these  points  and  drawing  a  smooth  curve  through  them,  we 
have  the  graph  of  y  =  x'^  —  2x  —  2,  which  crosses  the  a:-axis  approxi- 
mately at  —  .7  and  2.7. 

Hence,  the  roots  of  a:2— 2  x  —2=0,  or  of  x^  =  2(a;+l),  are  —  .7  and  2.7. 

6.  Putting  x^  +  2(x  +  1)  =  0  in  the  form  a;^  +  2  a;  +  2  =  0,  since  the 
coefficient  of  «  is  2,  §  418,  first  substitute  —  1  for  x. 


y  = 

:  a;2  4.  2  X  +  2 

X 

y 

Points 

-1 

1 

A 

-2,0 

2 

B,Bf 

-3,1 

6 

c,  a 

-4,2 

10 

D,D' 

: 

• 

j 

V  ^ 

/ 

*r 

/ 

^ 

/ 

c  1 

r 

•* 

/ 

E 

^- 

i 

*A 

_ 

( 

) 
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Plotting  these  points  and  drawing  a  smooth  curve  through  them,  we 
have  the  graph  of  y  =  x^  -\-2x  +  2,  whose  minimum  point  lies  above  the 
X-axis. 

Hence,  §  420,  4,  the  roots  of  x»  +  2  a;  +  2  =  0,  or  of  x»  +  2(a;  +  1)  =  0, 
are  imaginary. 

6.   Since  the  coefficient  of  x  is  —  4,  §  418,  first  substitute  2  for  x. 

yz^x^  —  ^x  +  Q 


X 

y 

Points 

2 

2 

A 

1,8 

3 

B,B' 

0,4 

6 

C,  C 

-1,6 

11 

D,D' 

' 

r- 

I 

o*i 

V 

i'l 

} 

\ 

t 

ct 

;,/ 

C 

\ 

,* 

/ 

\ 

( 

b' 

*y 

^ 

V 

A 

0 

Plotting  these  points  and  drawing  a  smooth  curve  through  them,  we 
have  the  graph  of  y  =  x^  —  i  x  +  Q,  whose  minimum  point  lies  above  the 
X-axis. 

Hence,  §  420,  4,  the  roots  of  x^  —  4  x  +  6  =  0  are  imaginary. 

7.  Since  this  equation  is  the  same  as  the  one  in  Ex.  4,  though  in  dif- 
ferent form,  its  graph  and  roots  are  the  same.     (For  solution  see  Ex.  4.) 

8.  Putting  x^  =  6  X  —  9  in  the  form  x^  —  6  x  -f-  9  =  0,  since  the  coeffi- 
cient of  X  is  —  6,  first  substitute  3  for  x. 


y  = 

:aj3  — 6x-f-9 

(D 

y 

Ponrrs 

3 

0 

A 

2,4 

1 

B,Bf 

1,5 

4 

C,  C 

0,6 

9 

D,D' 

' 

D 

v 

I 

0 

\ 

-f 

\ 

k 

1 

J 

*u 

C 

(> 

t' 

V 

^ 

/ 

y 

\ 

/ 

B 

^, 

) 

B' 

\ 

Plotting  these  points  and  drawing  a  smooth  curve  through  them,  we 
have  the  graph  of  y  =  x^  —  6  x  -f  9,  whose  minimum  point  lies  on  the 
X-axis  at  X  =  3. 

Hence,  §  420,  2,  the  roots  of  x^  —  6  x  +  9  =  0,  or  of  x^  =  6  x  —  9,  are 
real  and  equal ;  that  is,  x  =  3  or  3. 
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9.   Since  the  coefficient  of  x  is  4,  §  418,  first  substitute  —  2  for  a^ 

y=a;24-4x  +  2 


(0 

y 

Points 

-2 

-2 

A 

-3,-1 

-1 

B,B' 

-4,0 

2 

c,  a 

-5,1 

7 

2),  Z>' 

-A (>. 

Bkc, ^5 

_ij)t J- 

_1.^ J._ 

"J"* ' 

ZZi.^2iiZI 

A 


Plotting  these  points  and  drawing  a  smooth  curve  through  them,  we 
have  the  graph  of  y  =  x^  +  4  a;  +  2,  which  crosses  the  x-axis  approxi- 
mately at  —  3.4  and  —  .6. 

Hence,  the  roots  ofa;2-f-4ar  +  2  =  0  are  —  3.4  and  —  .6. 

10.   Since  the  coefficient  of  a;  is  3,  §  418,  first  substitute  —  1 J  for  x. 
y  =  a;2  _^  3  a;  +  4 


(D 

y 

Points 

-H 

If 

A 

-2,-1 

2 

B,B' 

-3,0 

4 

C,  C 

-4,1 

8 

D,D' 

1=      T 

X      i 

iK,-      4^ 

v5     2 

aI     I 

T^          1- 

cKf  ^c" 

^w^ 

B?^ 

Plotting  these  points  and  drawing  a  smooth  curve  through  them,  we  have 
the  graph  of  ^  =  a;^  +  3  x  +  4,  whose  minimum  point  lies  above  the  x-axi& 
Hence,  §  420,  4,  the  roots  of  x^  4.  3  /g  _j_  4  =  0  are  imaginary. 
11.   Since  the  coefficient  of  x  is  —  5,  §  418,  first  substitute  2\  for  x. 


y  = 

x2-5x  +  13 

85 

y 

Points 

2i 

6f 

A 

2,3 

7 

J5,  B' 

1,4 

9 

c,  a 

0,5 

13 

D,D' 

Plotting  these  points  and  drawing  a  smooth  curve  through  them,  we  have 
the  graph  of  y  =  x'-^  —  5  x  +  13,  whose  minimum  point  lies  above  the  x-axis. 
Hence,  §  420,  4,  the  roots  of  x^  —  5  x  +  13  =  0  axe  imaginary. 
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12.    Since  the  coefficient  of  a;  is  —  2,  §  418,  first  substitute  1  for  x. 


,1 

.                   _ 

D 

D' 

_ 

-vU 

a! 

1 

y 

Points 

7 

/ 

/ 

y 

/ 

1 
0,2 
-1,3 
-2,4 

6 

6 

9 

14 

A 
B,B' 

C 

1 

1: 1 

c 

\ 

If 

/ 

\ 

^ 

/ 

B 

\ 

J 

^B* 

^ 

' 

^ 

L 

l*lotting  these  points  and  drawing  a  smooth  curve  through  them,  we  have 
the  graph  of  2/  =  ^^  —  2  x  +  6,  whose  minimum  point  lies  above  the  x-axis. 
Hence,  §  420,  4,  the  roots  ofsc^— 2ic  +  6  =  0  are  imaginary. 
13.    Since  the  coefficient  of  x  is  —  4,  §  418,  first  substitute  2  for  x. 
2/  =  x2  —  4x— 1 


X 

y 

Points 

2 

-5 

A 

1,3 

-4 

B,  B' 

0,4 

-1 

c,  a 

-1,6 

4 

D,D' 

T         ^\- 

T         Z^ 

D*                         go' 

-i'-i 

X     lu- 

4        % 

\        1 

f     i 

\         t^ 

B^^a' 

TA 

Plotting  these  points  and  drawing  a  smooth  curve  through  them,  we 
have  the  graph  of  y  =  x2--4x— 1,  which  crosses  the  x-axis  approxi- 
mately at  —  .2  and  4.2.  ^ 

Hence,  the  roots  of  x^  —  4  x  —  1  =  0  are  —  .2  and  4.2. 

14.   Since  the  coefficient  ofxis7,  §418,  first  substitute  —  3  J  for  x. 
2/  =  x2  +  7  X  +  14 


X 

y 

Points 

-3} 

If 

A 

-4,-3 

2 

B,  B' 

-5,-2 

4 

C,  C 

-6,-1 

8 

A  D' 

1 — 

/ 

D 

^ 

V 

M 

'  / 

1 

/ 

/ 

c' 

^ 

J 

c 

\ 

7 

B 

k^ 

Pb' 

^ 

Plotting  these  points  and  drawing  a  smooth  curve  through  them,  we  have 
the  graph  of  y  =  x"^  +  7  x  +  14,  whose  minimum  point  lies  above  the  x-axis. 
Hence,  §  420,  4,  the  roots  of  x^  +  7  x  -f- 14  =  0  are  imaginary. 
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16.   Since  in  y  =  x^—2x  —  i,  the  coeflScient  of  a;  is  —  2,  §  418,  first 
substitute  1  for  x. 


y  = 

=  a:2_2a;- 

■i 

— 

11 

— 

— 

r 

— 

— 

- 

X 

V 

Points 

00 

. 

\ 

I 

1 

0,2 
-1,3 
-2,4 

-n 
-i 

2J 
7i 

A 
B,B' 

C,  C 

D,  D' 

\ 

9 

V 

c< 

5 

-'] 

\ 

u 

\ 

/ 

fi% 

w 

r 

1 

Plotting  these  points  and  drawing  a  smooth  curve  through  them,  we 
have  the  graph  of  y  =  x^  —  2x—  ^,  which  crosses  the  a-axis  approxi- 
mately at  —  .2  and  2.2. 

Hence,  the  roots  of  x^ _  2x  —  J  =  0,  or  of  4x  —  2x2  4.  i  =  o,  are  —  .2 
and  2.2. 

16.  Putting  2  x2  +  8  X  +  7  =  0  in  the  form  x^  +  4  x  -f  J  =  0,  since  the 
coefficient  of  x  is  4,  §  418,  first  substitute  —  2  for  x. 


y  = 

x^  +  ix  +  i 

— 

— 

— 

— 

— 

X 

y 

Points 

o< 

<»D' 

< 

-2 
-3,-1 
-4,0 
-5,1 

-J 

J 

3J 

8} 

A 
B,  B' 

+ 

/ 

> 

c< 

>j 

< 

:' 

V^ 

y 

\ 

/ 

a) 

J 

h 

% 

r 

A 

Plotting  these  points  and  drawing  a  smooth  curve  through  them,  we 
have  the  graph  of  y  =  j:^  -f  4  x  -f  J,  which  crosses  the  x-axis  approximately 
at  -  2.7  and  -  1.3. 

Hence,  the  roots  of  x2  +  4 x  +  |  =  0,  or  of  2x2  +  8x  +  7  =  0,  are  -  2.7 
and  —  1.3. 

17.  Putting  2x2 -12xH- 15  =  0  in  the  form  x2- 6x  + -*i^  =  0,  since 
the  coefficient  of  x  is  —  6,  §  418,  first  substitute  3  for  x. 

y  =  x2-6x  +  ^ 


X 

y 

Points 

3, 
2,4 
1,5 
0,6 

-^ 

-  J 

2J 

^ 

A 
B,  B' 

0< 

> 

»D* 

\ 

.'*1 

\ 

^ 

\ 

V 

d 

P 

[c* 

^ 

J 

i 

8< 

} 

J 

Pb- 

\ 

i 
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Plotting  these  points  and  drawing  a  smooth  curve  through  them,  we 
have  the  graph  of  y  =  x^  —  6  sc  -f  J^,  which  crosses  the  x-axis  approxi- 
mately at  1.8  and  4.2. 

Hence,  the  roots  of  x2  _  6  a;  +  Jjj^  =  0,  or  of  2x2  _  I2x  +  16  =  0,  are  1.8 
and  4.2. 

18.  Putting  12x  — 4x2  — 1  =  0  in  the  form  x^  -  3x  H- J  =  0,  since  the 
coefficient  of  x  is  —  3,  §  418,  first  substitute  1 J  for  x. 

y  =  x2-3x-f  i 


CD 

y 

Points 

li 

-2 

A 

m 

-1 

B,B' 

-    i,3J 

2 

c,  a 

-  li  4i 

7 

2),  />' 

°t                  io' 

"^:iii|t:i=i 

:4i:|5""^ 

c3       5>re' 

S    t~ 

Plotting  these  points  and  drawing  a  smooth  curve  through  them,  we 
have  the  graph  of  y  =  x'^  —  3  x  -f  J,  which  crosses  the  x-axis  approxi- 
mately at  .1  and  2.9. 

Hence,  the  roots  of  x2— 3x-f  J  =  0,  or  of  12x  — 4x2— 1  =0,  are  .1 
and  2.9. 

19.  Putting  11  -f-  8 X  -f-  2x2  =  0  in  the  form  x2  -f-  4x  -f-  ^  =  0»  since  the 
coeflBcient  of  x  is  4,  §  418,  first  substitute  —  2  for  x. 


y  = 

x2  4-4x-f- 

¥ 

X 

y 

Points 

-2 

^ 

A 

-3,-1 

n 

B,B' 

-4,0 

^ 

c,  a 

-5,1 

m 

D,D' 

o< 

i 

P' 

u 

< 

+ 

"k 

ci 

1  + 

K 

v* 

/ 

\ 

/ 

b) 

I 

} 

fe' 

S 

r" 

A 

0 

Plotting  these  points  and  drawing  a  smooth  curve  through  them,  we 
have  the  graph  ofy  =  x2  4-4x  +  -y,  whose  minimum  point  lies  above  the 
X-axis. 

Hence,  §  420,  4,  the  roots  of  x2  4-  4  x  +  V  =  0»  or  of  11  4-  8  x  4-  2  x2  =  0, 
are  imaginary. 

Page  330 


2.    Solving  (x  -  2)2  4-  (y  -  3)2  =  9  for  y,  y  =  3  ±  V9-(x-2)2. 
Since  any  value  less  than  —  1  or  greater  than  -f-  5  substituted  for  x  will 
make  the  value  of  y  imaginary,  the  graph  lies  between  x  =  —  1  and  4-  6  ; 
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consequently,    we  substitute  for   x  only  —  1,    +5,  and  intermediate 
values. 


a* 

1/ 

-1 

3 

0 

5.2,  .8 

1 

5.8,  .2 

2 

6,   0 

3 

6.8,  .2 

4 

5.2,  .8 

6 

3 

pSS^V 

:  z-zz^in- 

'           -                     \i 

%        2 

_:!:.M-2'^       _ 

Plotting  these  twelve  points  and  drawing  a  smooth  curve  through  them, 
we  have  the  graph  of  (x  —  2)2  -f  (y  —  3)2  =  9,  which  is  a  circle  whose 
radius  is  3  and  whose  center  is  at  the  point  (2,  3). 


Page  333 


7.   Solving  a:2  + 2/2-9  for  y,   yz=±V9-^x^. 

Since  any  value  numerically  greater  than  3  substituted  for  x  will  make 
the  value  of  y  imaginary,  we  substitute  only  values  of  x  between  and 
including  —  3  and  +  3.  The  corresponding  values  of  y,  or  of  ±  V9  —  x^, 
are  given  in  the  table. 


X 

y 

0 

±1 
±2 
±3 

±3 
±2.8 
±2.2 
0 

^^ 

--^--^%- 

— (»— J (, — 

^^==?? 

:Sh^?^ 

Plotting  these  twelve  points  and  drawing  a  smooth  curve  through  them, 
we  have  the  graph  of  x^  "±  y'^  =  9,  which  is  a  circle  whose  radius  is  3  and 
whose  center  is  at  the  origin. 


8.    Solving  2/2  =  6  a;  +  8  for  2/,   2/  =  ±  \/FxTS. 

It  will  be  observed  that  any  value  smaller  than  —  1.6  substituted  for  x 
will  make  y  imaginary ;  consequently,  no  point  of  the  graph  lies  to  the 
left  of  a;  =  —  1.6.  Then,  beginning  with  x=—  1.6,  we  determine  corre- 
sponding values  of  y  from  succeeding  values  of  a;  as  shown  in  the  table. 
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X 

y 

-1.6 

0 

-1 

±1.7 

0 

i2.8 

1 

±3.6 

2 

±4.2 

3 

±4.8 

A 

ft 

j.« 

f'.U 

■,f 

/ 

'<>'. 

i 

} 

\ 

s 

K 

"n 

_ 

_ 

Plotting  these  ten  points  and  drawing?  a  smooth  curve  through  them, 
we  have  the  graph  of  y^  =  5  x  -+-  8,  which  is  a  parabola. 


9.    Solving  0  a;2  4. 16  y2  _  144  for  2/,   y  =  ±  J  VI6  -  x\ 
Since  any  value  numerically  greater  than  4  substituted  for  x  will  make 
the  value  of  y  imaginary,  no  point  of  the  graph  lies  farther  to  the  right  or 
to  the  left  of  the  origin  than  4  units ;  consequently,  we  substitute  for  x 
only  values  between  and  including  —  4  and  ±  4. 


X 

y 

0 

±3 

±1 

±2.9 

±2 

±2.6 

±3 

±2 

±4 

0 

5i=; 


i=:-=§i 


:=2? 


Plotting  these  sixteen  points  and  drawing  a  smooth  curve  through  them, 
we  have  the  graph  of  9x2  ±  16  y^  =  144,  which  is  an  ellipse. 


10.    Solving  9  x2  -  16  y2  _  144  for  y,  y  =  ±  f  Vx^  -  16. 

Since  any  value  numerically  less  than  4  substituted  for  x  will  make  the 
value  of  y  imaginary,  no  point  of  the  graph  lies  between  x  =  —  4  and  +  4  ; 
consequently,  we  substitute  for  x  only  ±  4  and  values  numerically  greater 
than  4. 


X 

y 

^!* 

v\ 

^» 

(, 

/ 

s 

^) 

. 

/ 

y 

±4 
±5 
±6 
±7 
±8 

0 

±3.3 
±4.3 
±5.2 

s. 

~ 

~ 

< 

/ 

P 

i 

~ 

\ 

/ 

i^ 

/  V 

\ 

\^ 

\ 

^ 

^, 

,/i>^' 

> 

\ 

,  y 

7S- 

t 

\ 

^h 

J 

k 

Plotting  these  eighteen  points  and  drawing  a  smooth  curve  through  each 
group  of  points,  the  two  branches  of  the  curve  found  constitute  the  graph 
of  the  equation  9x^—  I62/2  =  144,  which  is  an  hyperbola. 
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11.   Substituting  values  for  x  and  solving  %y  =  12  for  y,  the  correspond- 
ing values  found  are  as  given  in  the  table. 


X 

y 

X 

y 

1 

12 

-1 

-12 

2 

6 

-2 

-6 

3 

4 

-3 

-4  . 

4 

3 

-4 

-3 

5 

2.4 

-5 

-2.4 

6 

2 

-6 

-2 

8 

n 

-8 

-li 

9 

H 

-9 

-H 

10 

1.2 

-10 

-L2 

12 

1 

-12 

-1 

iii; 


Plotting  these  points  and  drawing  a  smooth  curve  through  each  group 
of  points,  the  two  branches  of  the  curve  found  constitute  the  graph  of  the 
equation  xy=12,  which  is  an  hyperbola. 


12.    Solving  (x  -  1)2  +  (y  _  2)2  =  16  for  y,  y  =  2±  \/l6  -  (a  -  1)2. 

Since  any  value  less  than  —  3  or  greater  than  +  5  substituted  for  x  will 
make  the  value  of  y  imaginary,  the  graph  lies  between  a  =  —  3  and  +  5  ; 
consequently,  only  —  3,  -f-  5,  and  intermediate  values  are  substituted  for  x. 


X 

y 

-3 

2 

-2 

4.6,  -  .6 

-1 

5.6,  -  1.5 

0 

5.9,  -  1.9 

1 

6,-2 

2 

5.9,  -  1.9 

3 

5.5,  -  1.5 

4 

4.6,  -  .6 

5 

2 

^^: 


ix=^, 


2?. 


1^5 


a 


ii 


Plotting  these  sixteen  points  and  drawing  a  smooth  curve  through  them, 
we  have  the  graph  of  (x  —  1)^  -f  (y  —  2)2  =  16,  which  is  a  circle  whose 
radius  is  4  and  whose  center  is  at  the  point  (1,  2). 

Page  336 

6.  Imagine  the  circle  x^  +  y^  =  25  in  exercise  6  to  become  smaller  and 
smaller  until  it  coincides  with  the  circle  x^  +  y^  =  9  (see  dotted  circle  in 
the  cut).  The  four  real  unequal  roots  represented  by  the  coordinates  of 
the  points  of  intersection  of  the  graphs  come  together  in  pairs  at  the 
points  (8,  0)  and  (—  3,  0)  where  the  circle  x^  -{-y^  =  9is  tangent  to  the 
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'u-                               ^    A 

"^ts              ^    J 

^3i                    /.\,^ 

^3&=              ^^'" 

___,-=:l    -_    i^n 

i_^      ^^                 tSi_ 

^iE^^"                 S^L 

-^^^                     ^^*. 

"%^                        ^4^ 

;^                                                   X*^ 

hyperbola  4  a;^  —  g  y2  =  35  ;  consequently,  the  equations  4  x^  - 
and  x^  4-  y2  =  9  have  two  pairs  of  equal  real  roots,  namely  : 

(  X  =  3,   3,    —  3,    —  3  ; 

\y  =  0,    0,        0,        0. 

7.  The  graph  of  4  x^  «9  y2_3e^ 
the  same  as  that  constructed  in 
§  422,  exercise  5,  is  an  hyperbola ; 
and  that  of  x—  3  y  =  1  (§  267)  i§  a 
straight  line. 

The  straight  line  intersects  the 

hyperbola    approximately    at    the 

points  (3.2,  .7)  and  (-  3.8,  —  1.6). 

Hence,  there  are  two  real  roots, 

namely :         , 

fx  =  3.2,    -3.8; 
ty=    .7,    -1.6. 

8.  The  graph  of  4  x2-9  y2=36, 
the  same  as  that  constructed  in 
§  422,  exercise  5,  is  an  hyperbola ; 
and  that  of  4  x2  +  9  y2  =  36,  con- 
structed by  the  method  of  §  422, 
exercise  4,  is  an  ellipse. 

The  ellipse  is  tangent  to  the 
hyperbola  at  the  points  (3,  0)  and 
( —  3,  0)  ;  consequently,  the  equa- 
tions have  two  pairs  of  equal  real 
roots,  namely : 

rx  =  3,   3,-3,-3; 
\y  =  0,   0,        0,        0. 

9.  The  graph  of  9  x2  +  16  y2  -  144^  the 
same  as  that  constructed  for  exercise  9,  page 
333,  is  an  ellipse  ;  and  that  for  x2  +  y2  =  i^^ 
constructed  by  the  method  of  §  422,  exercise 
1,  is  a  circle. 

These  graphs  intersect  approximately  at  the 
points  (2.7,  2.2),  (2.7,  -2.2),  (-2.7,  2.2), 
and  (-2.7,  -2.2). 

Hence,  the  equations  have  four  real  roots, 
namely : 

fx  =  2.7,        2.7,    -2.7,    -2.7; 
\2/  =  2.2,    -2.2,        2.2,    -2.2. 

10.  The  graph  of  x2  -}-  y2  =  4^  constructed  by  the 
method  of  §  422,  exercise  1,  is  a  circle ;  and  that  of 
X  =  y  —  5  (§  267)  is  a  straight  line. 

Since  one  equation  is  simple  and  the  other  quad- 
ratic, they  have  two  roots,  and  since  their  graphs 
have  no  points  in  common,  the  roots  are  imaginary. 

11.  The  graph  of  x2— 4  y2 = 4^  constructed  by  method 
of  §  422,  ex.  5,  is  an  hyperbola  ;  and  that  of  x2  -f  y2 
=  4,  same  as  first  equation  of  ex.  10,  is  a  circle. 


9j/«  =  i 


-?2>^        ^   ^          J^ 
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The  hyperbola  and  circle  are  tangent  to 
each  other  at  the  points  (2,  0)  and  (—2,  0). 
Hence,  the  equations  have  two  pairs  of 
equal  real  roots,  namely  : 

"     2,    -^,    -2; 
0,        0,        0. 


12.  The  graph  of  x-y  =  2  (§  267)  is  a 
straight  line ;  and  that   of  a^  —  —  1,  con- 
structed by  the  method  of  §  422,  exercise  6,  is 
an  hyperbola. 

The  straight  line  is  tangent  to  the  hyperbola 
at  the  point  (1,  —  1). 

Hence,  the  equations  have  a  pair  of  equal 
real  roots,  namely : 

fx=      1,        1; 
ty=-l,-   -1. 

13.  The  graph  of  4  or/^-d  y^=S6,  the  same  as 
that  constructed  in  §  422,  exercise  6,  is  an  hyper- 
bola ;  and  that  of  4  2/5=  x^  —  16,  constructed  h^ 
the  method  of  §  422,  exercise  3,  is  a 
parabola. 

These     graphs     intersect    approxi- 
mately at  the  points  (5.2,  2.8)  (—  6.2, 
2.8),  (3.4,  -LI),  and  (-3.4,  -1.1). 
Hence,  the  equations  have  four  real 
roots,  namely : 

:6.2,    -'6.2,        3.4,    -3.4; 
:2.8,        2.8,    -1.1,    -1.1. 
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14.  The  graph  of  9a;2  4.  I6y2  _.  144^  the 
same  as  that  constructed  for  exercise  9, 
page  333,  is  an  ellipse  ;  and  that  for  3  x  + 
4y  =  12  (§  267)  is  a  straight  line. 

The  straight  line  intersects  the  ellipse  at 
the  points  (4,  0)  and  (0,  3). 

Hence,  the  equations  have  two  real  roots, 

namely:  {^^o;".' 

15.  The  graph  of  x^  +  y^  =  9,  constructed 
by  the  method  of  §  422,  exercise  1,  is  a  circle  ; 
and  that  of  ?/  =  oj-^  —  5  x  4-  6,  constructed  by 
the  method  of  §  418,  is  a  parabola. 

These  two  graphs  intersect  approximately 
at  the  points  (3,  0)  and  (.7,  2.9). 

Hence,  the  equations  have  two  real  roots, 

namely:  {"Izl^l: 

Since  both  equations  are  quadratic,  they 
have  four  roots ;  hence,  the  other  two  roots 
are  imaginary. 
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fx  =  0,        2.9; 
ty=-3,  -.7. 
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16.  The  graph  of  x^  +y^  =  9,  constructed 
by  the  method  of  §  422,  exercise  1 ,  is  a  circle ; 
and  that  of  x  =  y^+  6y -^6,  constructed  by 
the  method  of  §  418  by  substituting  values  of 
y  and  solving  for  a;,  is  a  parabola. 

These  graphs  intersect  approximately  at 
the  points  (0,  -  3)  and  (2.9,  -  .7). 

Hence,  the  equations  have  two  real  roots, 

pamely : 

Since  both  equations  are  quadratic  they 
have  four  roots ;  hence,  the  other  two  roots 
are  imaginary. 

17.  The  graph  of  y  =  a^  _  4^  constructed 
by  the  method  of  §  418,  is  a  parabola ;  and 
that  of  a;  =(y  +  l)(y  H-  4),  constructed  by 
the  same  method  by  substituting  values  of 
y  and  solving  for  a,  is  also  a  parabola. 

These  graphs  are  tangent  to  each  other  at 
the  point  (0,  —  4)  and  intersect  approxi- 
mately at  the  points  (f.S,  —  .5)  and 
(-1.6,  -1.7). 

Hence,  the  equations  have  a  pair  of  equal 
real  roots  and  two  other  real  roots,  namely : 
jx=     0,       0,     1.8,-1.6; 
ty=-4,  -4, -.5, -1.7. 

18.  The  graph  of  y  =  a;^  —  5  a;  +  4,  con- 
structed by  the  method  of  §  418,  is  a  pa- 
rabola ;  and  that  ofx=y^-4y-{-^,  constructed 
by  the  same  method  by  substituting  values  of 
y  and  solving  for  a,  is  also  a  parabola. 

These  graphs  intersect   approximately  at 
the  points  (.2,  3.1),  (.7,  .7),  (3.9,  -.2),  and 
(5.1,  4.5). 
Hence,  the  equations  have  four  real  roots, 
jx=    .2,  .7,     3.9,  5.1; 
ty  =  3.1,  .7,  -.2,4.5. 

Page  337 

19.  Solving  y2  +  a;2  4.  y  _  2a;  +  1  =  0  for  2/,  as  in  §  422,  Ex.  1,  we  find 
that  any  value  of  x  less  than  .5  or  greater  than  1,5  will  make  the  value  of 
y  imaginary;  then,  the  graph  1  1 1 1 1  1 1 1  jit-t-t  i  .  [  -i  ^jj  r  f  ^  t 
lies  between  a;  =  .5  and  1.5;  i:::i::::::ii]UjxMM:::^^B:: 
hence,  we  substitute  for  x  u_ixi-.  m  .^rd^.u  1  r^--^u?o 

only  .5,  1.5,  and  interme- 
diate values. 

In  plotting  the  graph,  we 
plot  to  a  larger  scale  than 
in  the  preceding  exercises, 
letting  one  division  of  the 
squared  paper  represent  .1 
of  a  unit  instead  of  1  unit. 


namely : 
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The  graph  is  a  circle  whose  radius  is  .6  and  whose  center  is  at  the  point 

(1, -i). 

Proceeding  in  a  similar  manner  with  the  equation  y^  -\-  x^  -\-  S  y  —  4  x-i-  S 
=  0,  it  is  found  that  its  graph  lies  between  x  =  ,2  and  x  =  3.8. 

Plotting  to  the  same  scale,  it  is  found  that  the  graph  is  a  circle  whose 
radius  is  1.8  and  whose  center  is  at  the  point  (2,  —  1.5). 

These  graphs  intersect  at  the  points  (1,0)  and  (J,  —  J). 

Hence,  the  equations  have  two  real  roots,  namely  :   {  „  ^  a'  —  4 

Since  both  equations  are  quadratic,  they  have  four  roots ;.  hence,  the 
other  two  roots  are  imaginary. 

20.  Both  from  the  form  of  the  equation  and  from  plotting  points  as  in 
§  422,  exercise  1,  the  graph  of  x^  +  y^  =  26  is  found  to  be  a  circle  whose 
center  is  at  the  origin  and  whose  radius  is  equal  to 

V26. 

By  solving  x^y  +  y  =  26  for  y,  substituting  posi- 
tive and  negative  values  for  aj,  solving  for  y,  plotting 
these  points,  and  proceeding  as  in  previous  exercises, 
We  find  the  graph  of  x^y  -{■  y  =  26,  as  shown  in  the 
margin. 

By  substituting  negative  values  for  y  and  solving 
for  X,  it  is  seen  that  x  is  imaginary  when  y  is  nega- 
tive, showing  that  the  graph  does  not  extend  below 
the  ic-axis.  In  fact,  the  curve  never  quite  reaches 
the  ic-axis  though  it  approaches  indefinitely  near 
to  it. 

The  graphs  of  the  given  equations  intersect  approxi- 
mately at  the  points  (5,  1),  (—5,  1),  (2.2,  4.6),  and 
(-2.2,  4.6). 

Hence,  the  equations  have  four  real  roots,  namely  : 
/a  =  6,    -5,   2.2,    -2.2; 
\y  =  l,        1,   4.6,        4.6. 

21.  The  graph  of  a;2+ 2/ =7, 
constructed  as  in  §  422,  exer- 
cise 3,  is  a  parabola ;  and 
that  of  y2  _)_  a; = n ,  constructed 
by  the  same  method  by  sub- 
stituting values  of  y  and  solv- 
ing for  x,  is  also  a  parabola. 

These  parabolas  intersect 
approximately  at  the  points 
(3.2,  -2.8),  (2,3),  (-1.8, 
^^.6),  and  (-3.3,   -3.8). 

Hence,  the  equations  have 
four  real  roots,  namely  : 
jx=     3.2,  2,    -1.8,   -3.3; 
lj/  =  -2.8,   3,       3.6,   -3.8. 

Note.  —  A  special  solution 
by  quadratic  methods  for  one 
of  the  roots  is  here  given  : 
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From  (1), 
From  (2), 

Dividing  (4)  by  y  +  3, 
From  (3)  and  (6), 
Transposing,  etc., 


y  _  8  =  4  -  a;2. 
y-3=-2 


J/4-3     y  +  3 

y+S     y+3 

y4-3            yH-3 
Completing  squares,    x^ ^-^  +  -t-. rr::  =  4  — 


(3) 
W 
(6) 


Extracting  square  root. 


y  +  3     4(y  +  3)2 
1 


2(y  +  3) 
Whence,  as  =  2,  and  substituting  in  (1),  y  =  3. 

Page  338 


=  2- 


J/-f-3     4(y-i-3)2 

_1 

"2(y  +  3)* 


2.  Substituting  y  for  a;^  in  x^  ^  a;  _  2  =  0,  we  have  y  +  a;  —  2  =  0  whose 
graph,  shown  in  the  figure,  is  a  straight  line  that  intersects  the  parabola 
y=a;''2  at  x=l  and  x=— 2.  Hence,  the  roots  of  the  equation  x'^+x— 2=0 
are  1  and  —  2. 
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3.  Substituting  yioTZ^mx^  —  X'-6  =  0,  we  have  y  —  a;  —  6=0  whose 
graph,  shown  in  t£e  figure,  is  a  straight  line  that  intersects  the  parabola 
2/=x2  at  05=3  and  aj  =— 2.  Hence,  the  roots  of  the  equation  x^^x—6=0 
are  3  and  —  2. 

4.  Substituting  y  tor  x^  in  2c2  —  3  a;  —  4  =  0,  we  have  y  —  3sc  —  4=0 
whose  graph,  shown  in  the  figure,  is  a  straight  line  that  intersects  the 
parabola  y  =  x^B,tx  =  4:  and  a  =  —  X.  Hence,  the  roots  of  the  equation 
a;2  —  3a;  —  4  =  0  are  4  and  —  1. 

5.  Substituting y  for  jc^  in  ic^  —  2 a;  —  16  =  0,  we  have  y  —  2a;  —  16  =  0 
whose  graph,  shown  in  the  figure,  is  a  straight  line  that  intersects  the 
parabola  y  =  a;^  at  x  =  6  and  x  =  —  8.  Hence,  the  roots  of  the  equation 
x2—  2 X  —  16  =  0  are  6  and  —  3. 

6.  Substituting  y  for  x^  in  x^  +  5  x  +  14  =  0,  we  have  yH-5x+14  =  0 
whose  graph,  shown  in  the  figure,  is  a  straight  line  that  has  no  point  in 
common  with  the  parabola  y  =  x^.  Hence,  the  roots  of  the  equation 
x2  -f  6  X  +  14  =  0  are  imaginary. 

7.  Substituting y  for  x^  in  x^  —  7 x  +  18  =  0,  we  have  y  —  7xrfl8  =  0 
whose  graph,  shown  in  the  figure,  is  a  straight  line  that  has  no  point  in 
common  with  the  parabola  y  =  x^.  Hence,  the  roots  of  the  equation 
x^  —  7  X  +  18  =  0  are  imaginary. 

8.  Substituting  y  for  x^  in  2  x^  —  x  =  6,  we  have  2  y  —  x  =  6  whose 
graph,  shown  in  the  figure,  is  a  straight  line  that  intersects  the  parabola 
y=x^  at  x=2  and  x=  — 1.5.  Hence,  the  roots  of  the  equation  2  x^- x=6 
are  2  and  —  1.6. 

9.  Substituting  y  for  x^  in  2 x^  — .  x  —  15  =  0,  we  have  2y  —  x  —  16=0 
whose  graph,  shown  in  the  figure,  is  a  straight  line  that  intersects  the 
parabola  y  =  x^  at  x  =  3  and  x=  —  2.5.  Hence,  the  roots  of  the  equation 
2  x2  —  X  —  15  =  0  are  3  and  -  2.5. 

10.  Substituting  y  for  x^  in  3  x^  -f  6  x— 28=0,  we  have,  3  y+6  x— 28=0 
whose  graph,  shown  in  the  figure,  is  a  straight  line  that  intersects  the 
parabola  y  =  x^  approximately  at  x  =  2.3  and  x  =  —  4.  Hence,  the  roots 
of  the  equation  3  x^  -f-  6  x  —  28  =  0  are  2.3  and  —  4. 

11.  Substituting  y  for  x^  in  6  x^—  7  x  -  20=0,  we  have  6  y-7  x-20=0 
whose  graph,  shown  in  the  figure,  is  a  straight  line  that  intersects  the 
parabola  y  =  x^  approximately  at  x  =  2.6  and  x  =  —  1.3.  Hence,  the 
roots  of  the  equation  Ox^  —  7x—  20  =  0  are  2.5  and  —  1.3. 

12.  Substituting  y  for  x^  in  8  x2+14  x— 16=0,  we  have  8  y+H  x- 15=0 
"Whose  graph,  shown  in  the  figure,  is  a  straight  line  that  intersects  the 
parabola  y  =  x^  approximately  at  x  =  .75  and  x=— 2.5.  Hence,  the  roots 
of  the  equation  8  x^  +  14  x  —  15  =  0  are  .75  and  —  2.5. 

13.  Substituting  y  for  x2  in  15x2+2x— 20=0,  we  have  15y4-2x-20=0 
whose  graph,  shown  in  the  figure,  is  a  straight  line  that  intersects  the 
parabola  y  =x^  approximately  at  x  =  1.1  and  x=  — 1.2.  Hence,  the  roots 
of  the  equation  15  x^  -f  2  x  —  20  =  0  are  1.1  and  -  1.2. 
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PROPERTIES  OF  QUADRATIC   EQUATIONS 
Page  340 

3.  (Kc2  +  &x+c  =  x2_5x-76=0. 

Since  b^ -- 4  ac  =  26 +  S00  =  325,  the  roots  are  real  and  unequal  (§  429, 
Prin.  1),  and  Irrational  (§  429,  Prin.  4).  Since  c  is  negative,  the  roots 
have  opposite  signs  and,  b  being  negative,  the  positive  root  is  the  greater 
numerically  (§  431,  Prin.). 

4.  aa;2  +  6x  -f-  c  =  a;2  +  6  a:  +  6  =  0. 

Since  b^  —  4  ac  =  26 -^24^  =  1  =  1^,  the  roots  are  real  and  unequal  (§  429, 
Prin.  1),  and  rational  (§  429,  Prin.  4).  Since  c  is  positive  and  b  is  posi- 
tive, both  roots  are  negative  (§  431,  Prin.). 

6.  ax^ +  bx  +  c  =  x^ +  7  x-SO  =  0. 

Since  6^  _  4  ^c  =  49  +  120  =  169  =  13^,  the  roots  are  real  and  unequal 
(Prin.  1),  and  rational  (§  429,  Prin.  4).  Since  c  is  negative,  the  roots 
have  opposite  signs  and,  b  being  positive,  the  negative  root  is  the  greater 
numerically  (§  &1,  Prin.). 

6.  ax^  +  bx  +  c=:x^-Sx-\-6  =  0, 

Since  b^—4ac=9—20=—ll,  both  roots  are  imaginary  (§  429,  Prin.  3). 

7.  '         aic2  +  &«  4-  c  =  a;2  +  3  ic  -  6  =  0. 

Since  6^  __  4  ^^  _  9  _j_  20  =  29,  the  roots  are  real  and  unequal  (§  429, 
Prin.  1),  and  irrational  (§  429,  Prin.  4).  Since  c  is  negative,  the  roots 
have  opposite  signs  and,  b  being  positive,  the  negative  root  is  the  greater 
numerically  (§  431,  Prin.). 

8.  ax^-\-bx-\-c  =  4x^-4x-^l=0. 

Since  b^—4  ac=16— 16=0,  the  roots  are  real  and  equal  (§  429,  Prin.  2), 
and  rational  (§  429,  Prin.  4).  Since  c  is  positive  and  b  is  negative,  both 
roots  are  positive  (§  431,  Prin.). 

9.  aa;2  4-5x  +  c  =  4a2_|_6x-4  =  0. 

Since  b^-^4ac  =  S6  -^64=:  100  =  10^,  the  roots  are  real  and  unequal 
(§  429,  Prin.  1),  and  rational  (§  429,  Prin.  4).  Since  c  is  negative,  the 
roots  have  opposite  signs  and,  b  being  positive,  the  negativO  root  is  the 
greater  numerically  (§  431,  Prin.). 

10.  ax2  +  bx  +  c  =  x^  +  x  +  2=0. 

Since  6^  —  4  (jc  =  1— 8=  —  7,  both  roots  are  imaginary  (§  429,  Prin.  3). 

11.  ^    ax^  +  bx  +  c  =  4x^  +  16x  +  7  =0. 

Since  b^  —  4ac  =  266  —  112  =  144  =  12^,  the  roots  are  real  and  unequal 
(§  429,  Prin.  1),  and  rational  (§  429,  Prin.  4).  Since  c  is  positive  and  b 
is  positive,  both  roots  are  negative  (§  431,  Prin.). 

12.  0x2  +  6x  +  c  =  9  a2  4. 12  X  4-  4  =  0. 

Since  b^  —  4ac  =  144  —  144  =  0,  the  roots  are  real  and  equal  (§  429, 
Prin.  2),  and  rational  (§  429,  Prin.  4).  Since  c  is  positive  and  b  is  posi- 
tive, both  roots  are  negative  (§  431,  Prin.). 
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14.   The  roots  will  be  equal,  if  the  discriminant  equals  zero  (§  429, 
Prin.  2)  ;  that  is,  if  25  m2  -  4  •  9  .  25  =  0, 

or,  solving,  if  w  =  ±  6. 

The  roots  will  be  real,  if  the  discriminant  is  positive  (§  429,  Prin.  1)  ; 
that  is,  if  25  m^  >  4  .  9  .  25  numerically, 

or,  solving,  if  m'>6  numerically. 

The  roots  are  also  real,  if  the  discriminant  equals  zero  (§  429,  Prin.  2)  ; 
that  is,  if,  as  above,  m  =  ±6. 

The  roots  will  be  imaginary,  if  the  discriminant  is  negative  (§  429, 
Prin.  3)  ;  that  is,  if  25  m^  —  4  •  9  •  25  is  negative, 

which  will  be  true  when  771  is  numerically  less  than  6. 

16.   The  roots  will  be  real  and  equal,  when  the  discriminant  equals  zero 
(§  429,  Prin.  2)  ;  that  is,  if  [2(a  -  3)]2  -4.4-1  =  0, 

or,  solving,  if  a  =  5  or  1. 

The  roots  will  be  real  and  unequal,  if  the  discriminant  is  positive, 
(§  429,  Prin.  1)  ;  that  is,  if        [2(a  —  3)]2  >  4  •  4  . 1  numerically, 
or,  solving,  if  a  >  5  numerically. 

The  roots  will  be  imaginary,  if  the  discriminant  is  negative  (§  429, 
Prin.  3)  ;  that  is,  if  [2(a  —  3)]2  -  4  .  4  . 1  is  negative, 

which  will  be  true  when  a  <  5,  in  all  cases  except  a  =  1,  when  the  roots 
are  real  and  equal. 

16.  The  roots  will  be  equal,  when  the  discriminant  equals  zero  (§  429,. 
Prin.  2)  ;  that  is,  when  (w  +  1)^  -  4  .  4  •  1  =  0, 

or,  solving,  when  m  =  3  or  —  5. 

Substituting  3  for  m  in  the  given  equation,  4a;2_j_3a;4.x  +  l  =  0. 
Solving,  X  =  —  J. 

Substituting  —  5  for  w  in  the  given  equation,  4x2  —  5a  +  a:  +  l=0. 
Solving,  »  =  J. 

Hence,  the  corresponding  values  of  x  are  ~  J  and  J. 

17.  Expressing  the  equation  in  the  form  of  ax^  +  bx  +  c  =  0, 

(3+2  n)x^  -  4  nz  +  (ri  +  1)  =  0. 
The  roots  will  be  real  and  equal,  if  the  discriminant  equals  zero, 
that  is,  if  (4  w)2  -  4  .  (3  -f  2  n)(w  +  1)  =  0, 

or,  solving,  if  w  =  3  or  —  J. 

18.  The   roots  will   be  numerically  equal   but  opposite  in  sign,   if 
6  =  0  (§  431,  Note)  ;  that  is,  if  a  -  1  =  0, 

or,  solving,  if  a  =  1. 

Substituting  1  for  a  in  ax^  —  (a— l)a  +  l=0. 

a:2-(l-.l)x  +  l  =0. 
Solving,  x=  ±  ^/^^. 

19.  From  §  429  it  is  seen,  that  if  c  =  0,  ri  =  -  ^  +  ^6^  ^^^  ^^  _ 

2a 

-^""^  which  r^uces  to  n  =  =A±_^  =  0  and  r^  =  ~  ^  ~  ^  =  -  ^. 
2a  2a  2a  a 

Hence,  it  is  evident,  that  if  the  absolute  terra  equals  zero,  the  equation 
will  have  a  zero  root.    Applying  this  principle  to  the  given  equation, 
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x^+  (2-d)x  =  8<f2-27 
8  d^  -  27  =  0, 
or,  solving,  if  d=  ±S. 

Substituting  3  for  d  in  the  given  equation, 

x2 +(2 -3)3;  =  8(8)2 -27. 
Solving,  05  =  0  or  1. 

Substituting  -  8  for  d,  x^  -f  (2  +  3)x  =  3(—  3)2  -  27. 
Solving,  re  =  0  or  —  6. 

Hence,  when  d  =  3,  the  roots  are  0  and  1,  and  when  d  =  —  8,  the  roots 
are  0  and  —  5. 

20.   The  roots  of  the  equation  (m  +  f )x2  —  2(m  +  l)x  +  2  =  0  will  be 
equal,  if  the  discriminant  equals  zero,  that  is,  if 

[2(m  +  l)P-4.(m  +  f)-2  =  0, 
or,  solving,  if  m=  ±2, 

21  I        3x2_4y2  =  8,  (1) 

From  (2),  y  =  ^^-^^ .  (8^ 

4 
Substituting  (3)  in  (1),  simplifying,  etc., 

13  x2  -  60  A:x  +  25  k^  +  32  =  0. 
Solving,  X  =  ^(26  k  ±  2V75  fc2~  104).  (4) 

Substituting  (4)  in  (3),  y  =  AC^^  A:^  2V75^P^04)  -  6  A:. 

4 
Simplifying,  y=^\(Qk±  V75A;2-104). 

The  roots  will  be  real,  if  the  discriminant  is  positive,  that  is,  if 
2500  k-^  >  4(25  k^  +  32)  •  13,  numerically. 
k^  >  ^-^  numerically, 
or,  solving,  if  *  >  A  "^^  numerically. 

The  roots  will  be  imaginary,  if  A;  <  A  V78  numerically  (§  429,  Prin.  3). 
The  roots  will  be   equal,  if  the  aiscriminant  equals  zero  (Prin.  2)  ; 
that  is,  if  2500  Jfc2  _  4  .  i8(25  k^  +  32)  =  0, 

or,  solving,  if  *  =  A  "^^^ 
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2.  The  equation  is  (x  —  6)  (x  —  4)  =  0,  or  x2  _  10  x  +  24  =  0. 

3.  The  equation  is  (x  ~  5)  (x  -f  3)  =  0,  or  x2  -  2  x  -  15  =  0. 

4.  The  equation  is  (x  —  3)  (x  +  J)  =  0,  or  x^  —  f  x  —  1  =  0,  or,  multi- 
plying by  3,  3x2 -  8 X—  3  =  0. 

6.   The   equation    is   (x  —  f )  (x  —  |)  =  0,    or  x2  —  J  x  +  V  =  ^»    or, 
multiplying  by  9,  9  x2  —  21  x  +  10  =  0. 

6.  The  equation  is  (x  +  2)  (x  +  J)  =  0,  or  x2  +  j  x  +  1  =  0,  or,  multi- 
plying by  2,  2x-  -f  5x  +  2  =0. 

7.  The  equation  is  (x  +  i)(x  +  J)  =  0,  or  x2  +  2x  +  |  =  0,  or,  multi- 
plying by  4,  4  x2  +  8  X  H-  3  =  0. 

8.  The  equation  is  (x  -  a)  (x  +  3  a)  =  0,  or  x2  -f  2  ax  —  3  a2  =  0. 

9.  The  equation  is  (x  -  a  -  2)  (x  —  a  -f-  2)  =  0,  or  x2  —  2  ax  -f-  a^  —  4  =  0. 
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10.  The  equation  is  (a;  -  6  -  1 )  («  -  6  +  1)  =  0,  or  a;a  _  2  &a;  +  6*  - 1  =  0. 

11.  The  equation  is  (a;-a-6)(a;-a  +  &)  =  0,  or  a^  _  2aa;  +  a^  -  62  =  0. 

12.  The  equation  is 

(X'-Va  +  Vb)(x-Vb)  =  0,  or  a;2_xVa  4- Va6-6  =  0. 

13.  The  equation  is  (x  —  }  a  —  J  Vb)  (a;  —  J  a  +  J  V6)  =  0,  or  multiply- 
ing each  factor  by  2, 

(2  a;  -  a  -  Vb)  (2  a;  -  a  +  VS)  =  0,  or  4  a;^  -  4  ox  +  a*  -  6  =  0. 

14.  The  sum  of  the  roots  is  6  and  their  product  is  9  —  2,  or  7.     Hence, 
the  equation  is  x^  —  6  a;  4-  7  =0. 

16.   The  sum  of  the  roots  is  4  and  their  product  is  4  —  5  or  —  1.    Hence, 
the  equation  is  x-^  —  4  x  —  1  =  0. 

16.  The  sum  of  the  roots  is  4  and  their  product  is  4  —  3  or  1.    Hence, 
the  equation  is  x^  —  4  x  +  1  =  0. 

17.  The  sum  of  the  roots  is  —  8  and  their  product  is  f  —  }»  or  }.    Hence, 
the  equation  is  x^  -f  8  x  +  }  =  0,  or  4  x^  +  12  x  +  3  =  0. 

18.  The  sum  of  the  roots  is  —  1  and  their  product  is  J  —  |,  or  —  J. 
Hence,  the  equation  isx^  +  a;  —  J  =  0,  or4x2  +  4x  —  1=0. 

19.  The  sum  of  the  roots  is  4  a  and  their  product  is  4  a^  —  a^  •  4  .  6,  or 
4  a"^  —  20  «»,  or  —  16  a^.     Hence,  the  equation  is  x^  —  4  ax  — 16  a^  =  0. 

20.  The  sum  of  the  roots  of  2  m^x^  —  (5w-l)x  =  6  is  found  by  re- 
ducing the  equation  to  the  form  x^  4-^x  +  g  =  0,  that  is, 

x2-^m-l^__6_      ^j 
2  m2  2  m2 

Then,  the  sum  of  the  roots  equals  4-  (^^~^\  by  §  433,  Prin. 

\    2  ?w2    / 

The  sum  of  the  roots  will  equal  2,  if     ^""^  =  2, 

2m2  ' 

or,  solving,  if  «» =  1  or  J. 

22.    Writing  4  x^  -  3  ax  4-  6  =  3  in  the  form  a;2  ^  —  x  4-  ^^  =  0, 

4  4 

and  representing  the  root£.  by  r  and  2  r,  it  is  evident  that 

3a 


r-^2r  =  Sr  =  '-^,  (1) 

4 


and  r.2r  =  2r2  =  ^ — 5.  (2) 

4 

From(l),  r  =  ^.  (3) 

4 

6-3 


Substituting  ^  f or  r  in  (2) ,        2  f  ^ V  =  ^ 
4  \4/  4 


Solving,  a2  =  2(6-3). 

Hence,  a2  =  2(6  —  3)  expresses  the  condition  that  one  root  of  the  given 
equation  is  twice  the  other. 
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23.    Let        r  and  r-\-S  represent  the  two  roots. 
Then, 

and 


a 

(1) 

a 

(2) 

_     -b-Sa 

'-       2a      ' 

(3) 

2a 

(4) 

From  (1), 

and  from  (2), 
Equating  the  values  of  r  in  (3)  and  (4), 

—  3  q  J:  V9  fl'^  +  4  gc  _.  -  6  -  3  q 

2a 2a 

Simplifying,  ±  V9  a'-^  -f  4  ac  =  —  b. 

Solving.  4ac=&2_9a2. 

24.  Let  r  and  -  represent  the  two  roots. 
r 


Then,  by  §  433,  Prin., 
or,  solving. 

\r)     a 
a  =  c. 

26.   By  §433,  Prin., 

ri  +  r.  =  -* 
a 

Then, 

\ 

By  §  433,  Prin., 

a 

Then,                   -  n  • 

a 

Hence,  the  equation  is 

ax^  -bx-\-c  =  0. 
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27.  Let  ri  and  r2  represent  the  roots  of  the  equation. 

Then,  sum  of  roots  =  ri  +  7'2  =  6.  (1) 

Product  of  roots  =       rir2  =  —  6.  (2) 

Squaring  (1),  n^  +  2  rir2  +  r2^  =  26.  (3) 

Multiplying  (2)  by  2,  2  rira  =  -  12.  (4) 

Subtracting  (4)  from  (3),  n^  +  r2^  =  37. 

Hence,  the  sum  of  the  squares  of  the  roots  is  37. 

28.  Let  ri  and  r2  represent  the  roots  of  the  equation. 

Then,  by  §  433,  Prin.,  n  +  r2  =  f ,  (1) 

and  rir2  =  1-  (2) 

Cubing  (1),         ns  +  3  rM  +  3  nvi^  +  ro*  =  V-  (3) 

Multiplying  (1)  by  (2),  rM  +  nrg^  =  f.  (4) 

Multiplying  (4)  by  3,  3  ri^r2  +  3  nra^  =  }.  (5^ 

Subtracting  (5)  from  (3),  ri*  +  rf  =  f. 

Hence,  the  sum  of  the  cubes  of  the  roots  is  }. 
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28.   Let  ri  and  rg  represent  the  roots  of  the  equation. 
Then,  by  §  433,  Prin.,  n  +  r2  =  -  ^,  (1) 

and  riVi  =  -  A-  (2) 

Squaring  (1) ,  ri2  +  2  nr^  +  r2^  =  ri?-  (3) 

Multiplying  (2)  by  4,  4  rir2  =  —  J.  (4) 

Subtracting  (4)  from  (3),  n^  -  2  rir2  +  r2^  =  ^^. 
Extracting  the  square  root,  n  —  r2  =  ±  ^^. 

Hence,  the  difference  between  the  roots  is  i  3^. 

80.   Let  r\  and  r2  represent  the  roots  of  the  equation. 

Then,  by  §  433,  Prin.,  ri-^r2  =  7,  (1) 

and  rir2  =  12.  (2) 

Squaring  (1),  n^  +  2  rir2  +  rg^  =  49.  (3) 

Multiplying  (2)  by  2,  2  rir2  =  24.  (4) 

Subtracting  (4)  from  (3),  n^  +  r^^  -  25.  (5) 

Extracting  the  square  root,  yJr^  +  »*2^  =  i  6. 

Hence,  the  square  root  of  the  sum  of  the  squares  of  the  roots  is  ±  6. 

82.   Let  T\  and  ra  represent  the  roots  of  the  equation. 

Then,  l-l  =  ?Vn£i.  (1) 

T\     r2        rir2 
By  the  method  in  Ex.  29,  ra  —  n  =  ±  J.  (2) 

By  §433,  Prin.,  n'-a  =  K  (3) 

Substituting  (2)  and  (3)  in  (1),  i--i  =  ±i  =  ±  f 
Hence,  the  difference  between  the  reciprocals  of  the  roots  is  ±  }. 

Page  345 

2.   Let  4a;2-4a5-3  =  0. 

Dividing  by  4,  transposing,  completing  the  square,  and  solving, 

a;  =  }  or  —  J. 
Forming  an  equation  having  these  roots,  §  434, 

(a5-i)(x  +  i)=0, 

or,  (2  X  -  3)  (2  a  -fl)  =  4  x2  -  4  X  -  3  =  0. 

8.  Let  5  a:2  +  3  a;  -  2  =  0. 

Dividing  by  6,  transposing,,  completing  the  square,  and  solving, 

X  =  I  or  —  1. 
Forming  an  equation  having  these  roots,  §  434, 
(x  +  l)(x-|)  =  0, 
or,  (x  +  1)  (6  X  -  2)  =  6  x2  +  3  X  -  2  =  0. 

4.  Let  3x2  +  14x-6  =  0. 

Dividing  by  3,  transposing,  completing  the  square,  and  solving, 

X  =  J  or  —  5. 
Forming  an  equation  having  these  roots,  §  434, 
(x-J)(x  +  5)  =  0, 
or,  (3x-l)(x  +  5)=3x2  +  14x-6=:0. 
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5.  Let  8a;3- 14a;  +  3  =  0. 

Dividing  by  8,  transposing,  completing  the  square,  and  solving, 

«  =  }  or  J. 
Forming  an  equation  having  these  roots,  §  434, 

or,  (2«-3)(4a:-l)  =  8a;2-14  3c  +  3  =  0. 

6.  Let  7a;2^.i3a;_2  =  0. 

Dividing  by  7,  transposing,  completing  the  square,  and  solving, 

X  =  ^  or  -  2. 
Forming  an  equation  having  these  roots,  §  434, 
(a;  +  2)(a;-^)=0, 
or,  («  +  2)  (7  a;  -  1)  =  7  a;2  +  13  X  -  2  =  0. 

7.  Let  24x2 -10a- 25  =  0. 

Dividing  by  24,  transposing,  completing  the  square,  and  solving, 

X  =  f  or  -  f 
Forming  an  equation  having  these  roots,  §  434, 

(^-i)(a;  +  i)  =  o, 

or,  (4  X  -  6)  (6  X  +  6)  =  24  x2  -  10  X  -  25  =  0. 

8.  Let  10x2  +  21x-10  =  0. 

Dividing  by  10,  transposing,  completing  the  square,  and  solving, 

«  =  §  or  -  J. 
Forming  an  equation  having  these  roots,  §  434, 
(aJ  +  i)(ar-*)=0, 
or,  (2x  +  6)(5x-2)=10x2  +  21x-10  =  0. 

9.  Let  15x2 -5.5x- 1  =  0. 

Dividing  by  15,  transposing,  completing  the  square,  and  solving, 

X  =  i  or  -  T^V. 
Forming  an  equation  having  these  roots,  §  434, 

(x  +  A)(«-i)  =  o, 

or,  J(15x  +  2)(2x-l)=15x2-5.5x-l  =  0. 
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11.  Let  x2  +  4x-6  =  0. 
Solving,  X  =  —  2  ±  VlO. 
Hence,  §  434,  («  +  2  +  vlO)  (x  +  2  -  VIO)  =  x2-|-4x-6  =  0. 

12.  Let  y2_0y  +  3  =  0. 
Solving,  y=zS±V(i. 
Hence,  §  434,  (y  -  3  +  VO)  (y  -  3  -  V6)  =  y2  -  6  y  -}-  3  =  0. 

13.  Let  z^-bz- 1  =  0, 
Solving,  z  =  i±  iV29. 
Hence,  §  484,       («  -  |  +  iV29)(^  -  f  -  i>/29)  =  z^-dz-l=0, 

or,  the  factors  are  J  (2  2?  -  5  +  \/29)  (2  a?  -  5  -  \/29). 

14.  Let  x2  +  X  +  1  =  0. 

Solving,  _«  =  —  i  ±  i  V^^. 

Hence,  §  434,      (x  +  i+  J^/:=l)(x  +  J  -  i  V-_3)  =x2  +  x  +  1  =  0, 
or,  the  factors  are  J(2  x  +  1  +  V—  3)(2 x  -|- 1  —  V—  3). 
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15.  Let  a2-h3a-6  =  0. 
Solving,  a  =  -  J  ±  i  V29. 
Hence,  §  434,          (a  +  4  +  i  V29)(a  +  J  -  J  v^)  =a2  +  3a-6=0, 

or,  the  factors  are  J  (2  a  +  3  +  V29)  (2  o  +  3  -  V29). 

16.  Let  t2^st  +  7=0.  

Solving,  t  =  -  f  ±  i  V-  19. 

Hence,  §  434,   («  +  f  +  iV^=ni))(«  +  J  -  jV-  19)=  ««  +  3«  +  7  =  0, 

or,' the  factors  are  J(2  «  +  3  +  V-  19)  (2  «  -f  3  -  V- 19). 

17.  2  -  3a;  -  2x2  =_  2(x2+  }« -  1). 
Let  (a;2+«a;- l)  =  0. 

Solving,  X  =  J  or  —  2. 

Hence,  §  434,      (a  +  2)  (x  -  J)  =  0. 

Then,  -  2(x  +  2)(x  -  J)  =  (x  +  2)(1  - 2x)=  2  -  3x~  2a;2  =  0» 

18.  Let  2x2  4.2x  -1  =0. 
Dividing  by  2,  transposing,  completing  the  square,  and  solving, 

5=-i±iV3. 

Hence,  §  434,  (x  +  j  +  j  V3)(x  +  i  -  i  V?)=  0. 

j(2  X  +  1  +  V3)  (2  X  +  1  -  V3)  =  0. 
Multiplying  by  2,      i(2  «  +  1  +  v^3)  (2  x  +  1-  V3)  =  2  x2+  2x  -  1  =  0. 

19.  Let  9x2-4x  +  l  =0. 
Dividing  by  9,  transposing,  completing  the  square,  and  solving, 

Hence,  §  434,      (x  -  J  +  J  V-  6)  (x  -  5  -  i  V^)  =  0. 
1,^(9  X  -  2  +  \/^^)(9  X  -  2  -  V-  6)  =  0. 
Multiplying  by  9,  J(9x-2+  V-6)(9x-2-  y/'^)  =  9x2-  4x  + 1=0. 

20.  Let  24x- 16x2 -3  =  0. 
Dividing  by  —  16,  transposing,  completing  the  square,  and  bolving, 

^  =  f  ±  i  Vo. 
Hence,  §434,  (x- |  +  jV6)(a;_  }  _  jv/6)  =  0. 

.-.  A(4x-3+V«)(4x-3-V6)  =  0. 
Multiplying  by  -16,    -(4x-34-V6)(4a^-3-V6)  =  24x- 16x2-3=0 

21.  Let  9a2-12a  +  5  =  0. 

Dividing  by  9,  transposing,  completing  the  square,  and  solving, 

Hence,  §  434, 

(a-J  +  jA/3T)(a-|-}vCl)=0. 
.-.  i(3  a  -  2  +  \/^)  (3  rt  -  2  -  ^^^)  =  0. 
Multiplying  by  9, 

(3a-2+V:rT)(3a_2->/^)=9a2-12a  +  5  =  0. 

22.  Let  16t7(l-v)-9  =  0. 

/.  16r- 16 1^^-9=0. 
Dividing  by  —  16,  transposing,  completing  the  square,  and  solving. 

t7  =  }±jV^. 
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Hence,  §  434, 

(t?  -  i  +  iV^l){v -  J  -  J v^)  =  0. 

...  ^ (4  V  -  2  +  \Ar6) (4 1;  -  2  -  V-  6)  =  0. 
Multiplying  by  — 16, 

_(4 1; _  2  +  V^^)(4  v-2-  V^)  =  16 v(l -  v)  -  9  =0. 

28.   Let  16(3  +  n)+3n2  =  0. 

Dividing  by  3,  transposing,  completing  the  square,  and  solving, 

n  =  - 1  ±  i  V^. 
Hence,  §  434, 

(n  +  f  +  iV=^)(n  +  f  -  i\/::^)  =  0. 

.-.  i(3  n  +  8  +  4  V^Ts)  (3  n>  8  -  4  y/-^)  =  0. 
Multiplying  by  3, 
1  (3  n  +  8  -f  4  V^)  (3  n  +  8  -  4  V^)  =  16(8  +  n)  +  3  n2  =  0. 

24.   Let  100x2  +  70ary-119y2  =  o. 

Completing  the  square^ and  solving,         x  =  —  ^y±  ^yy/^i. 

Hence,  §  434, 

.-.  ^J^(20a;+7y+6y  V21)(20a;+7y-6yV21)  =  0. 

Multiplying  by  100, 
J(20a  +  7y  +  6yV21)(20a;  +  7y- 6y>/21)  =  100«2  +  70a:y  -  119  j^  =  0. 

26.   Let  4^3-486  +  143  =  0. 

Completing  the  square  and  solving,  b  =  ^  ot^. 

Hence,  §  434,  (6  -  \^)  (b  -  ^^)  =  0. 

.-.  (2  6  -  11)(2  6  -  13)  =  4  &2  _  48  6  +  143  =  0, 

26.   Let  9r2-12r  +  437=0. 


Completing  the  square  and  solving,         r  =  f  ±  JV— 433. 

Hence,  §  434,  

(r  _  J  +  J^/I^433) (r  -  I  -  Jx/^433)  =  0. 
...  J(3  r-  2  +  \/^  433)(3  r-  2  -  V-  433)  =  0. 
Multiplying  by  9, 

(3r_2  +  V^r433)(3r-2-V^;=433)=9ra-12r  +  437  =  0. 

27.  Let  4  024. 12  a -136  =  0. 
Completing  the  square  and  solving,  a  =  —  J/  or  J. 
Hence,  §  434,                          (a  +  J^)  (a  -  f )  =  0. 

.-.  (2a  +  16)(2a-9)  =4a2  +  i2a- 136  =  0. 

28.  Let  16i)(p  +  l)- 1617  =  0. 
Completing  the  square  and  solving,  p  =  —  ^  or  ^. 
Hence,  §  434,                         (p  +  ^) (p  -  V)  =  0. 

.-.  (4p  +  41)  (4i)  -  37)  =  I6p(p  +  1)  -  1617=0. 

29.  Let  26  e2  _  2  7i(5  6  -  2  ;i)  =  0. 

.-.  26  e2  -  10  Tie  +  4  /i2  =  0. 
Completing  the  square  and  solving,  e  =  lh  ±  ^  hV—3f 
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Hence,  §  434,  

•••  A(5  e-h-\-  hV^^)  {be-h-  hy/^^)  =  0. 
Multiplying  by  26, 

80.  3  ^(4  A;  -  3  A)  -  7  A;2  =  -(9  A2_  12  hk-{-l  A;^). 

Let  9^2_i2/iA;+7A;2  =  o.  

Completing  the  square  and  solving,  h=^^k±\k  v/—  3. 

Hence,  §  434,  

(^  _  J  A;  +  J  ifc  V-3)  (h-lk-\k  V- 3)  =  0. 
...  j(3  /i  -  2  A;  -f  A;  V-  3)  (3  /i  -  2  A;  -  A;  V-  3)  =  0. 
Multiplying  by  —  9, 

-(3  h-2  A;+A; V^)  (3  h-2  k-kV^)  =  3  /i(4  A;-3  h)-!  A;2=0 

32.   Let  a^+6a:8  +  llx2  +  6a;-8  =  0. 

Completing  the  square,  (sc*  +  0  «»  +  9  a;^)  +  2(a;2  +  3  x)  +  1  =  9. 
Extracting  the  square  root,  a2  _|_  3  ^j  ^  1  _  3  or  —  3. 

/.  x*  +  6  «»  +  1 1  a;2  +  6  X  -  8  =  (a;2  +  3  a;  +  1  -  3)  (a:2  +  3  x  +  1  +  3) 
=  (x2  +  3 X  -  2).(x2  +  3 X  H-  4). 

83.   Let  x6^2z6+5x*+8x8  +  8x2  +  8x  +  3=0. 

Completing  the  square, 

(x6  + 2x6 -I- 6x4 +  4x8 +  4x2)  +4(x8  +  x2+2x)  +4  =  1. 
Extracting  the  square  root,  '        x^  +  x2  +  2  x  +  2  =  1  or  —  1. 

/.  x6  +  2x6  +  5x* +8x8  +  8 x2  +  8x  +  3 

=  (x8  +  x2  +  2x+2-l)(x8  +  x2  +  2x  +  2  +  l) 
=  (x3  +  x2  +  2  X  +  1)  (x3  -{..  ici  ^  2  X  +  3). 

34.   Let       a^-4x5  +  6x4+6x8- 19x2  +  10x  +  9=0. 
Completing  the  square, 
(a«  -  4  x6  +  6  X*  -  4  x8  +  x2)  +  10(x8  -  2  x2  +  X)  +  25  =  16. 
Extracting  the  square  root,  x^  —  2  x2  +  x  +  6  =  4  or  —  4. 

/.  x6  -  4  x6  +  6  X*  +  6  x8  -  1 9  x2  +  1 0  X  +  9 

=  (x8  —  2  x2  +  X  +  5  -  4)(x8  -  2  x2  +  X  +  6  +  4) 
=  (x8  -  2  x2  +  X  +  l)(x8  -  2  x2  +  X  +  9). 

86.  Let         4x8  +  12x6  +  26x*  +  40x8  +  40x2  +  32x  +  16  =  0. 
Completing  the  square, 

(4a^+12x5+26x*+24x8+16x2)+8(2x8+3x2+4x)+16  =  l. 

Extracting  the  square  root,  2x8  +  3x2  +  4x  +  4  =  l  or  —  1. 

.-.  4  a^  +  12  x6  +  26  X*  +  40  x8  +  40  x2  +  32  X  +  15 

=  (2x8  +  3x2  +  4x  +  4-l)(2x8  +  3x2  +  4x  +  4  +  l) 
=  (2x3  +  3x2  +  4x  +  3)(2x8  +  3x2  +  4x  +  6). 

Page  347 

87.  X*  +  16  =  X*  +  8  x2  +  16  -  8  x2  =  (x2  +  4)2  -  (2  v^  x)2 

=  (x2  +  2  x\/2  +  4)  (x2  -2  X  V2  +  4). 
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a4  _|.  54  =  ^4  +  2  aV  +  6*  -  2  a%'^  =  (a^  +  fe^)*  -  C  V2  ab^ 
=  (a'^  +  ab  V2  -f  b'^)  (a'^  -  a6  \/2  +  62) . 

39.  x^+2  a^x^+4:  a*=x^+4  a^z^-\-4:  a*-2  a^^=(x^-^2  a^y-  (ax  V2)2 

=  (a2+a«V2+2a2)(x2-aar\/2+2a2). 

40.  t;*-4  nV-2  n4=r4-4  »2v2^4  ;i4_6  n*=  (r2-2  n^y-  {n^V&)^ 

=  (t>2-2  7*2^.^2  V6)(^2_2  n2-n2>/6). 
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3.  Since  052  Is  always  positive,  whether  x  is  positive  or  negative,  for 
very  large  numerical  values  ot  x^  x^  —  bx  +  Q  is  veiy  large  numerically, 
and  positive  ;  that  is,  when  x  =  ±00  ^x^—^x-\-Q=  +  « . 

Draw  the  graph  of  sc*  —  6  a;  +  6,  plotting  values  of  x  as  abscissas  and 
values  of  a;2  _  5  a;  +  0  as  ordinates  (§  418). 

Referring  to  the  graph,  and  observing  the  form 
of  the  function  itself,  we  see  that : 

As  X  increases  continuously  from  —  00  to  +  2 J, 
a;2  —  6  X  +  6  decreases  continuously  from  +  ao  to 
its  minimum  value,  —  J,  crossing  the  x-axis  at 
a:  =  2,  which  is  therefore  a  root  of  the  equation 
x2_.5x+8=0. 

As  X  increases  continuously  from  +  2J  to  +  00  , 
x2  —  6  X  +  6  increases  continuously  from  its  mini- 
mum value,  —  J,  to  +  «  »  crossing  the  x-axis  at  a;  =  3,  which  is  therefore 
the  other  root  of  the  equation  a;2  —  6  x  +  6  =  0. 

The  function  is  positive  for  all  values  of  x  outside  the  limits  x  =  2  and 
X  =  3,  and  negative  for  all  values  of  x  within  these  limits. 

4.  Since  a:2  is  always  positive,  whether  x  is  positive  or  negative,  for 
very  large  numerical  values  of  x,  x2  —  2  a;  —  8  is  very  large  numerically, 
and  positive  ;  that  is,  when  x=±ao,a:2— 2a;— 8=  +00. 

Draw  the  graph  of  x2  —  2  x  —  8,  plotting  values  of  x  as  abscissas  and 
values  of  a;2  —  2a;  —  8  as  ordinates  (§  418). 

Referring  to  the  graph,  and  observing  the  form 
of  the  function  itself,  we  see  that : 

As  X  increases  continuously  from  —00  to  +1, 
x2  —  2  a;  —  8  decreases  continuously  from  +  oo  to 
its  minimum  value,  —  9,  crossing  the  x-axis  at 
X  =  —  2,  which  is  therefore  a  root  of  the  equation 
x2  -  2  X  -  8  =  0. 

As  X  increases  continuously  from  +  1  to  +  qo  , 
x2  —  2  X  —  8  increases  continuously  from  its  mini- 
mum value,  —  9,  to  4-  ao,  crossing  the  x-axis  at 
X  =  4,  which  is  therefore  the  other  root  of  the  equation  x2  —  2x  —  8  =0. 

The  function  is  positive  for  all  values  of  x  outside  the  limits  x  =  —  2 
and  X  =  4,  and  negative  for  all  values  of  x  within  these  limits. 

6,  Since  x2  is  always  positive,  whether  x  is  positive  or  negative,  for 
very  large  numerical  values  of  x,  x2  +  2  x  —  15  is  very  large  numerically, 
and  positive  ;  that  is,  when  x  =  ±00 ,  x2  -f-  2  x  —  16  =  +  oo . 
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Draw  the  graph  of  x^  4-  2  a:  —  15,  plotting  values  of  x  as  abscissas  and 
values  of  x'^  +  2  X  —  16  as  ordinates  (§  418). 

Referring  to  the  graph,  and  observing  the 
form  of  the  function  itself,  we  see  that : 

As  X  increases  continuously  from  —  oo  to  —  1, 
x2  -h  2  X  —  15  decreases  continuously  from  -f  oo 
to  its  minimum  value,  —  16,  crossing  the  x-axis 
at  X  =  —  5,  which  is  therefore  a  root  of  the 
equation  x2  +  2x  —  15  =  0. 

As  X  increases  continuously  from  —  1  to  +  oo , 
x2  +  2  X  —  15  increases  continuously  from  its 
minimum  value,  —  16,  to  +  oo ,  crossing  the 
X-axis  at  x  =  3,  which  is  therefore  the  other 
root  of  the  equation  x'-^  +  2  x  —  15  =  0. 

The  function  is  positive  for  all  values  of  x 
outside  the  limits  x  =  —  5  and  x  =  3,  and  nega- 
tive for  all  values  of  x  within  these  limits. 

6.  Since  x^  is  always  positive,  whether  x  is 
positive  or  negative,  for  very  large  numerical 
values  of  x,  x^  +  6x  +  4  is  very  large  numer- 
ically, and  positive  ;  that  is,  when  x=  dbao,x2-|-5x-|-4=-|-ao. 

Draw  the  graph  of  x^  +  5  x  -H  4,  plotting  values  of  x  as  abscissas  and 
values  of  x^  +  5  x  +  4  as  ordinates  (§  418) . 

Referring  to  the  graph,  and  observing  the  form 
of  the  function  itsefi,  we  see  that : 

As  X  increases  continuously  from  —  oo  to  —  2^, 
x2  -f-  6  X  -h  4  decreases  continuously  from  -|-  «  to 
its  minimum  value,  —  24,  crossing  the  x-axis  at 
X  =  —  4,  which  is  therefore  a  root  of  the  equa- 
tion x^ -f  5  x  +  4  =  0. 

As  X  increases  continuously  from  —  2^  to  4-  oo , 
x2  4-  5x  4-  4  increases  continuously  from  its  mini- 
mum value,  —  21,  to  +  « ,  crossing  the  x-axis  at 
X  =  —  1,  which  IS  therefore  the  other  root  of  the 
equation  x^  -f-  5  x  +  4  =  0. 

The  function  is  positive  for  all  values  of  x  out- 
side of  the  limits  x  =  —  4  and  x  =  —  1,  and  nega- 
tive for  all  values  of  x  within  these  limits. 

7.  Since  x^  is  always  positive,  whether  x  is  positive  or  negative,  for 
very  large  numerical  values  of  x,  x^  —  9  is  very  large 

numerically,  and  positive ;  that  is,  when  x  =  ±  <»  i 
x2-9=  4-  00. 

Draw  the  graph  of  x^  —  9,  plotting  values  of  x  as 
abscissas  and  values  of  x^  —  9  as  ordinates  (§  418). 

Referring  to  the  graph  and  observing  the  form  of 
the  function  itself,  we  see  that : 

As  X  increases  continuously  from  — «  to  0, 
x^  —  9  decreases  continuously  from  -|-  oo  to  its 
minimum  value,  —  9,  crossing  the  x-axis  at  x  =  —  3, 
which  is  therefore  a  root  of  the  equation  x^  —  9  =  0. 

As  X  increases  continuously  from  0  to  -f-oo, 
x^  —  9  increases  continuously  from  its  minimum 
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yalae,  —9,  to  +ao,  crossing  the  x-axis  at  z  =  3,  which  is  therefore  the 
other  root  of  the  equation  x*  —  9  =  0. 

The  function  is  positive  for  all  values  of  x  outside  the  limits  x=  —  3 
and  X  =  3,  and  negative  for  all  values  of  x  within  these  limits. 

8.  Since  x^  is  always  positive,  whether  x  is  positive  or  negative,  for 
very  large  numerical  values  of  x,  x^  -|-  x  -|- 1  is  very  large  numerically, 
and  positive ;  that  is,  when  x=±ao,  x*4-x-fl=H-oo. 

Draw  the  graph  of  x^  -f  x  +  1,  plotting  values  of  x 
as  abscissas  and  values  of  x^  +  x  +  1  as  ordinates 
(§  418). 

Referring  to  the  graph  and  observing  the  form  of 
the  function  itself,  we  see  that : 

As  X  increases  continuously  from  —  ao  to  —  J, 
7^  -\-x-\-\  decreases  continuously  from  +  oo  to  its 
minimum  value,  f. 

As  X  increases  continuously  from  —  J  to  H-  cx>, 
x^  -I-  X  + 1  increases  continuously  from  its  minimum 
value,  j,  to  +  GO. 

Since  the  graph  has  no  point  in  common  with  the 
X-axis,  the  roots  of  the  equation  x^  +  x  -|-  1  =  0  are  imaginary  ;  and  since 
the  graph  lies  entirely  above  the  x-axis,  the  function  is  positive  for  all 
values  of  x. 

Page  349 

10.  Referring  to  the  graph  of  3  -|-  2  x  —  x^  and  observing  the  form  of 
the  function  itself,  the  discussion  may  be  completed  as  follows  : 

As  X  increases  from  —  ao  to  +  1,  3  +  2  x  —  x^  increases  continuously 
from  —  00  to  its  maximum  value,  4,  crossing  the  x-axis  at  x  =  —  1,  which 
is  therefore  a  root  of  the  equation  3  -|-  2  x  —  x^  =  0. 

As  X  increases  contiimously  from  -f  1  to  +oo,  3  -I-  2x  —  x^  decreases 
continuously  from  its  maximum  value,  4,  to  —  oo,  crossing  the  x-axis  at 
X  =  3,  which  is  therefore  the  other  root  of  the  equation  3  -f  2  x  —  x^  =  0. 

The  function  is  negative  for  all  values  of  x  outside  the  limits  x  =  —  1 
and  X  =  3,  and  positive  for  all  values  of  x  within  these  limits. 

11.  Since  —  x^  is  always  negative,  whether  x  is  positive  or  negative, 
for  very  large  numerical  values  of  x,  x  4-  6  —  x^  is  very  large  numer- 
ically, and  negative  ;  that  is,  when  x  =  ±  oo , 
aj  +  6-x2  =  -oo. 

Sincex  -|-6  -  x^=  -(x^  -  x-6),  and  x^  — x-6 
has  a  minimum  value  at  x  =  J,  the  given  function 
has  a  maximum  value  at  x  =  ^  ;  that  is,  when 
X  =  i,  X  +  6  —  x2  =  6J,  the  maximum  value. 

Draw  the  graph  of  x  +  6  —  x^,  plotting  values 
of  X  as  abscissas  and  values  of  x  +  6  —  x^  as  oi*di- 
nates(§418). 

Referring  to  the  graph  and  observing  the  form 
of  the  function  itself,  we  see  that : 

As  X  increases  continuously  from  —  oo  to  +  J, 
X  +  6  —  x^  increases  continuously  from  —  «    to 
its  maximum  value,  6J,  crossing  the  x-axis  at  x  =  —  2,  which  is  there- 
fore a  root  of  the  equation  x  -f  6  —  x^  =  0. 
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As  X  increases  continuously  from  +J  to  +00,  «  +  6  — a;^  decreases 
continuously  from  its  maximum  value,  6|,  to  —  oo,  crossing  the  x-axis  at 
X  =  3,  which  is  therefore  the  other  root  ot  the  equation  a;  +  6  —  x^  —  0. 

The  function  is  negative  for  all  values  of  x  outside  the  limits  x=  —2 
and  X  =  3,  and  positive  for  all  values  of  x  within  these  limits. 


12.   Since  —  x^  is  always  negative,  whether  x  is  positive  or  negative, 
for  very   large  numerical  values  of  x,  6  —  4  x  —  x^  is  very  large  nu- 
merically, and  negative  ;  that  is,  when  x  =  ±  oo, 
5  —  4x  —  x2=  —00. 

Since  5-4  x-x2  =;  —  (ic2  +4  x-6),  and x2+4  x-5 
has  a  minimum  value  at  x  =  —  2,  the  given  func- 
tion has  a  maximum  value  at  x  =  —  2 ;  that  is, 
when  x=—  2,  6  —  4x  —  x2  =  9,  the  maximum 
value. 

Draw  the  graph  of  6  —  4  x  —  x^,  plotting  values 
of  X  as  abscissas,  and  values  of  6  —  4  x  —  x^  as  ordi- 
nates  (§  418). 

Referring  to  the  graph  and  observing  the  form 
of  the  function  itself,  we  see  that : 

As  X  increases  continuously  from  —  oo  to  —  2, 
5  —  4  X  —  x^  increases  continuously  from  —  oo  to  its  maximum  value,  9, 
crossing  the  x-axis  at  x  =  —  5,  which  is  therefore  a  root  of  the  equation 
6-4x-x2  =  0. 

As  X  increases  continuously  from  — 2  to+ao,  6  —  4x  —  x^  decreases 
continuously  from  its  maximum  value,  9,  to  —00,  crossing  the  x-axis  at 
r  =  1,  which  is  therefore  the  other  root  of  the  equation  6  —  4  x  —  x^  =  0. 

The  function  is  negative  for  all  values  of  x  outside  the  limits  x  =  —  6 
and  X  =  1,  and  positive  for  all  values  of  x  within  these  limits. 
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13.  Since  4x2  is  always  positive,  whether  x  is  positive  or  negative,  for 
very  large  numerical  values  ofx,  4x2— 16x  +  15is  very  large  numerically, 
and  positive  ;  that  is,  when  x  =  ±qo,  4x2  —  16x  +  16  =  +  oo  . 

Since  4x2- 16x  +  15  =  4(x2  -  4x -|- J^^.),  and  x2 - 
4x  -h  -^  has  a  minimum  value  at  x  =  2,  the  given  func- 
tion has  a  minimum  value  at  x  =  2  ;  that  is,  when 
X  =  2,  4  x2  —  16  X  -f- 1^  =  —  I1  the  minimum  value. 

Draw  the  graph  of  4  x2  —  16  x  +  15,  plotting  values  of 
X  as  abscissas  and  values  of  4  x2  —  16  x  +  15  as  ordi- 
nates  (§  418). 

Referring  to  the  graph  and  observing  the  form  of  the 
function  itself,  we  see  that : 

As  X  increases  continuously  from  —  00  to  +  2,  4  x^  — 
16x  +  15  decreases  continuously  from  +00  to  its  mini- 
mum value,  —  1,  crossing  the  x-axis  at  x  =  IJ,  which 
Is  a  root  of  the  equation  4  x2  —  16  x  +  15  =  0. 

As  X  increases  continuously  from  +  2  to  +  oo  ,  4x2  —  16x  -f  15  increases 
continuously  from  its  minimum  value,  —  1,  to  +  oo,  crossing  the  x-axis 
at  X  =  2i,  which  is  therefore  the  other  root  of  the  equation  4  x2  —  16  x  + 
15  =  0. 

The  function  is  positive  for  all  values  of  x  outside  the  limits  x  =  IJ  and 
and  X  =  2J,  and  negative  for  all  values  of  x  within  these  limits. 
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14.  Since  2  a^  is  always  positive,  whether  x  is  positive  or  negative,  for 
very  large  numerical  values  of  as,  2  a;^  -f  6  a;  —  3  is  very  large  numerically, 
and  positive  ;  that  is,  when  x=  ±ao,23c^-\-^x  —  S=  +cd. 

Since  2  x*^  +  5 x  —  3  =  2  (sc-^  +  | a:  —  |),  and  x^  -\-  ^x  —  i  has  a  minimum 
value  ata  =  —  IJ,  the  given  function  has  a  minimum 
value  at  X  =  — 1| ;  that  is,  when  x  =  —  1  J,  2  x^  +  5  x 

—  3  =  —  6J,  the  minimum  value. 
Draw  the  graph  of  2  x^  +  5  x  —  3,  plotting  values 

of  X  as  abscissas  and  values  of2x2  +  6x  —  3as  ordi- 
nates  (§418). 

Referring  to  the  graph  and  observing  the  form  of 
the  function  itself,  we  see  that : 

As  X  increases  continuously  from  —  00  to  —  1  i, 
2x2-f  6x— 3  decreases  continuously  from  +  oo  to 
its  minimum  value,  —  6J,  crossing  the  x-axis  at  x  = 

—  3,  which  is  therefore  a  root  of  the  equation  2  x^  + 
5x-3  =  0. 

As  X  increases  continuously  from  —  1 J  to  +00, 
2  x2  +  6  X  —  3  increases  continuously  from  its  minimum  value,  —  61,  to 
+  00,  crossing  the  x-axis  at  x  =  J,  which  is  therefore  the  other  root  of  the 
equation  2x2  +  6x  —  3  =  0. 

The  function  is  positive  for  all  values  of  x  outside  the  limits  x  =  —  3 
and  X  =  i,  and  negative  for  all  values  of  x  within  these  limits. 
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15.  Since  2  x^  is  always  positive,  whether  x  is  positive  or  negative,  for 
very  large  numerical  values  of  x,  2  x^  -f  3  x  -f  2  is  very  large  numerically, 
and  positive ;  that  is,  when  x=  dbao,2x''^  +  3x  +  2  =  +cD. 

Since  2x2  +  3x  +  2  =  2(x2+  i  05  +  1),  and  x^  + 
I X  +  1  has  a  minimum  value  at  x  =  —  f ,  the  given 
function  has  a  minimum  value  at  x  =  —  }  ;  that  is, 
when  X  =  —  I,  2  x^  -f  3  x  +  2  =  J,  the  minimum 
value. 

Draw  the  graph  of  2x2  +  3x  4-  2,  plotting  values 
of  X  as  abscissas  and  values  of  2  x"^  +  3  x  +  2  as 
ordinates  (§418). 

Referring  to  the  graph  and  observing  the  form  of 
the  function  itself,  we  see  that : 

As  X  increases  continuously  from  —  00  to  —  f , 
2x2+  3x  +  2  decreases  continuously  from  +  oo  to 
its  minimum  value,  }. 

As  X  increases  continuously  from  —  {to  +  QO,2x2  +  3x  +  2  increases 
continuously  from  its  minimum  value,  J,  to  +  00 . 

Since  the  graph  has  no  point  in  common  with  the  x-axis,  the  roots 
of2x2+3x  +  2  =  0  are  imaginary  ;  and  since  the  graph  lies  entirely  above 
the  X-axis,  the  function  ia  positive  for  all  values  of  x. 


^^ 


16.  Since  —  x2  is  always  negative,  whether  x  is  positive  or  negative, 
for  very  large  numerical  values  of  x,  4  x  —  6  —  x2  is  very  large  numeric- 
ally, and  negative  ;  that  is,  when  x=  ±qo,4x  —  6  —  x2  =  —  00. 

Since  4 x  —  6  —  x2  =  —  (x2  —  4 x  +  6),  and  x2  —  4 x  +  6  has  a  minimum 
value  at  X  =  2,  the  given  function  has  a  maximum  value  at  x  =  2  ;  that 
is,  when  x  =  2,  4x— 6  —  x2  =  —  2,  the  maximum  value. 
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Draw  the  graph  of  4  3c  —  6  —  a;^,  plotting  values 
of  X  as  abscissas  and  values  of  4  x  —  6  —  x^  as  ordi- 
nates  (§418). 

Referring  to  the  graph  and  observing  the  form 
of  the  function  itself,  we  see  that : 

As  X  increases  continuously  from  —  oo  to  2,  ^  «  — 
6  —  x2  increases  continuously  from  —  oo  to  its 
maximum  value,  —  2. 

As  X  increases  continuously  from  2  to  +  oo ,  4x  — 
Q  —  x^  decreases  continuously  from  its  maximum 
value,  —  2,  to  —  oo. 

Since  the  graph  has  no  point  in  common  with 
the  X-axis,  the  roots  of  the  equation  4x  —  6  —  x^—o ^pg  imaginary  ;  and 
since  the  graph  lies  entirely  below  the  x-axis,  the  function  is  negative  for 
all  values  of  x. 

18.  x2  -  8  X  -  28  =  (x  -  7)(x  +  4). 

x2  —  8  X  —  28  is  positive  when  both  factors  are  positive  or  when  both  are 
negative ;  that  is,  when  x  is  greater  than  7  or  less  than  —  4,  these  values 
being  the  roots  of  the  equation  x^  —  8  x  —  28  =  0. 

x^  —  3  X  —  28  is  negative  when  one  factor  is  positive  and  the  other 
negative  ;  that  is,  when  x  is  less  than  7  or  greater  than  —  4. 

19.  Let  ax2  +  6x  +  c  =  x2  -  0  X  +  12  =  0. 

Since  62  _  4  ^c  =  36  —  48  =  -  12,  both  roots  of  the  equation  x^  —  6  x 
+  12  =  0  are  imaginary  (§429,  Prin.  3).  This  means  that  the  graph  of 
the  function  x^  ^  0  x  +  12  has  no  point  in  common  with  the  x-axis ;  con- 
sequently, it  must  lie  entirely  above  or  entirely  below  the  x-axis. 

By  §  418,  x2  —  6x  +  12  has  a  minimum  value  at  x  =  3  ;  that  is,  when 
X  =  3,  x2  —  6  X  +  12  =  8,  the  minimum  value  ;  and  since  the  minimum 
value  is  positive,  the  graph  lies  entirely  above  the  x-axis  and  the  function 
x2  —  6  X  +  12  is  positive  for  all  real  values  of  x. 

20.  Since  x  —  x^  —  1  =  0  is  equivalent  to  the  equation  X^  —  x  +  1  =  0, 


let 


ax2  -H  6x  +  c  =  x2  —  X  -h  1  =  0. 


Since  6^  _  4  ^c  =  1  —  4  =  —  3,  the  roots  of  the  equation  x^  —  x  -f  1  =  0, 
or  of  the  equivalent  equation  x  —  x^  —  1  =  0,  are  imaginary  (§  429, 
Prin.  3).  This  means  that  the  graph  of  x  —  x^  — 1  has  no  point  in  com- 
mon with  the  X-axis ;  consequently,  it  must  lie  entirely  above  or  entirely 
below  the  x-axis. 

Since  x  —  x^  —  1  =  —  (x^  —  x  +  1),  and  x^  — x-f  1  has  a  minimum 
value  at  X  =  J,  X  —  x2  —  1  has  a  maximum  value  at  x  =  i  ;  that  is,  when 
a;  =  J,  X  —  x2  —  1  =  —  },  the  maximum  value ;  and  since  the  maximum 
value  is  negative,  the  graph  lies  entirely  below  the  x-axis  and  the  function 
x  —  x^—1  is  negative  for  all  real  values  of  x. 

21.  If  the  function  ax^  +  bx  -\- c  has  the  same  sign  for  all  real  values 
of  X,  its  graph  lies  entirely  above  or  entirely  below  the  x-axis  ;  that  is,  it 
has  no  point  in  common  with  the  x-axis ;  consequently,  the  roots  of  the 


equation   ax^  +  bx  +  c  =  0 


are  imaginary ;    but  the  condition  that  the 
shall  be  imaginary  is  that  6^  _  4  ^c  shall  be 


roots  of  ax^  -^bx  +  c  =  0 
negative  (§429,  Prin.  3). 

Hence,  ax^  +  6x  +  c  will  have  the  same  sign  for  all  real  values  of  x,  if 
52  —  4  ac  is  negative,  when  a  is  positive  and  b  and  c  are  either  positive  or 
negative. 
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•   _  _ 

1.  aVy  -f  yyJx  +  v^ 

—  x\/y  —  yy/x  -f  x^y^ 
xy/y  —  yVx  —  Vxy 
—  2xVy  +  yVx  —  3  \/xy 
Sum  =  —  xy/y  —  2Vxy 

2.  The  number  is  (a  —  6)— (6—  a  +  c)=:a-6  —  b  -\-  a  —c  =  2a  —  2b-c. 

8.        a-{&-a-  [a-6-  (2a  +  6)+(2a  -  6)-  a]- 6} 
=  a-{-a-r-6-(2a+6)  +  (2a-  &)]} 


=  a 

=  a  • 


{- a-[-  &  ~2a-6  +  2a— 61} 
.a_[_36]} 


=  a-|-.a  +  3  6] 
=  a  +  a  — 36  =  2a  — 


3  6. 


4. 


asVa  +  ar>/y  -f  y  Vx  +y  Vy 
y/x—  y/y 

x^  +  av/ary  -f  scy  +  y  y/xy 
—  xVSy  —  xy  —  yVxy  —  i 


(2x26_5y  2  X2x26  4.5y  2  ;=4U26J_26(y  2  ; 

-  a+» 

=4x*-26y      . 

(Xn  -  2/«)  (x»  +  y«)  (X2»  +  y2«)  =  (ic2n  _  2,2«)  (ajSn  +  y2n) 

1  +  0  +  0-3  +  0-20 
1-2 


1  +  2  +  4  +  6  +  10 


2 
2_- 

-4 
4- 

1: 

-3 
-8 

5 

6- 

-10 
10- 
10- 

-20 
-20 

=  X*  +  2  x8  +  4a;2  +  6  a;  +  10. 


9.   In  x^  —  6^  gubstitute  —  6  for  x. 
Then,  x»>  -  6^  =  (_  6)^  -  6«>  =  6«>  -  6«>  =  0. 

Therefore,  by  the  factor  theorem,  x"  —  6*0  is  divisible  by  x  —  (—6), 
or  X  +  6. 
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10.  (a  +  6)+x  |(q  +  &)^  +  a;* 

(a  +  6)ix^  +  X 

11.  9x2-12x  +  4=  (3x)2_4(3x)  +  4=  (3x  -  2)(3x- 2). 
9x2+   9x  +  2=  (3x)2  +  3(3x)  +  2=(3r.+  l)(3a  +  2). 

If  1  is  substituted  for  x,  x^  —  3  x  +  2  =  1  —  3  -f  2  =  0. 

Therefore,  x  —  1  is  a  factor  of  x^  -r  3  x  +  2. 

By  dividing  by  x  -  1,  x^  -  3x  +  2  =  (x  -  l)(x2  +  x  —  2) 

=  (x-l)(x-  l)(x+2). 
a*  +  1  =  a*  +  2  aS  +  1  -  2  aa 

=  (a2  +  i)2_(V2a)2 
=  (a2  +  aV2  +  l)Ca2  _  ^^^  +  i^ 

•=  (a  +  i\/2+  J  v^=^)(a  +  J\^  -  jV=^)(a  -  J  V2  +  J  V^^) 

(a-iV2-i\/:r2). 

12.  In  x»  +  3  ax*«-i—  4  a»  substitute  a  for  x. 
Then,  x»  +  3  ax«-i-  4  a«  =  a*»  +  3  a*  -  4  a"  =  0. 

Hence,  by  the  factor  theorem,  x*»  +  3  ax^-^  —  4  a*»  is  divisible  by  x  —  a. 

13.  a^''l=:(cfi-\-l)(cfi-l) 

=  (a2  +  l)(a*  -  a2  ^  i)(^8  +  i)(fl58 _  i) 

=  (a2  +  l)(a*-  a2  +  l)(a+  l)(a2_a+l)(a-  l)(a2  +  a+ 1). 

14.  4(ad  +  6c)2  _  (a2  -  62  __  c2  +  (P)2 

=  (2  ad  +  2  6c  +  a2  -  62  -  c2  +<i'2)(2  ad-\-2  be-  a2  +  62  +  c2-  ^2) 
=  [a2  +  2ad+€p  -  (62  -  2  6c+  c2)][62  +  2  6c+c2-  (o2_  2ad+d2)] 
=  i(a  +  d)2-(6  -  c)2][(6  +  c)2  -  (a  -  d)^] 
=  (a  +  (?  +  6--  c)(a-{-d-  6  +  c)(6+  c4-a-<i)(&  +  c-a+  <i) 
=  (a-|-6-c  +  <l)(a-  6  +  c4-^)(o  +  &  +  c-<l)(-a  +  6+c+d). 

16.  2x*-7x8  +  4x2-f  7x-6.  (1) 

Substituting  -  1  for  x  in  (1),  2  +  7+4-7  —  6a:  0. 

Substituting  1  for  x  in  (1),  2  —  7+4  +  7-6=0. 

Substituting  2  for  x  in  (1),  32  —  66  +  16  +  14  —  6  =  0. 

Therefore,  by  the  factor  theorem,  x  +  1,  x  —  1,  and  x  —  2  are  factors 
of(l). 

Then,  dividing  out  each  one  of  these  factors  in  succession,  the  remain- 
ing factor  of  (1)  is  found  to  be  2  x  —  3  ; 
that  is,    2 X*  -  7  x8  +  4  x2  +  7  X  -  6  =  (X  +  l)(x  -  l)(x  -  2)(2  X  -  3). 

By  trial  of  these  factors  in  each  of  the  other  given  expressions,  it  is 
found  that  the  only  one  contained  in  each  expression  is  2  x  —  3  ; 
that  is,     2  X*  +  x8  -  4  x2  +  7  X  -  16  =  (2  X  -  3)  (x8  +  2  x2  +  X  +  6), 
and  2x*  +  x8-x-12  =  (2x-3)(x8  +  2x2  +  3x  +  4). 

Hence,  H.  C.  F.  =  2  x  -  3. 
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19. 


20. 


21. 


qa  _  ft2  _  c«  _  2  6c  _  (a  +  6  +  c)(a  ~  6  -  c)  _  g  -  6  -  c 
a2  ~  62  +  c2  +  2 ac     (^a +  c  +  b){a -^  c  -  b)     a-b+c' 


Page  354 


X      ,      x^ 


X     .     X      ■     a;2 


22. 


23 


jc-fl     l  —  x     z^-l     a  +  l     ic-l     z2_i 

_a;(x- l)  +  z(g  +  l) -f  g'_    8gg 
x2  _  1  a*  -  1 ' 

x-\-y     .     g-y         4g2y2  ^(g  +  y)^-f  (x-y)g      4a;2y2 
2x-2y     2a  +  2y     y*  -  a*  2(a;2-y2)  x*  -  y* 

__x2  +  y^       4a;2y2 
ap2  _  y2     jc*  —  y* 
_  g*  +  2  ggy^'  +  y*  -  4  ggyg 

g*-y* 
^(a;2  -  y2)(a;2-  y2)  ^x2_y2 

(«"'^  +  y-'X^^  -  y-)    «=*  +  y2' 

? I + I 

(a -  6)(6  -  c)      (c  -b)(c-a)      (c-  a){a  -  b) 

= 1 + I + 1 

(a  -  6)(6  -  c)      (6  -  c){c  -a)     {c-  a){a  -  b) 

_(c  — q)  +  (a  -b)-\-(h  —  c) 0 

~      (a-6)C6-c)(c-a)  (,a  -  bXb  -  c)(c  -  a) 

r   X  1 


=  0. 


1+1^'     x+l 

X 


1- 


Vx  +  1        x  +  iy    \x-i        x-iy 


24. 


1 


«  +  - 


«+- 


x-«+l 


g  + 


X2+1 


X2-1 
X2-1 


(X8  +  X)-X        (X*-X)+X 
^(X2+I)~(x2-1)^2 

x^  x^ 

26.    (2a +  36)* 

=  (2a)4  +  4(2a)8(3  6)+6(2a)2(3  6)2  +  4(2a)(36)8+(3  6)* 
=  16  a*  +  »6  fl86  +  216  a^b'^  +  216  a6« -f  81  6*. 

(>/x  +  v^)« 
=  (Vx)6+6(\/x)6(v/y)+16(VS)*(v^)2  +  20(\/S)8(v/y)3 

+  16(V^)2(^y)4  +  6(v^)(^y)6  +  (</y)6 

=x8  +  6x2\/xv'y  +  15x2v^  +20xy  Vx+  15xyv^  +  6y  Vx\/y2  +  y2. 
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=  (_  1)8  «  3(_  l)2vCr3  +  3(-  l)( ^33)2  -  (  VZr3)8 
=  _  1  -  3V^=li  +  9  +  3V-  3  =  8. 


27. 


4'82'68'09  12197 
4 


2'197  [13 
1 


41 


82 
41 


429 


4168 
38  61 


300 

90 

9 


1197 


1197 


4387 


3  07  09 
3  07  09 


Therefore,  the  sixth  root  of  4826809  is  13. 

28.  V|  =  V|  =  >/ixV6=jV6. 

29.  v''26a*  =  av^  =  av^2  =  «(5)l  =  a(6)i  =  a>/6. 


30. 


1 


Ix  V2 


V2      V2  X  \/2 


:  JV2  =  i  of  1.414+  =  .707+ 


81.    (2H-V8)(l-V2)  =  (2  +  2v^)(l-\/2)  =  2(H-V2)(l-\^) 
=2(l-2)  =  -2. 

(2  H- V- 8)(1  -  V^TI)  =  (2  +  2  V^)(l  -  V^^) 

=2(l+v-2)(l-\/^)=2(l  +  2)  =  6. 

33     \/3H-3V2  ^  (VS-f  3V2)(\/6-  2)  ^  3\/2  -  2\/3  +  6v/3  ~6V2 

>/6  +  2  (>/6+2)(\/G-2)  ^-4 

=  2V3-iV2. 

88.   Since  (ax)"*  H-(ax)"»  =(ax)"»-"»,  or  (ax)**,  and  since  (ax)"»  -f-(aa;)"» 

=  ^^^  =  1,  by  Ax.  1,  (axy  =  1. 
Cax)"* 


34.   Prove  that  az'^  =  - 


a;6 


ax~^  • 

«6 

aa;-6+6 

oxo 

a 

ofi 

x5 

X6 

x* 

«X-S=: 

36.    Prove  that  x*  =  y/¥^  ;  also  that  x^  =  (  v^)^. 

X*.X*.X^  =  X*^*"*'*  =  X2;    .-.  X*  =  \/S2. 

ac^  .  ajs  —  x^'^^  =  X* ;  .•.  x*  =  (x*)^  =  (  v/x)^  by  the  first  part  of  the  proof. 
86.   126^  =  (v^l26)2  =  62  =  26. 

(l)"'=[(f)T'-(i)""-[(i)T"=(f)"-l- 


Substituting  .  6  f or  x,       —  =  —  =  64. 
^  '       x8     .126 


i 


(1)  = 


64. 


Digitized  by 


Google 


358  KEY  TO   STANDARD  ALGEBRA  [355 


Page  355 

a  —  b        X        a-\-b         x 


Transposing, 


1 1     _.a  +  &     a-b^ 

o—  6     a  +6        X  X 

Uniting  terms,  -^_^=  — . 

/.  x  =  o2-62. 

38.  a;--     x-^     x-- 

c  a  0 

Clearing  of  fractions, 

abx  —  b  +  box  —  c  +  cax  —  a  =  0. 

.  ^-    q  +  fe  +  c 


ab  ■\-bc-\-ca 
89.  W5c2  -  na;  =  mn. 

Completing  the  square, 

4  m^^  —  4  mwx  +  n*  =  4  wi^n  +  n^. 


Extracting  the  square  root,   2  wac  —  n  =  ±  V4  wi^n  +  n*. 

.-.  a;  =  —  (n  ±  V4  m*^»+  w^). 
2m 

Clearing  of  fractions  and  transposing,  2a:*  —  3x2  +  1=0. 
Factoring,  (x^  -  1)  (2  x^  -  1)  =  0. 

Equating  each  factor  to  zero  and  solving,  x  =  ±  1  or  ±  J  y/2. 

41.  x6  H-  8  =  9  x8. 
Transposing,                                            a^-9x8  +  8  =  0. 
Factoring,  (x  -  1) (x2  +  x  +  1) (x  -  2)(x2  +  2 x  +  4)  =  0. 
Equating  each  factor  to  zero  and  solving,  

X  =  1  or  i(-  1  ±  V~  3)  or'2  or  -  1  ±  V-  3. 

42.  Vx  —  9  =Vx^— 1. 
Squaring,                                                     x  -  9  =  x  -  2  Vx  +  1. 
Canceling,  etc.,  6  =  Vx. 
Squaring,                                                   «  =  26. 

48.  x2+  Vx2  +  16  =  14. 

Adding  16  to  each  member  and  transposing, 

(x2  +  16)  +  Vx2  +  16  -  30  =  0. 
Factoring,  ( Vx2  +  16  -  6)  (  Vx2  +  16  +  6)  =  0. 

.-.  Vx2  4- 16  =  5  or  -6. 
Squaring,  x2  +  16  =  26  or  36. 

x2=9or20. 
.-.  x=  ±3or  ±2V5. 
±  2  V6  does  not  verify  and  is  rejected. 
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Transposing  and  factoring, 


(l+x^6)(^  +  .  +  4)  =  0. 


/.  -  +  X  =  6  or  —  4. 

X 

Clearing  of  fractions  and  transposing,  we  have  the  equations 

xa  -  6  X  +  4  =  0, 
whence,  x  =  1  or  4, 

and  x2  +  4  X  +  4  =  0, 

whence,  x  =  —  2  or  —  2. 

Hence,  the  roots  are  1,  4,  —  2,  —  2. 

46.  (l+x)6+(l-x)6  =  242. 

Expanding,  uniting  terms,  etc.,   x*  +  2  x^  —  24  =  0. 
Factoring,  (x^  -  4)  (x^  +  6)  =  0. 

Equating  each  factor  to  zero  and  solving,        x  =  ±  2  or  ±  V— 6. 

46.  X  +  x3  +(1  +  «  +  a;2)2  =  66. 

Adding  1  to  each  member  and  transposing, 

(l+a5H-x2)3H-(l  +  x  +  x2)-66  =  0. 
Factoring,  (1  +  x  +  a;2  —  7)  (1  +  «  +  a^  H-  8)  =  0. 
Equating  each  factor  to  zero  and  solving. 


47. 


X  =  2  or  -  3  or  i(-  1  ±  V^^SS). 
l  +  x ^  1-fx 


1+x-f  Vl+a!^ 


1  —  X  +  VI  +  x2 


RationaUzing,il±^^::^^I±^KUt^  =  a  -  (l-x-^VTT^^XU^ 
2x  -2x  ' 


(l+a;-vTT^)(l  +  x)^^  I  (l-x-VT4^)aH-x)^ 


2x 


or 

Canceling,  etc., 
whence, 

48. 


Subtracting  (1)  x  2  from  (2), 
Subtracting  (2)  from  (1)  x  3, 


2x(l+x)_^ 
2x 
1  +  X  =  a. 
.*.  X  =  a  —  1. 


2x 


«    y 

5+2  =  10. 

l=-io. 

X 
•  '•  X  =:  —  -j^  • 

i  =  20. 

y 


(1) 

(2) 
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{2x  +  Sy-\-z  =  Q, 

(1) 

\x-\-2y  +  Sz  =  lS, 

(2) 

\Sx-\-y-^2z=:n. 

(3) 

6x  +  6y-\-iJz  =  3S. 

(4) 

2  x-^2y-\-2z  =  ll. 

(5) 

x-y=0, 

x  =  y. 

(6) 

y-z  =  -2. 

aj  =  j/  +  2orx+2. 

(7) 
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49. 

Adding  (1),  (2),  and  (8), 

Dividing  (4)  by  3, 

Subtracting  (5)  from  (3), 
whence, 

Subtracting  (5)  from  (1), 
wlience 

Substituting  (6)  and  (7)  in (2),  x  +  2 ac  +  3  a;  +  6  =  13. 

'    .•.«  =  *. 
whence,  by  (6),  y  =  J» 

and,  by  (7),  z  =  ^. 

50.  \x  +  ay  +  z  =  ^a^-\,  (2) 

lx  +  y  +  a«  =  a2  +  3.  (3) 

Adding  (1),  (2),  and  (3),  (a  +  2)  (a;  +  y  +  £j)  =  a^  +  6a  +  6.  (4) 

Dividing  (4)  by  a +  2,  x-\-y -\-z  =  a  +  ^.  (6) 

Subtracting  (6)  from  (1),  (a—V)X  =  a—\. 

.-.  a;=l. 
Subtracting  (5)  from  (2) ,  (a  —  1  )y  =  2  a  —  2. 

.•.y  =  2. 
Subtracting  (6)  from  (3),  (jjL  —  \)z  =  a^  —  (t, 

.'.  z  =  a. 

lx^  +  xy=:2^,  (1) 

"•  \y^  +  xy=  12.  (2) 

Adding,  afi-^2xy-\-y^  =  SQ, 

whence,  « -f  y  =  6  or  —  6.  (3) 

Subtracting  (2)  from  (1),  x^-y^  =  12.  (4) 

Dividing  (4)  by  (3) ,  a;  -  y  =  2  or  -  2 ;  (5) 

that  is,  the  corresponding  values  of  a;  +  y  and  x—  y  are  6  and  2,  or  -  6 

and -2. 
From  (3)  and  (6),  x  =  4  or  —  4, 

and  y=2or— 2. 

52  ra;a  +  3xy  =  7,                               (1) 

®^-  \xy-^4y^  =  lS,                            (2) 

Adding,  x^  +  4  xy  +  4  y^  =  26, 

whence,  extracting  the  square  root,  x  +  2  y  =  5  or  —  6.                    (3) 

From  (3),  x  =  6-2yor-6- 2y.  (4) 

Substituting  6- 2yforx in  (2),  6  y- 2y2  +  4y2  =  18.  (6) 

Solving  (5),  y  =  2or-f, 

whence,  since  x  =  6  —  2  y,  x  =  1  or  14. 

Substituting  -  6  -  2  y  f or  x  in  (2) ,  -  6  y  -  2  y2  -f  4  y2  =  18.                 (6) 

Solving  (6),  y  =  f  or-2, 

whence,  since  x  =  —  6—  2  y,  x  =  —  14  or  —  1. 

Hence,  x  =  1,  14,  —14,-1 ; 

and  y  =  2,  -f,  f,-2. 
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68.  •  rx2H-x  =  26-y2_y,  q) 

I        xy  =  S.  (2) 

From  (1),  x^  +  y^+{x+y)-26  =  0.  (3) 

From  (2),  2  xy  -  16  =  0.  (4) 

Adding  (4)  to  (3),     (x  +  yy  +  (a  +  y) -  42  =  0.  (6) 

Factoring  (6),  (x  +  y  -6)(a;  +  y+  7)  =  0. 

.-.  a  +  y  =  6or -7.  (6) 

Squaring  (6),  x^ +  2xy -^y^  z=S6  or  40.  (7) 

Subtracting  (2)  x  4  from  (7), 

x^-2xy-\-y^  =  4^0x17^ 
whence,  x-y=±2oT±  Vl7.  (8) 

From  (6)  and  (8),  x  =  4  or  2  or  J  (-  7  +  VV7)  or  J  (~  7  -  \/l7), 
and  y  =  2  or  4  or  J  (-  7  -  Vvf)  or  J  (-  7  +  VT7). 

54  f  V^  =  12,  (1) 

\x  +  y-  y/x-hy  =  20,  (2) 

Transposing  in  (2),       x  +  y  -  -s/x -\- y  -  20  =  0.  (8) 
Factoring  (3) ,      (  Vac  +  y  -  6)  (  Va;  +  y  +  4)  =  0. 

.  •.  Va;  +  y  =  6  or  —  4.  (4^ 

Squaring  (4),  ac  +  y=  25  or  16.  (6) 

Squaring  (1),  xy  =  144.  (6) 

Squaring  (5),  a;2  ^  2  icy  +  y*  =  626  or  266.  (7) 

Subtracting  (6)  x  4  from  (7),  a;2  _  2xy  +  y2  =  49  or  -  320, 
whence,  x-y  =±  7  or  ±  8  V^.      (8) 

From  (5)  and  (8-)         g  =  16  or  9  or  8  +  4  V-6  or  8  ~  4\/^^, 
and  y  =  9or  16or8 -4V^^or8 +4V^^. 

^  "^  f  "*"  w^'  ?  "  f  ^3'  I  do  not  verify  and  are  rejected. 


rxy-a;y2  =  -6,  (1) 

I   x-a:y8  =  9.  (2) 


^^-  \   x-a:y8  =  9.  (2' 

Multiplying  (1)  by  3,  etc.  3  a;y(l  -  y)  =  -  18.  (3^ 

Multiplying  (2)  by  2,  etc., 

2a:(l+yH-y2)(l-y)=18. 

Adding  (3)  and  (4),  a;(2-f  6y  +  2y2)(l  -  y)  =  0. 

When,  from  (6),  2y2  +  6  y  +  2  =  0, 

factoring,  (y  +  2)  (2  y  +  1)  =  0, 

whence,  y  =  —  2  or  —  J. 

Substituting  these  values  in(l),  a;  =  lor8. 

When,  from  (6),  1  -  y  =  0.  y  =  1, 

and,  in  (2),  jc  =  |  =  oo .  (9) 

When,  from  (6),  a:  =  0,  substituting  in  (2),  y  =  —  J  =  —  ®. 

iience,        \y  =  _2,  -J,  1,  -oo. 

^  ~  5°  '_^  I  do  not  verify  and  are  rejected. 

56.  /   «     ^  =  ^  +  y»  (1^ 

la:2  +  y2  =  8.  (2) 

From  (1),  2  «y  -  2(a  +  y)  =  0.  (3) 

Adding  (3)  to  (2),  a;2  +  2 a:y  +  y2  -  2(a5  +  y)  =  8.  (4) 


(6) 
(7) 
(8) 
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Completing  the  square, 

(»  +  y)*-2(x  +  y)  +  l  =  9. 
Extracting  the  square  root,  x  +  y  —  1  =  ±3. 

.-.  x+ y  =  4or  —  2.  (5) 

From  (1)  and  (6),  2  a:y  =  8  or  -  4.  (6) 

Subtracting  (6)  from  (2),        aj*  -  2  yy  +  y^  =  0  or  12, 
whence,  x  — y  =  ±0  or  ±2V§.     _      (7) 

From  (6)  and  (7),  x  =  2or2or-l+V^or-l—  VS, 

and  y  =  2  or  2  or  -  1  -  V3  or  -  1  +  VS. 

rx2y2-4xy=5,  (1) 

®^-  t      x2+4y2=:29.  (2) 

Solving  (1)  for  xy,  xy  =  5  or  —  1,  (3) 

whence,  4xy  =  20  or—  4.  (4) 

Adding  (4)  to  (2),  X?  +  4  xy  -f  4  y*  =  40  or  26, 

whence,  x  4-  2  y  =  i  7  or  i  6.  (6) 

Subtracting  (4)  from  (2),  x^  -  4  xy  +  4  y2  =  9  or  33, 

whence,  x— 2y=±3or±  V33.  (6) 

^From  (5)  and  (6),  since  they  are  derived  separately, 
x'=:6,2, -2, -6,i(6  +  V33),K5-V33),}(-6  +  V^),i(-5-V33); 
y  =  l,!,-i-l,K6-V33),i(fiH-V33),J(-6-V33),i(-5+V33). 

58  f2x8  +  2y«  =  9xy,  (1) 

^^'  \         x  +  y  =  3.  (2) 

From  (1),  2(x  +  y)(x2  -  xy  +  y^)  =  9xy.  (3) 

Substituting  (2)  in  (3),  6(x2  -  xy  +  y2)  =  9xy. 

Transposing,  6  x^  —  1 6  xy  +  6  y2  =  0.  (4) 

Factoring  (4) ,  (x  -  2  y)  (6  x  -  3  y)  =  0. 

.*.  x  =  2yorJy.  (5) 

Substituting  2  y  for  x  in  (2),  y  =  1, 

whence,  x  =  2. 

Substituting  J  y  for  x  in  (2),  y  =  2, 


whence, 

x  =  l. 

69. 

fxi  +  y*  =  4, 
1   x*  +  y  =  16. 

(1) 

(2) 

Dividing  (2)  by  (1), 

X— x^y^  +  y*  =  4. 

(3) 

Squaring  (1), 

x  +  2xV  +  y*  =  16. 

(4) 

Subtracting  (3)  from  (4), 

3xiyi=12. 
.-.  xM  =  4. 

(6) 

Subtracting  (6)  from  (3), 

X— 2xM-f  y*=0. 

whence, 

xi  -yi  =  ±0. 

(8) 

From  (1)  and  (6), 

xi  =  2. 

and 
Hence, 

yi  =  2, 
X  =  4  and  y  =  8. 

It  is  seen  from  (6)  that  each  of  the  roots  occurs  twice. 
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1.  Let  X  =  number  of  miles  down  the  river. 

12  +  3  =  15,  number  of  miles  per  hour  downstream, 
and  12  —  3  =  9,  number  of  miles  per  hour  upstream ; 

16     9 
Solving,  X  =  46. 

Hence,  the  steamboat  can  go  45  miles  down  the  river  and  return  in  8 
hours. 

2.  Let  X  =  number  of  cents  paid  per  dozen. 

Then,  3a;  =  64-^  — . 

12 
Solving,  x=±  16. 

Hence,  the  price  was  16  cents  per  dozen. 

8.  Let  X  =  number  of  horses  he  had. 

Then, =  part  of  the  stable  room  occupied  by  1  horse, 

X  —  o 

and =  part  of  the  stable  room  occupied  by  1  horse 

*  +  o         after  the  new  stable  was  built. 
Since  the  stable  room  was  increased  one  half, 

-JL.  =  _Jl_. 

ac-8     a;  +  8 
Solving,  X  =  40,  the  number  of  horses. 

4.   Let  X  =  number  of  pounds  the  whole  weighed. 

Then,  J  sc  —  5  =  number  of  pounds  of  copper, 

iiix  +  %)  +  5  =  number  of  pounds  of  lead  and  of  tin ; 
.'.ix-5  +  i(ix  +  6)  +  l0  =  x. 
Solving,  a;  =  50, 

whence,  Jx— 5  =  20and  JQa;  + 6)  +  6  =  15. 

Hence,  there  were  20  pounds  of  copper  and  15  pounds  of  lead  and  of  tin. 

6.  Let  X  =  number  of  miles  he  may  ride. 

Then,  —  =  number  of  hours  he  rides, 

m 

and^  -  =  number  of  hours  he  walks  : 

n 


m     n 


Solving, 


m+  n 

6.   Let  X  =  number  of  car  loads  he  had  at  first. 

Then,  ^x  —  \  =  number  of  car  loads  left  after  1st  sale, 

KJ^:  —  i)— }  =  Ja;  —  1  =  number  of  car  loads  left  after  2d  sale, 
and       KJa;  —  I)— i  =  i«  —  1  =  number  of  car  loads  left  atter 3d  sale, 

had  he  made  the  sale : 
.•.ix-J  =  0. 
Solving,  a  =  7. 

Hence,  he  had  7  car  loads  of  grain  at  first. 
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7.  Let 

3a;  =  number  of  days  he  worked. 

Then, 

X  —  number  of  days  he  was  idle ; 

•* 

6 

2 

3a;-^a;  =  24. 
2 

Multiplying  by  J, 

5aj-a:  =  16. 
.•.a;  =  4, 
3  a;  =  12,  the  number  of  days  he  worked. 

whence, 

8.  Let 

X  =  number  of  dollars  1st  cup  is  worth. 

and 

y  =  number  of  dollars  2d  cup  is  worth. 

Then, 

a:  +  !  =  V  y, 

and 

x  =  6, 

Solving, 

and 

y  =  4. 

Hence,  the  first  cup  is  worth  $  6,  and  the  second,  $  4. 

9.  Let  X  =  greater  number, 
and                                           y  =  less  number. 

Then,  x  +  y  =  xy  =  x^  —  y'^. 

Since  these  equations  stand  for  three  simultaneous  equations,  any  two  of 
which  are  independent,  while  the  third  is  derived  from  the  two  independ- 
ent equations,  we  may  select  the  equations 

f    x  +  y  =  xy,  (1) 

\x^-y^  =  xy.  (2) 

Dividing  (2)  by  (1),  a;  -  y  =  1.  (3) 

Squaring  (3) ,  a;^  -  2  a;^/  +  y2  _  i.  (4) 

From  (1) ,  4  xv  -  4(a;  +  y)  =  0.  (6) 

Adding  (6)  to  (4),  7? -\.  2  xy -\- y'^ -  ^(x  +  y)=  1. 

Completing  the  square,  {x  +  y)^  —  4{x  -\-  y)-\-  4  =  6, 

Extracting  the  square  root,  x+  y  —  2=  ±  VS. 

.\x  +  y  =  2±V6.  (6) 

From  (6)  and  (3),  x  =  f  +  iVZ  or  |  -  i  VS, 

and  y  =  l_+iV^ori-_iV6. 

Hence,  the  numbers  are  J  (3  +\/6)  and  J(l  +  V6)  or  J(3  — v^S)  and 

i(l-V6). 
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10.  Let  X  =  number  of  feet  in  length  before  the  increase, 
and  y  =  number  of  feet  in  width  before  the  increase. 


Then,                            (*  "^  i)  i^'  +  4)  =  *^  +  ^^' 

.       (1) 

and                                             2.f-f2.?  =  4. 

8          4 

From  (1),                                             a;y=32, 
and  from  (2),                                   a;  +  2  y  =  16. 

From  (3)  and  (4),                                  a;  =  8, 
and                                                           y  =  4. 

(2) 

(3) 
(4) 

Then,                                               a;  + 1  =  9, 

0 

and                                                         y  4.  y  =  5. 

4 

Hence,  the  finished  rug  is  9  feet  long  and  6  feet  wide. 

Digitized  by  VjOOQIC 


357]  GENERAL   REVIEW  365 

11.  Let  X  =  number  of  tons  each  cart  can  cany, 
and  y  =  number  of  tons  each  wagon  can  carry. 

Then,  15  a;  +  12  y  =  28, 

and  24  a;  4-  8  y  =  28. 

Solving,  x  =  i, 

and  ?/  =  f. 

Hence,  each  cart  can  carry  }  of  a  ton,  and  each  wagon  1^  tons. 

12.  Let  X  represent  the  units'  digit. 

Then,  100  x  4- 10  x  +  a;  =  the  number ; 

.-.100x4-  10x4-a;-7.3x  =  180. 
Solving,  X  =  2. 

Hence,  the  number  is  222. 

13.  Let  X  =  number  of  days  in  which  A  can  do  it, 

y  =  number  of  days  in  which  B  can  do  it, 
and  .         z  =  number  of  days  in  which  C  can  do  it. 

Then,  -  +  -  =  -,  (1) 

X     y     m 

W-  =  K  (2) 

y     z     n 

and  l  +  l  =  h  (3) 

X     z     p 

Adding  and  dividing  by  2,  -  +  --¥  -.=  ^P+mp4-mn  ,^. 

X     y     z  2mnp 

Since  (4)  represents  the  part  of  the  work  all  together  can  do  in  one  day, 

it  will  take  them  all  1  -^  rip  +  mp-\-mn  ^^^^^  ^^ 2mnp ^         ^ 

2  mnp  mp  -f  wp  +  mn 

complete  the  work. 

Subtracting  (2),  (3),  and  (1)  in  succession  from  (4),  and  solving. 


2  mnp 


-,  number  of  days  in  which  A  can  do  it, 


—  mp  -f  up  -H  mn 

y  =r a^I^ J  number  of  days  in  which  B  can  do  it, 

mp  ■\-  np  —  mn 

and   z  = ^^^^^ ,  number  of  days  in  which  C  can  do  it. 

mp  —  np  4-  van 

14.  Let  .  X  =  number  of  pounds  of  baggage  allowed  each  pas- 

senger without  charge. 

Under  the  first  condition  (400  —  2  x)  pounds  are  subject  to  charge  at 

100 

cents  per  pound,  and  under  the  second  condition  (400  — x) 


400- 2  X 

150 

t cents  per  poi 

400  -  X 

100  160 


150 

pounds  at cents  per  pound. 

400  —X 


Therefore,  ^ 

400-2X     400-x 

Solving,  X  =  100,  number  of  pounds  allowed. 

16.   Let  X  =  number  of  men. 

Then,  x2  =  4(x+3). 

Solving,  X  =  6  or  —  2. 
Hence,  there  were  6  men. 
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16.  Let  X  =  number  of  pounds  in  the  first  lot. 
Then,      x  —  20  =  number  of  pounds  in  the  second  lot ; 

.•.x^  +  (x- 20)2  =  3400. 
Solving,  X  =  60  or  —  30, 

whence,  rejecting  the  negative  value,  x  —  20  =  30. 
Hence,  there  were  60  pounds  in  the  first  lot  and  30  pounds  in  the  second. 

17.  Let  X  =  number  of  shillings  paid  per  week. 

Under  the  first  condition  A  had  to  pay  (x  —  18)  shillings  for  the  pastur- 
age of  4  horses.    Hence,  ^  ~      shillings  per  horse  were  paid  by  both  A 
4 

X  —  18  4x 

and  B,  and  the  number  of  horses  in  the  pasture  was  x  ^ ,  or 


x-18 

4x 

Similarly,  under  the  second  condition,  the  number  of  horses  was  - 


x-20 

Since  the  second  condition  was  due  to  increasing  the  number  of  horses 
by2,  4x    ^    4x    ^  g. 

^    '  x-20     x-18^ 

Reducing,  x^  -  42  x  +  360  =  0. 

Solving  this  equation,  x  =  30  or  12. 

The  second  value  is  evidently  inadmissible. 
Hence,  the  cost  of  hiring  the  pasture  was  30  shillings  per  week. 

18.  Let  X  =  number  of  cents  per  dozen  in  first  price, 
and              X  —  1  =  number  of  cents  per  dozen  in  second  price. 

Then,  J2-=«2  +  5. 

X—  1         X 

Solving,  X  =  4  or  —  3. 

Hence,  he  sold  apples  for  4  cents  per  dozen  at  first. 

Page  358 

19.  Let  X  =  number  of  miles  per  hour  traveled  before  accident, 
and  y  =  number  of  hours  required  to  make  the  trip  at  the 

rate  of  x  miles  per  hour. 
Then,  xy  =  number  of  miles  in  the  whole  distance, 

2  X  =  number  of  miles  traveled  before  accident, 

and  ^i^_z: — ^—  number  of  hours  occupied  in  completing  trip. 

.•.2  +  l+?2^^^  =  y  +  7i.  (1) 

Under  the  second  condition, 

2  X  +  50  =  number  of  miles  traveled  before  accident, 

2  H —  =  number  of  hours  before  accident, 

X 


and    ^ ^ =  number  of  hours  occupied  in  completing  trip. 
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From  (1),  y=  12.  (3) 

Subtracting  (2)  from  (1),  -  ^  +  i?  =  1  (4j 

X      f  X     3 
Solving  (4),  a;  =  26.  (6) 

From  (8)  and  (6),  xy  =  300. 

Hence,  the  whole  distance  was  300  miles. 

20.  Let  X  =  number  of  miles  per  hour  A  walked, 

and  y  =  number  of  miles  per  hour  B  walked. 

30     30     ^ 
Then,  1^  =  7+2,  (1) 

42  42 

From  ri),  Iby  =  I6x+xy,  (3) 

Multiplying  each  member  of  (2)  by  2(x  -f  i)(y  H-  i), 

84y  +  42  =  84a;H-42  +  4a;yH-2a;  +  2yH-l.(4) 
Canceling  42  =  42,  subtracting  (3)  x  4,  and  reducing, 

22  2/  =  26x-fl.  (6) 

Multiplying  (3)  by  22,     15  •  22  y  =  330  x  +  x  •  22  y.  (6) 

Substituting  (6)  in  (6), 

16  (26  X  +  1)  =  330  X  +  x(26  x  +  1). 
26x2-59x-15  =  0. 
(2x-6)(13x  +  3)  =0. 

.-.  x  =  f  or-^Sy. 
Rejecting  the  negative  value  and  substituting  ^  for  x  in  (5), 

y  =  3. 
Hence,  A  traveled  2}  miles  per  hour  and  B  3  miles  per  hour. 

21.  From  §  237,  Ex.  20,  pd  =  WD. 

Substituting  for  d  and  D,  the  values  given  in  the  figure,  and  for  W, 
360,000,  the  weight  on  the  wall  column.  Then  p  equals  the  weight  on 
the  interior  column. 

.-.  12p  =  4  X  360,000. 
Solving,  p  =  120,000. 

But,  the  weight  on  the  fulcrum  equals  the  sum  of  the  weights  on  the 
wall  column  and  on  the  interior  column. 

Hence,  the  weight  on  the  fulcrum  equals  360,000  pounds  plus  120,000 
pounds,  or  480,000  pounds. 

22.  Let  X  =  number  of  feet  per  second  sound  travels, 

and  y  =  number  of  feet  per  second  projectile  travels. 

^,  3360  .  3360      .. 

Then,  __  +  __  =  4J,  (1) 

,  5600      /3360  .  2240\      ,, 

From(l),       10,080y  +  10,080x  =  13xy,  (3) 

From  (2),       10,080  y  -  10,080 x  =  5xy.  (4) 

(3)+  (4),  18xy  =  20,160y. 

.-.  x=1120. 
(3) -(4),  8xy  =  20,160x. 

.••2/ =  2520. 
Hence,  sound  travels  1120  feet  per  second,  and  the  average  velocity  of 
the  projectile  is  2520  feet  per  second. 
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28.   Substituting  in 


«  = 


gt,  the  given  values, 
2010 


32.10 

Solving,  «  =  62.5.  „      ,  . 

Hence,  if  it  takes  62.6  seconds  for  the  bullet  to  rise,  it  will  take  twice 
that  time  for  it  to  rise  and  return  to  earth,  or  126  seconds. 

Substituting  in  s  =  J  gt^  the  value  for  g  and  the  value 

for  t  just  found,  s  =  02,812.6. 

Hence,  the  bullet  will  rise  62,812.5  feet. 
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1.  Solving  4a:  +  6y  =  24  for  y,  y  =  1(6 -  x). 
When  X  =  —  4,  2/  =  8 ; 

when  X  =  6,      y  =  0. 

Locate         ^  =  (-  4,  8) ,  5  =  (6,  0) . 

A  straight  line  drawn  through  A  and  B 
is  the  graph  of  4  x  -f  5  y  =  24. 

Solving  3  X  —  2  y  =  —  6  for  y, 
y  =  J(3x-f5). 

When  x=— 1,  y  =  l; 

when  X  =  3,      y  =  7. 

Locate  C  =  (-l,  1),2>=(3,  7). 

A  straight  line  drawn  through  C  and  D 
is  the  graph  of3x  —  2y=—  5. 

These  two  graphs  intersect  at  P  =  (1,  4) 

2.  ,-^+     ' 


L  ' 

:^*- 

^ 

*^^ji  1 

r^^                 ^ 

'^^ 

22F 

^^Vvi 

fr           \ 

■vJ/pI    1    1    1    1     i     i 

/ 

^^-*       ^ 

-J 

^(^     -i 

y 

H^v,      , 

'P 

^eH 

J 

¥*^n 

^ 

11 

Hence,  x  =  1  and  2/  =  4. 

8 


Clearing  of  fractions. 
Solving, 

3. 


=  0. 

2x  +  3      X  — 5     2x2-7x— 16 

3x-16  +  2x+3-8=0. 
x  =  4. 


From  (2), 

Substituting  a  for  y  in  (1), 

Substituting  6  for  x  in  (1), 

Hence,  the  values  are 


4. 


(1) 
(2) 


\(2/^a)(x-6)=0. 

2/  =  a  and  x  =  6. 

x  =  a-fcora  —  c,  when  y  =  a. 

y  =  6  —  cor6-fc,  when  x  =  6. 


fx  =  a  +  c,  a  —  c, 
\y=        «,        ttj 


4  X  +  2  y  -f  2?  =  3, 
(    X  —  2^  +  2=  0. 


6,  6; 

6  —  c,  6  +  c. 

(1) 
(2) 
(3) 
Subtracting  (3)  from  (2),  3^^  =  3.     .*.  y  =  1. 

Subtracting  (2)  from  (1),  x^-\-xy  -  x  -  2  ?/  =  -  1.  (4) 

Substituting  1  for  y  in  (4),  x^  =1.     .-.  x  =  i  1. 

2  («  +  2^)2  -  (X  -f  2/)(x  -  2  2/)  =  70,  (1) 

2(x  +  2^)-3(x-2y)  =2.  (2) 

From  (2),  x  =  82/-2.  (3) 

Substituting  (3)  in  (1), 

2  (9  2/  -  2)2  -  2  (0  2^  -  2)  (3  2/  -  1)  =  70. 

Simplifying,  etc.,  18  y^  _  7  i,  =  n. 

Solving,  2^  =  1  or  -  JJ. 


6. 
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Substituting  1  for  y  in  (»S), 
Substituting  —  }  J  for  y  in  (3), 

Hence,  the  values  are 

6. 

From  (1), 

From  (2), 

Substituting  (4)  and  (6)  in  (8), 
6x         Sx 

Simplifying,  etc., 

Substituting  (7)  in  (4), 
Substituting  (7)  in  (6), 

\ 

Solving  (1), 

Substituting  y  +  4  for  a;  in  (2), 
Simplifying, 
Solving, 

Substituting  (4)  in  a  =  y  +  4, 
Substituting  y  +  1  ^ or  x  in  (2), 
Simplifying, 
Solving, 

Substituting  (5)  in  a;  =  y  -f  1, 
X  =  J(lib6VIu»)  and  y  =  J(-l±6vlU9)  do  not  verify  and  are  rejected. 

g  Ua-\-c)x-(a-  c)y  =  2  ab,  (1) 

I  (a  +  h)x  -{a-b)y  =  2  ac,  (2) 

From  (1),  ax -^  ex  —  ay  +  cy  =  2  ab,  (3) 

and  from  (2),  ax -\- bx  —  ay  -\- by  =  2  ac.  (4) 

Subtracting  (3)  from  (4),  (6  —  c)x  +  (6  -  c)y  =  —  2  a(b  —  c) . 

.-.  y=-2a-x,  (6) 
Substituting  (5)  in  (3),  ax  +  ex  +  2  a*  +  ax— 2  ac—cx=  2  ab. 
Solving,  «  =  -  (a  -  6  -  c).     (6) 

Substituting  (6)  in  (6),  y  =  —  (a  +  6  +  c). 

9.     4x*  +  l=4x*+4a;2  +  i  _4a;2. 
=  (2a;2  +  l)i-(2x)2 

=  (2a:2  +  2»+  i)(2a;2-2a;+  1) 

=  J(2  a;  +  1  +  V=~l)(2  xH-l-V-l)(2a;-l+  V^) 

(2a;^l_V-l). 
27x2 +3x- 2=  (3ic+l)(9a;-2).      . 
•  4  X*  +y*-5  x2y2  =  (4  3^2  _  ^2) (a;2  _  ^2) 

=  (2  X  +  y)  (2  X  -  y )(x  +  y)  (X  -  y). 

STAND.  ALG.   KEY 24 
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x  =  6. 

x  =  ^^. 

a  +  y  =  icy, 

(1) 
(2) 

2x  +  2«  =  X2r, 

'   Sz  +  Sy  =  yz. 

(3) 

'%:■• 

(4) 

'=.-!%• 

(5) 

2x2 

(6) 

(x-l)(x-2) 

7x2-12x  =  0. 

.  •.  X  =  0  or  J^. 

(7) 

y  =  0  or  J^. 

0  =  0  or  —  12. 

K— y  —  Vx  —  y  =  2; 

s 

x8  -  y8  =  2044. 

X  —  y  =  4  or  1. 

(3) 

.-.  x=2/-f  4  ory  +  1 

(y  +  4)8  -  2/5  =  2044. 

j/2  +  4  y  =  166. 

y=ll  or -16. 

(4) 

X  =  16  or  -  11. 

(2/  +  1)«  -  2/8  =  2044. 

2/2  4.  y  =  681. 

y  =  i(-l±6Vl09). 

(6) 

x=iO  ±5Vl09). 
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10.  3(o  -  1)»  -  (1+  a)  =  3  o»  -  0  o2  -h  8  o  -  4 

If  2  is  substituted  for  a,  =  24  —  36  +  16  —  4  =0. 

Therefore,  a  — 2  is  a  factor  of  3a*— 9 a^  +  8o  -4. 
By  dividing  by  a  —  2, 

S(a  -  1)«-(1  -{■a)=(a'-  2)(3  o^  -  3 a  +  2). 
a4  _  oSfta.  52__  1  =  (a*  -  1)-  b\a^  +  1) 

=  (a3  +  l)(a2  -  1)-  62(a2  +  1) 
=  (a2  +  l)(a2-62-l). 

8 x"*  +  7  x""i  -  6  =  (x"i  +  3)(3x'^  -  2). 


11. 

Completing  the  square,       4  s 

Extracting  the  square  root, 


4x2+  mx  +  6  =0. 

'  +  mx  -\ = • 

16  16 

2x+^=±lVma-80. 
4  4 


.-.  X  =  J(~  m  ±  Vm2-80). 
The  roots  will  be  imaginary  if  the  discriminant  is  negative,  that  is,  if 

tn2<80. 


or,  solving,  if 

tn  <  4  VE  numerically. 

18.  Let 

Then, 

X 

x  +  80 

=  number  of 
=  number  of 

pounds  of  water  to  be  added, 
pounds  in  whole  solution. 

Hence,  20  pounds 

/.  35  +  80  =4- 

X  +  80  =  100. 
x  =  20. 
of  water  must  be  added. 
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13.  Let  y=:x2— 2x  +  l.  By§  418,  the  function  has  a  minimum  value 
at  X  =  1 ;  that  is,  when  x  =  1,  y  =  0,  the  minimum  value.  The  table  gives 
the  coordinates  of  other  points. 


(0 

y 

Points 

1 

0 

A 

0,2 

1 

B,& 

-1,3 

4 

C,  C 

-2,4 

9 

D,D' 

I 

•i. 

0% 

'p' 

\ 

A 

\ 

J 

/ 

\ 

*j 

/ 

\ 

.'^1 

° 

^!^ 

b- 

\ 

k    */ 

^ 

e 

\J\i 

Ift 

Plotting  these  points  and  drawing  a  smooth  carve  through  them,  we 
have  the  graph  of  the  function  x^  —  2  x  -f  1,  which  is  a  parabola. 
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X 

2-3«  + 
2 

1^36         15 
2     8x     16a:a 

5      16        26 
4     8a;     64x2 

2x 

-3a  + 

2a;-3 

2a:-3-A 

8« 

— 

2x_3-A 
4x 

2x      3       ^         ^^ 
4aj      16x2 

16        25 

8a:     64a;2 

16        45          75         226 

8x     16x2     64x8     256x* 

16. 


9fl2c2«*     3qc"»+*»  ■  ,  ft  g^     28ac"»  .  2«&8c»  .  2^ 
4&12  2,8      "^  6«     ■*"      3  9 

9a2c2«» 
4&12 


2  66  3 


3ac"» 

66 


3qc"* 
66 


68 


.  2  68c« 


3«c:!-268c«-^ 
66  3 


26  ac»     29  68c*'     2^ 

"66  3  9 

26  gc"  ■  2^  68c»  ■  216 


66 


3 


17. 

Multiplying  by  2, 
Adding  8, 


x2  +  7  X  -  3  =  \/2  x2  +  14  X  4-  2. 
2  x2  +  14  X  -  6  =  2V2x2  +  14x  +  2. 


2x2+14x4-2  =  2\/2x2  +  14x  +  2  +  8, 
Putting  p  for  V2  x2  +  14  x  +  2  and  j^  for  2  x2  -f  14  x  +  2, 

;)2_2;)  =  8. 

p  =  4  or  —  2. 


Solving, 

Substituting  4  for  p, 

Squaring, 

Solving, 

Substituting  —  2  for  p, 

Squaring, 

Solving, 


V2x2  +  14x  +  2  =  4. 
2x2  +  14x  +  2  =  16. 

«  =  K-7±V77). 


\/2x2  +  14x  +  2=-2. 
2  x2  -f  14  X  +  2  =  4.  _ 

_  x  =  i(-7±V63). 

J(  —  7  i  V63)  does  not  verify  and  is  rejected. 
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jg    hc(b-c)-^acCc-a)-^ab(a-b)  _b^c  -  bc^  +  ac^  -  a^c  4-  a^b  —  ab^ 
a^  -{-  be  —  ac  —  ab  a"^  +  be  —  ac  —  ab 

^-c(a^^b^)+cHa-b)-hab(a-b) 

a^a—  6)—  c(a—  b) 
__  r-  c(a  +  b)  4-  c^  +  ab1[a  -  &1 . 

(a—  6)(a  —  c) 
_  —  ac  —  &c  +  c^  4-  q& . 
~  a—  c 

_b(a-c)-c(a-c)_^      c. 
a— c 
r2x     5y     /3a;     4  y\  _     2  ... 

?-J^=l.  (2) 

From  (2),  y  =  ^.  (3) 

Substituting  —  for  y  in  (1), 

3 

2x _ 6ac _ /3_x__ 8«\  __ 2^ 

3       18      V  2        9  /         3' 
Solving,  x  =  S, 

Substituting  3  for  sc  in  (3),  y  =  2. 

90  I  y/i-^/_y  =  2,  (1) 

l(V'a;-Vy)Vxy  =  30.  (2) 

Substituting  (1)  in  (2),  2Vxy  =  30. 

Dividing  by  2  and  squaring,         xy  =  225. 


.y  =  '-^'  (3) 


Substituting  ??5  for  y  in  (1), 
a; 


VS-ii=2. 
Vx 

X-2y/x  =  U. 
Solving,  «  =  26  or  9.  (4) 

Substituting  (4)  in  (3),  y  =  9  or  26. 

a;  =  9  and  y  =  26  do  not  verify  and  are  rejected. 

21.    Substituting  —  6  for  a,   a«  4- &"  =  (-&)» 4- &" 

If  n  is  odd,  =—  ft«  4.  ?>«  =  0. 

/.  a  4-  6  is  a  factor  of  a"  4-  6"  for  all  positive  odd  integral  values  of  n. 

28.   Let  x  =  number  of  fept  in  length  of  room, 

y  =  number  of  feet  in  width  of  room, 

and  z  =  number  of  feet  in  height  of  room. 

Then,  xy  =  120,  (1) 

yz  =  80,  r2) 

and  xz  =  96.  (.3) 
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From  (1), 

and  from  (3), 

Substituting  (4)  and  (5)  in  (2), 


X 

X 

x^  =  144, 
x  =  ±V2. 
y  =  10. 

z  =  S. 


(4) 
(6) 

(6) 


Substituting  (6)  in  (4), 
Substituting  (6)  in  (6), 
Hence,  the  length  of  the  room  is  12  feet,  the  width  10  feet,  and  the 
height  8  feet. 


23. 


v'6=(6)i  =  (6)i^  =  v/2l6. 


Hence,  Vs  is  greater  than  VE. 

24.   Solving  x^  +  y^  =  4  for  y,  y  =  ±  \/4  —  x^. 

Since  any  value  numerically  greater  than  2  substituted  for  x  will  make 
the  value  of  y  imaginary,  we  substitute  only  values  of  x  between  and 
Including  —  2  and  4-  2. 

Corresponding  values  of  x  and  y  are  recorded  in  the  table. 


\ 

eo 

y 

N,, 

\'i> 

V 

0 

±1 
±2 

±2 
±1.7 
0 

^ 

S^' 

IT 

^ 

^y 

r-S^ 

\ 

> 

S 

s 

X 

K 

\ 

'    ,"^ 

\ 

-^ 

Plotting  these  eight  points  and  drawing  a  smooth  curve  through  them, 
we  have  the  graph  of  x^  +  y''^  =  4,  which  is  a  circle. 

Solving  6  a:  +  4  y  =  20  for  y,  y  =  J(4  —  x). 

When  X  =  0,  y  =  5  ;  when  x  =z  4,  y  =  0. 

Plotting  the  points  (0,  6)  and  (4,  0),  and  drawing  a  straight  line 
through  them,  we  have  the  graph  of  6  x  +  4  y  =  20. 

These  two  graphs  have  no  point  in  common.  This  means  that  the  roots 
of  this  system  of  equations  are  imaginary. 

26.  Let  X  =  number  of  inches  in  length  of  box, 

y  =  number  of  inches  in  width  of  box, 
and  z  =  number  of  inches  in  height  of  box. 

Then,  x  +  12  =  number  of  inches  in  length  of  tin, 

and  y  +  12  =  number  of  inches  in  width  of  tin. 

Then,  x  +  12  =  2/  +  12  +  4. 

.-.  y  =  x-4.  (1) 

xyz  =  840.  ;     (2) 

Since  a  6-inch  square  is  cut  from  each  corner,  and  the  ends  and  sides 
are  then  turned  up,  the  height  of  the  box  is  6  inches. 
Substituting  (1)  in  (2),  x(x  -  4)6  =  840. 
x2-.4x  =  140. 
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Solving,  X  =  14.  (3) 

Substituting  (8)  in  (1),  y-  10. 

Hence,  the  length  of  the  box  is  14  inches,  the  width  is  10  inches,  and 
the  height  S&  6  inches. 
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8.                                                                6a;-5>13. 
Transposing,  Prin.  3,                                         6  x  >  18. 
Dividing  by  6,  Prin.  2,                                          x  >  3. 

4. 

Transposing,  Prin.  3, 
Changing  signs,  Prin.  4, 

6x-l<6x-h4. 
-x<6. 
x>-6. 

6. 

Uniting  terms. 
Multiplying  by  j,  Prin.  2, 

8x-ix<30. 

ix<30. 

x<12. 

6. 

Transposing,  Prin.  3, 
Dividing  by  -  2,  Prin.  2, 

4x+l<6x-ll. 
-.2x<-12. 
x>6. 

f4x-ll>Jx,                     (1) 
^'                                                            \20-2x>10.                       (2) 
Multiplying  (1)  by  3,  Prin.  2,                 12  x  -  33  >  x. 
Transposing,  Prin.  3,                                        11  x  >  33. 
Dividing  by  11,  Prin.  2,                                        x>3. 
Transposing,  in  (2),  Prin.  3,                          -  2  x  >  -  10. 
Dividing  by  -  2,  Prin.  2,                                      x  <  5. 
Hence,  x  is  greater  tha,n  3  and  less  than  6 ;  that  is,  x  can  have  all 
dues  that  lie  between  3  and  6. 

r  3-4x<7, 
*•                                                              t6x+10<20. 
Transposing  in  (1 ) ,  Prin.  3,                           -  4  x  <  4. 
Dividing  by  -  4,  Prin.  2,                                       x  >  -  1. 
Dividing  (2)  by  6,  Prin.  2,                             x  +  2  <  4. 
Transposing,  Prin.  3,                                            x  <  2. 
Hence,  x  is  greater  than  —  1  and  less  than  2. 

9^ 
(2) 

9. 

2x      6x 
x-f-3-+~^  >26    and<30. 

Multiplying  by  6,  Prin.  2, 
Dividing  by  16,  Prin.  2, 

6a;  +  4x  +  5x>  150  and  <  180. 
15  X  >  150  and  <  180. 
x>10    and  <  12. 

„                                                              r2x-3y<2, 
^^-                                                              I2x  +  6y  =  25. 
Subtracting  (2)  from  (1),  Prin.  1,                 _  8  y  <  -  23. 
Dividing  (3)  by  -  8,  Prin.  2,                                y>2f 
Multiplying  (1)  by  6,  Prin.  2,               10  x  -  16  y  <  10. 

(1) 
(2) 
(3) 
(4) 
(5) 
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Multiplying  (2)  by  3,  6x+16y  =  16.  -  (6) 

Adding  (6)  to  (6),  Prin.  1,  16  x  <  86.  (7) 

Dividing  (7)  by  16,  Prin.  2,  «<  5^- 

Hence,  the  positive  integral  values  are  «  =  6,  y  =  3. 


12. 


r3a;  +  2y  =  42,  (1) 

I    3x-|>16.  (2) 

Subtracting  (2)  from  (1),  Prin.  6,  ^y< 26. 

Multiplying  (3)  by  ^^,  Prin.  2,  y<  12A. 

Multiplying  (2)  by  14,  Prin.  2,  42  x  -  2  y  >  224. 

Adding  (1)  to  (6),  Prin.  1,  46  x  >  266. 

Dividing  (6)  by  46,  Prin.  2,  x  >  6Ji. 

Hence,  the  positive  integral  values  are  x  =  6,  y  =  12;  x  =  8,  y  =  9; 
X  =  10,  y  =  6 ;  X  =  12,  y  =  3. 

18  fx  +  y  =  10,                   m 

"•  I     4x<3y.                  (2) 

From  (1),  y  =  10-x.             C3) 

Substituting  (3)  in  (2),  4  x  <  30  -  3  x. 

Transposing  in  (4),  Prin.  3,  7  x  <  30. 

Dividing  (6)  by  7,  Prin.  2,  x<4f 

From  (1),  X  =  10  -  y. 

Substituting  (7)  in  (2),  40  -  4  y  <  3  y. 

Transposing  in  (8),  Prin.  8,  -  7  y  <  —  40. 

Dividing  (9)  by  -  7,  Prin.  2,  y  >  6^. 
Hence,  the  positive  integral  values  arex  =  4,  y  =  6;  x  =  3,  y=7;  x=2, 
y  =  8;  x  =  l,  y  =  9. 


r  y  =  3x  +  4,  (1) 

t25<? 


^*-                                                                               \26<2y  +  3x.  (2) 
Substituting  (1)  in  (2),                                          26  <  6  x  +  8  +  3  x.  (3) 

Transposing  in  (3),  Prin.  3,                              —  9  x  <  -  17.  (4) 

Dividing  (4)  by  -  9,  Prin.  2,                                   «  >  1|.  (6) 

Subtracting  (1)  from  (2),  Prin.  1,                  25  -  y  <  2  y  -  4.  (6) 

Transposing  in  (6),  Prin.  3,                              -  3  y  <  -  29.  (7) 
Dividing  (7)  by  -  3,  Prin.  2,                                  y  >  9J. 
Hence,  the  positive  integral  values  are  x  =  4,  y  =  16 ;  x  =  5,  y  =  19; 
X  =  6,  y  =  22 ;  etc. 

r     y-x>9,  (1) 

I  20  ^  16  ^  ^ 

Multiplying  (2)by  60,                                 21  x  +  4  y  =  640.  (3) 

Multiplying  (1)  by  4,  Prin.  2,                 -  4  x  +  4  y  >  36.  (4) 

Subtracting  (4)  from  (3),  Prin.  6,                      26  x<  604.  (5) 

Dividing  (6)  by  26,  Prin.  2,                                      x<20w^.  (6) 

Multiplying  (1)  by  21.  Prin.  2,            -  21  x  4-  21  y  >  189.  (7) 

Adding  (3)  to  (7),  Prin.  1,                                  26  y  >  729.  (8) 
Dividing  (8)  by  26,  Prin.  2,                                      y  >  29^. 
Hence,  the  positive  integral  values  are  x  =  20,  y  =  30  ;  x  =  16,  y  =  61 ; 
x  =  12,  y  =  72;  x=8,  y  =  93;  x=4,  y  =  114. 
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/  x>y  +  4,  (1) 

\x-2y  =  8.  (2) 


16. 

Subtracting  (2)  from   (1),  Prin.  1,  2  y  >  y  -  4. 

Transposing  in  (3),  Prin.  3,  y  >  -  4!                  (4) 

Multiplying  (1)  by  2,  Prin.  2,  2  x  >  2  y  4-  8.             (6) 

Subtracting  (2)  from  (5),  Prin.  1,  ac  +  2  y  >  2  y. 

Canceling  2  y  =  2  y,  Prin.  1 ,  a;  >  0. 
Hence,  the  positive  integral  values  are  y  =  1,  x  =  10  ;  y  =  2,  x  =  12  ; 
y  =  3,  X  =  14 ;  etc. 
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18.  x2  +  3x>10. 
Transposing,  Prin.  8,                            x^  -f  3  x  —  10  >  0. 
Factoring,                                           (x  —  2)  (x  -f  5)  >  0. 

Since  (x  —  2)  (x  +  5)  is  positive,  both  factors  are  positive  or  both  factors 
are  negative.  If  both  factors  are  positive,  x>2.  If  both  factors  are 
negative,  x  <  —  6. 

Hence,  x  can  have  all  values  except  2  and  —  6  and  those  which  lie 
between  2  and  —  5. 

19.  x2  +  8x>20. 
Transposing,  Prin.  3,                              x^  +  8  x  -  20  >  0. 
Factoring,                                           (x  -  2)  (x  +  10)  >  0. 

Since  (x  —  2)  (x  +  10)  is  positive,  both  factors  are  positive  or  both 
factors  are  negative.  If  both  factors  are  positive,  x  >  2.  If  both  factors 
are  negative,  x  <  —  10. 

Hence,  x  can  have  all  values  except  2  and  — 10  and  those  which  lie 
between  2  and  —  10. 

20.  a^  +  6x>24. 
Transposing,  Prin.  3,                              x^  +  ox  —  24> 6. 
Factoring,                                             (x  —  3)  (x  +  8)  >  0. 

Since  (x  —  3)  (x  +  8)  is  positive,  both  factors  are  positive  or  both  factors 
are  negative.  If  both  factors  are  positive,  x  >  3.  If  both  factors  are 
negative,  x  <  —  8. 

Hence,  x  can  have  all  values  except  3  and  —  8  and  those  which  lie 
between  3  and  —  8. 

21.  (x-2)(3-x)>0. 
Changing  signs,  Prin  .4,                      (x  — 12)  (x  —  3)  <  0. 

Since  (x  —  2)  (x  —  8)  is  negative,  the  factors  have  unlike  signs.  Hence, 
(x  —  2),  the  greater  factor,  is  positive,  and  x  —  3,  the  less  factor,  is  nega- 
tive ;  that  is,  x  can  have  all  values  between  2  and  3,  but  no  others. 

22.  x2>9x-18. 
Transposing,  Prin.  3,                             x^  —  9  x  +  18  >  0. 
Factoring,                                            (x  -  3)(x  —  6)  >  0. 

Since  (x  —  3)  (x  —  6)  is  positive,  both  factors  are  positive  or  both  factors 
are  negative.  If  both  factors  are  positive,  x>6.  If  both  factors  are 
negative,  x  <  3. 

Hence,  x  can  have  all  values  except  6  and  3  and  those  which  lie  between 
6  and  3. 
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88.  a;2  +  40a:>3(4a;-.26). 

ai2  +  40a;>12x-76. 

Transposing,  Prin.  3,  aia  +  28  x  +  76  >  0. 

Factoring,  (x  +  3)  (x  +  26)  >  0. 

Since  (a;  +  3)  Qk  +  26)  is  positive,  both  factors  are  positive  or  both  factors 
are  negative.  Ii  both  factors  are  positive,  a;  >  —  3.  If  both  factors  are 
negative,  x  <  —  26. 

Hence,  x  can  have  all  values  except  —3  and  —26  and  intermediate  values. 

24.  x^  +  bx>ax  +  ab. 

Transposing,  Prin.  3,  x^  —  ax  +  6x  —  a6  >0. 

Factoring,  (x  —  a)(x  +  b)>  0. 

Since  (x  —  a)  (x  +  b)  is  positive,  both  factors  are  positive  or  both  factors 
are  negative.  If  both  factors  are  positive,  x>a.  If  both  factors  are 
negative,  x  <  —  &. 

Hence,  x  can  have  all  values  except  a  and  —  b  and  those  which  lie 
between  a  and  —  6. 

26.  (x-3)(5-x)>0. 

Changing  signs,  Prin.  4,  (x  —  3)  (x  —  6)  <  0. 

Since  (x  —  3)  (x  —  6)  is  negative,  the  factors  have  unlike  signs.  Hence, 
X  —  3,  the  greater  factor,  is  positive,  and  x  —  6,  the  less  factor,  is  negative ; 
that  is,  X  can  have  all  values  between  3  and  6,  but  no  others. 

27        q  +  ft      q  +  25^  b  (i         ^     \ 

a  +  26     a  +  Sb  a  +  26      \       a  +  36/ 

b  b  -62 


a +  36     a  +  26      (a  +  3  6)(a  +  2  6)* 

Hence,  — — tt  > — rirZi  «  and  6  being  positive. 
'a  +  36     a  +  2  6  ^  ^ 
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28.  If  a,  6,  and  c  are  unequal,  since  (a  —  6)*,  (a  —  c)",  and  (6  —  c)* 
are  positive, 

a2-2a6  +  62>0, 
a2-2ac  +  c2>0, 
and  62-2  6c  +  c2>0. 

Adding,  Prin.  6,  and  dividing  by  2,  Prin.  2, 

a2  +  62  +  c2  -  a6  -  ac  -  6c  >  0. 
Transposing,  Prin.  3,  a^  +  62  +  c*  >  a6  +  oc  +  6c. 

29.  If  a  and  6  are  unequal,  (a  —  6)2  is  positive. 

.-.  a2  -2a6+62>0. 
Transposing,  Prin.  3,  a2  —  a6  +  62  >  a6. 

If  a  and  6  are  positive,  multiplying  by  a  +  6,  Prin.  2, 

a«  +  68  >  a26  +  a62. 

08  +  68     a2  +  62^a6(q2  +  62-  2a6) 
a^  +  b^      a-\-b        (a2  4.ft2)(ct  +  6)  '  ^^^ 

If  a  and  6  are  unequal  and  positive,  a2  +  62  —  2  a6,  or  (a  —  6)2,  is  posi- 
tive, a6  is  positive,  and  (a2  +  62)  (a  +  6)  is  positive. . 
Hence,  the  second  member  of  (1)  is  positive,  and 

a* +  68     024. 62  a8  +  68      a2  +  62 

a2  +  62      a+6         '  ''' a2  + 62^  a  + 6  ' 
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81.  Except  when  2a  =  8&,  (2  a  —  3&)3is  positive  ;  that  is, 

4a2-12a6  +  962>0. 
Transposing  -  12  ab,  Prin.  3,  4  a^  +  9  62  >  12  aft. 

Dividing  by  12  aft,  if  a  and  b  are  positive,  Prin.  2, 

36^4a^  • 

82.  Except  when  a  =  3  &,  (a  —  3  5)^  is  positive  ;  that  is, 

a2-.6a6  4-96a>0. 
Subtracting  b^  from  each  member,  Prin.  1, 

a2_6a6  +  86«>-6a. 
Factoring,  (a  —  2  &)  (a  —  4  6)  >  -  &». 

Changing  signs,  Prin.  4,  (a  —  2  &)(4  6  —  a)  <  ft^. 

88.     It  has  been  proved  in  Ex.  28  that    a^  +  b^  +  c^>ab  +  ac  -\-  be 
Transposing,  Prin.  3,      a^  +  6^  +  c^  —  a6  —  ac  —  6c  >  0. 
Multiplying  by  a  +  6  +  c,  if  a,  6,  and  c  are  positive,  Prin.  2, 

a»  +  6^  +  c»--3a6c>0. 
Transposing  —  3 a6c,  Prin.  3,  a'4-&*4-C>3 a6c. 

84.    Let  a  represent  any  positive  real  number,  except  1. 

It  is  to  be  proved  that  a  +  -  >  2. 

a 

Except  when  a  =  1,  (a  —  1)^  is  positive ;  that  is, 

a2-2a  +  l>0. 

Transposing  -  2  a,  Prin.  3,  a^  +  1  >  2  a. 

Dividing  by  a,  Prin.  2,  a  +  ->2. 

a 

86.   Let  -  represent  the  positive  proper  fraction. 
b 

Then,  a<  6,  and  it  is  to  be  proved  that  ^L±_^  >5[,  c  being  a  positive 
number.  6  +  06 

Prin.3,  «  +  c_a^c(6-«). 

b  +  c     b     b{b  +  c) 
Since  6  —  a  is  positive,  because  a  <  6, 

^i^JZj^  is  positive. 
6(6  +  c)      ^ 
...  ^_±_2_g[j^^^^ 
6  +  c     6 


Hence,  §  446, 

a  +  c^a 
6  +  c     6 

86.   Let 

Then, 

X  =  the  number. 
ix-l>ix-f3. 

By  Prin.  3, 

i-i>''- 

By  Prin.  2, 

a:>24. 

Hence,  the  number  must  be  25,  since  it  must  be  greater  than  24. 
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87.  Let  X  =  number  of  pupils  in  the  department. 
Then,                             6a;  +  26<6a;  -  74,  (1) 

and  2x  +  50>3x-61.  (2) 

By  Prin.  8,  from  (1),  x>  99, 

and  from  (2),  x<101. 

Hence,  since  the  number  of  pupils  must  be  greater  than  99  and  less 
than  101,  there  are  100  pupils  in  the  department. 

88.  By  the  first  condition,  '  5  A's  +  B's  >  51.  (1) 
By  the  second  condition,  3  A's  —  B's  =  21.  (2) 
From  (2),  B's  =  3  A's  -  21.  (3) 
Substituting  (3)  in  (1),    5  A's  +  3  A's  -  21  >  61. 

By  Prin.  3,  '  8  A's  >  72. 

By  Prin.  2,  A's  >  9. 

Substituting  in  (1),  B's  >  6. 

Hence,  A  must  have  more  than  $9  and  B  more  than  $6. 

89.  Let  X  =  number  of  passenger  trains  en- 

tering city  daily. 
Then,  by  first  condition,      4  a;  -  136  <  3  a;  +  24,  (1) 

and  by  second  condition,  4 «  +  63  <  6  x  —  95.  (2) 

From  (1),  by  Prin.  3,  x<  160. 

From  (2),  by  Prin.  3,  x>  168. 

Hence,  the  number  of  passenger  trains  is  169. 

40.   Let  X  =  the  number  of  soldiers  in  a  full  regiment. 

By  first  condition,  3  a;  -  693  <  2  a:  +  608,  (1) 

and  by  second  condition,    8  x  —  677  <  9  a;  —  1776.  (2) 

From  (1),  by  Prin.  3,  x<  1201. 

From  (2),  by  Prin.  3,  z>  1199. 

Hence,  the  number  of  soldiers  in  a  full  regiment  is  1200. 

RATIO  AND  PROPORTION 
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88.   It  is  to  be  proved  that,  |-i-^  >-,  where  -  is  a  given  ratio,  and  x  is 
3  -}-  X     3  3 

a  positive  number. 

2  4-x _  2  _        X 

3  +  x     3      3(3  +  x)' 

is  positive. 

3(3 +  x) 

.-.  ?-±^_ dispositive. 
S  +  x     3 

Heoce,  |i§>| 


8  +  x     8 

Digitized  by  VjOOQIC 


880 


KEY  TO  STANDARD  ALGEBRA 


[373,  381 


84.   The  ratio  of  gross  earnings  to  capital    =  !^^^^??^  =  1=1:5. 
®  &  1-  17,600,000     6 


stock 


$600  000        2 
Tlie  ratio  of  net  earnings  to  gross  earnings     =  ^       ^         =-  =  2:5. 

$1,600,000     6 

,  1600,000   ^2  _g.g5 

$7,600,000     26 


The  ratio  of  net  earnings  to  capital  stock 
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18.  Given, 

By  alternation, 
By  inversion, 
that  is, 

19.  Given, 

By  alternation. 
By  inversion, 

Writing  as  a  fractional  equation, 
which  may  be  written. 
Writing  as  a  proportion, 

20.  Given, 

By  alternation. 


or 


Cubing  each  proportional, 

21.  Given, 

Squaring  each  proportional. 

Expressing  as  a  fractional  equation. 

Dividing  each  member  by  c^, 
Expressing  as  a  proportion, 

22.  Given, 

Expressing  as  a  fractional  equation, 


Multiplying  each  member  by 


Expressing  as  a  proportion. 


J' 


a:h  =  c:d. 
a:c  =  b  :d. 
c:a'=  d:b, 
d:b  =  c:a. 

a:b  =  c:d. 

a:c  =  b:d. 

c:a  =  d:b. 

c  _d 

cxi  =  d  X  i. 


c:d  = 


1.1 
b'a 


•  a:b  =  c:d, 

a  :c  =  b:d, 

b:d  =  a:c, 

&» :  d*  =  «»  :  c«. 

a:b  =  c:d. 
a2  :  62  =  c2  .  cp. 

«?  =  £? 

-«i  =  l 

b^c^     d^' 

i^:b^c^  =  l:d^, 

a:b  =  c:d. 

a  __c 

b~  d 

wia  _  mc 

T"  i 
2       .2 

•*.«   6     ^.  .  d 
ma  :  -  =  vnc  :  -  • 
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23.  Given, 
'    Expressing  as  a  fractional  equation, 

Multiplying  each  member  by  -, 
d 

Expressing  as  a  proportion, 

24.  Given, 

Expressing  as  an  integral  equation. 
Extracting  the  square  root  of  each  member, 

Vad  =  VbCj 

which  may  be  written,  Vad  x  1  =  V6  x  Vc. 

Expressing  as  a  proportion,  Vad :  Vb  =  Vc :  1. 

26.   Given,  a:h  =  c:d. 

By  composition  and  division,         a  -^  h  :a  —  b  =  c-\-d:c  —  d. 

By  alternation,  a-f6:c  +  d  =  a— 6:c  —  d. 


a:b  = 

zc:d. 

6" 

_  c 
^d' 

ac  _ 
bd^ 

acibdz 

=  c^:d^. 

a:b-. 
ad-- 

=  c:d, 

=  bc. 

26.   Given, 

a:b  —  C'.d. 

By  composition, 

a-\-b:a  —  c-\-dic. 

By  inversion, 

a:a-\-b  =  C'.c-\-  d. 

By  alternation. 

a:c  =  a-\-bic-\-d. 

By  composition, 

a-\-c:a  =  a  +  b  +  c-\-dia'\-b. 

By  inversion. 

a:a  +  c  =  a-\-b\a  +  b  +  c-\-d. 

By  alternation. 

a:o  +  6  =  a  +  c:a-|-6  +  c  +  d. 

27.   Given, 

aib  =  cid,                       (1) 

By  Prin.  9, 

a^ib^  =  c^:d^. 

By  composition. 

a2  4-  foa  :  a2  =  c2  +  d^  :  c^. 

By  inversion. 

a2  :  a2  4:  62  =  ca  :  c2  +  d^. 

By  alternation. 

a2:c2  =  a2-f  62:c2  +  (22. 

By  Prin.  9, 

a:c  =  Va2+62:Vc2+d2.  (2) 

By  composition  i 

in  (1), 

a-\-b:a  =  c-{-d'.c. 

By  alternation. 

in  (2), 

a-{-b:c-\-d=za:c.                         (3) 

Substituting  (3) 

a  4-  6  :  c  +  (?  =  Va2  +  6^ :  Vc2  +  d^. 

28.   Given, 

a:b  =  c:d.                                (1) 

Raising  each  proportional 

to  the  fourth  power, 

a*  :  6*  =  C*  :  d\                                (2) 

By  division, 

a4  _  64  :  a4  =  c*  -  d*  :  c*.                      (3) 

Taking  (1)  by  division, 

a  —  b  :  a  =  c  —  d :  c,                        (4) 

Dividing  (3)  by  (4), 

a«  +  a^b  +  a62  +  6«  :  a8  =  c»  +  c^-^-cd^  +  cP:  (fi. 

29.   Given, 

a:b  =  c:d,                             (1) 

Expressing  as  a 

fractional  equation,         ^  =  - .                                   (2) 

b     d 

Multiplying  by  i,  ||  =  ||- 

Expressing  as  a  proportion,  2a:Sb  =  2c:Sd, 

By  composition,  2a-}-3  6:2a  =  2c-f3d:2c. 

By  alternation,  2a  +  36:2c  +  3d  =  2a:2c. 
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Multiplying  by  3,  6a  +  96:6c  +  9(2  =  6a:6c.  (3) 

Multiplying  (2)  by  J,  i|  =  fj- 

Expressing  as  a  proportion,  3a:46  =  3c:4d. 

By  composition,  3o  +  46:3a  =  3c  +  4(i:3c. 

By  alternation,  3a  +  46:3c  +  4(?  =  3a:3c. 

Multiplying  by  2,  Qa  +  Sb:6c-\-Sd  =  6a:6c.  (4) 

Substituting  (4)  in  (3),  6a  +  96:6c  +  9d=6a  +  86:6c  +  8d. 

By  alternation,  6a  +  96:6a  +  86  =  6c+9d:6c-h8d. 

Expressingas  a  fractional  equation,  ^^^±^  =  6c+9d 

6a+86      6c4-8d 
T^.^,.  „*,^8  2a  +  36      2c-|-3d 

Expressing  as  a  proportion, 

2o  +  36:3a  +  46  =  2c  +  3d:3c4-4cJ. 

80.  Given,  a:h=^  c.d. 
By  alternation,                                     a:c  =  b:d. 

Expressing  as  a  fractional  equation,         -  =  -. 

c      d 
Multiplying  the  first  member  by  J  and  the  second  by  Ai 

2a_  85 
3c      12d* 
Expressing  as  a  proportion,  2a:3c  =  85:12d. 

By  composition  and  division, 

2a  +  3c:2a-3c  =  86-fl2d:86-12<i 

81.  Given,  a  :  &  =  c :  d. 
By  composition  and  division, 

a  +  b:a  —  b=c-^d:c  —  d. 
By  alternation,  a  +  b:c-\-d  =  a  —  b:c  —  d. 

By  composition  and  division, 

a  +  5  +  c  +  d:a  +  6  —  c—  d  =  a  —  6  +  c  —  d:a  —  6  —  c  +  d. 
By  alternation, 

a-hb  +  c  +  dia-^b-^-c  —  d  =  a-^b  —  c  —  dia  —  b^c  +  d. 

(1) 
(2) 

(3) 
(4) 

(6) 

a 

Represent  the  mean  proportional  between  x  and  y  by  z,  and  the  mean 
proportional  between  c  and  d  by  v. 

Then,  x:z  =  z  :y^  (7) 

and  c  :  «  =  «  :  d.  (8) 


82.    Given, 
and 

a  :  6  =  c  :  d, 
a  ;  6  =  6  :  a, 
6  :  c  =  c  :  y. 

Solving  (2)  for  x, 

a 

Solving  (3)  for  y, 

-f 

Solving  (1)  for  d. 

d=^. 
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Substituting  (4)  and  (6)  in  (7), 


—  :«  =  «:—. 

a  h 

Solving,  z  =  c^-' 

Substituting  (6)  in  (8),  c  :  t?  =  t? :  — . 

a 

Solving,  17  =  c  -x/-  • 

Hence,  z=  v,  or  the  mean  proportional  between  x  and  y  equals  the 
mean  proportional  between  c  and  d. 


36. 

By  composition  and  division, 


Page  382 

Vx  +  Vm     m 


2y/x  __m  +  n 

Dividing  both  terms  of  the  first  ratio  by  2, 

Vx  _m-f-  n 
Vm     m-n' 

Squaring,  ^  =  f^^'. 

m      (m  —  ny 

SolYing.  X  =  '»('"  +  ")'■ 

(m  —  n)2 

2  ViK       3 
By  comi)osition  and  division,  =.  =  - . 

2V2a      1 
Dividing  both  terms  of  the  first  ratio  by  2, 

y/x  ^3 

V2a     - 

Squaring,  Jr"=T* 

2a      1 
Solving,  X  =  18  a. 

87  g  +  Vx  -  1  _  13 

x-v^r=n:    7' 

By  composition  and  division,        —  =  ~  • 

2Vx=^      6 
Dividing  both  terms  of  each  ratio  by  2, 

X  10 


Vi'::n     3 
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Squaring,  -^  =  ^- 

Solving,  05  =  10  or  ^. 

88.  Vx±l±V^^^ 

y/x  +6—  y/x  —  b 
Writing  -  for  a  and  taking  the  proportion  by  composition  and  division, 

2y/x'^ 
Dividing  both  terms  of  the  first  ratio  by  2  and  squaring, 

a;  +  6_ag-f-2a  +  l^ 
x-b     a2_2a  +  l* 

By  composition  and  division,  —  =  ^("  +  ^) . 

26  4a 

Dividing  both  terms  of  each  ratio  by  2,   -  =  ^?lii . 

Solving.  x  =  ^S^±n. 

2  a 

89  Va+  Va-'X_1^ 

y/a  —  y/a  —  x     ^ 

By  composition  and  division,       ^  =  —i-^. 

2Va  -  X     1  — <» 
Dividing  both  terms  of  the  first  ratio  by  2  and  squaring, 

a     _l-\-2a-\-  a^ 
a  —  X     1— 2a  +  a* 
By  division,  x_     4a 


Solving,  X  = 

40. 


a     (l+a)a 
4a2 


\/aic-6     3Va«— 26 


Vox  +  6     3\/ax-|-5  6 

By  composition  and  division,  ":rr-  = ;rT • 

26  7  6 

Dividing  both  consequents  by  6,  and  both  terms  of  the  first  ratio  by  2, 

>/ax_6\/flx-i-8  6^ 

_  L_  "^         * 

Solving  for  Vax,  Vax  =  3  6. 

Squaring,  ax  =  9  6*. 

a 


Digitized  by  VjOOQIC 


382,383]  RATIO  AND  PROPORTION  385 

41.  Vg-f  y/a-\-x  _y/h  +  y/x  ^b^ 

Va  —  Va  +  x     Vb  —  Vx  —  6 
By  composition  and  division,  dividing  both  terms  of  each  ratio  by  2, 

Va  V6 


Squaring, 


Va  -H  aj     Vx—  6 
a  & 


a  +  a;     x—  6 
Solving,  «_2a6 


a~6 

Vx+l  +  Vx-2_  Vx-3  +  Vx-4 


42. 

Vx  +  1  -  Vx  -  2      Vx  -  3  -  Vx  —  4 
By  composition  and  division,  dividing  both  terms  of  each  ratio  by  2, 

Vx  +  l      Vx  — 8 


Squaring, 


Vx  -  2      Vx  — 4 

a.-2     x-4* 
2x  — 1      2x  — 7 


By  composition  and  division. 

Solving,  X  =  6. 

Page  383 

1.  Let  X  =  number  of  dollars  in  smaller  share. 
Then,          35  —  x  =  number  of  dollars  in  larger  share. 

.        X     ^3 
"  36-x     4* 

36      7 
By  composition,  —  =  ^. 

.-.  X  =  16, 
whence,  36  —  x  =  20. 

Hence,  the  smaller  share  is  $  15  and  the  larger  is  $20. 

2.  Let  X  =  greater  number, 
and  y  =  less  number. 

Then,  5  =  |,  (1) 

.  From  (1),  3  y  =  2  X.  (3) 

Multiplying  both  terms  of  the  first  ratio  in  (2)  by  3,  and  both  terms  of 

-ihe  second  ratio  by  x,  ^^"^"^^  =  i^ .  C4) 


3  y  +  12  3  X 
3xjfJ2_4x^ 
2X  +  12      3x* 


Substituting  (3)  in  (4),  P^^  =  1^-  (5) 


STAND.    ALG.    KEY  —  26 
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Taking  (6)  by  composition  and  division, 

5  X  +  24  _  7  X 

X                 X 

.•.6x  +  24  =  7x.      • 

X  =  12,  greater  number. 

(6) 

Substituting  (6)  in  (3), 

y  =  8,  less  number. 

3.   Let 

X  =  greater  part, 

and 

y  =  less  part. 

Then, 

x  +  y  =  16, 

(1) 

and 

xy     _  3 

x2  +  y^    10 

(2) 

Multiplying  each  ratio  in  (2)  by  2  and  taking  the  proportion  by  inversion, 

x2  +  y'^_5 

2xy       3 

By  composition  and  division, 

x2  +  2xy  +  y2_8_4 
x2-2xy  +  y2     2     1 

Substituting  16  for  x  +  y,  etc 

.-V=Vf  =  8. 

(3) 

From  (1)  and  (8), 

X  =  12,  greater  part, 

and 

y  =  4,  less  part. 

4.   Let 

X  =  smaller  part 

Then, 

25- x  =  larger  part; 
.  26-x     4 
-x-lT 

By  composition, 

25        5 

x-l      1 
A  X  -  1  =  5, 

whence, 

X  =  6,  smaller  part, 

and 

26  —  X  =  19,  larger  part 

6.   Let 

X  =  one  number, 

and 

y  =  the  other. 

Then, 

x  +  y=4. 

(1) 

and 

x^  +  2  xy  +  y2     8 

x2  +  y2           5 

(2) 

Substituting  16  for  x^  -f  2  xy  +  y^  in  (2)  and  changing  4  to  ^, 

16           16 

X2  +  2/2        10 

...  X2  +  y2  =  10. 

(3). 

Taking  (2)  by  division. 

2xy    _3 

X2  +  y2        5 

(4) 

Substituting  (8)  in  (4), 

2xy_3^ 
10      5 

.-.  2xy  =  6. 

(6> 

Subtracting  (5)  from  (3), 

x9-2xy  +  y2  =  4^ 

whence, 

x-y  =  ±2. 

(6^ 

From  (1)  and  (6), 

X  =  3  or  1, 

and 

y  =  1  or  3. 

Hence,  the  numbers  are  3  and  1. 
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6.  Let  X  —  the  number. 
Then,  a;+l:«H-2  =  a;  +  4:a:  +  7. 
By  Prin.  1,  x^  +  8  a;  +  7  =  x^  +  6  a;  +  8. 
Solving,  a  =  }. 

7.  Let  X  =  the  number  of  native-born  inhabitants, 
and                                     y  =  the  number  of  foreign-bom  inhabitants. 

Then,  x :  y  =  6 : 2,  (1) 

and  x-\-y  =  l  ,750,000.  (2) 

From  (2),  y  =  1,760,000  —  x.  (3) 

Substituting  (3)  in  (1), 

x:  1,760,000- x  =  5:2. 

By  Prin.  1,  7  x  =  8,760,000. 

.-.  X  =  1,260,000.  (4) 

Substituting  (4)  in  (3),   y  =  600,000. 

Hence,  there  were  1,260,000  native-bom    inhabitants,  and    500,000 
foreign-bom  inhabitants. 

8.  Let  X  =  number  of  dollars  in  first  partner's  share, 

y  =  number  of  dollars  in  second  partner's  share, 

and  z  =  number  of  dollars  in  third  partner's  share. 

Then,  x-\-y-\-z=  19,000.  (1) 

.-.  X  -H  «  =  13,000.  (2) 

x:y  =  y:z,  (3) 

Substituting  6000  for  y,  by  Prin.  1, 

xz  =  36,000,000. 
From  (2),  «  =  13,000 -x. 

Substituting  (5)  in  (4),  and  solving, 

X  =  4000  or  9000.  (6) 

Substituting  (6)  in  (2),   «  =  9000  or  4000. 
Hence,  the  shares  of  the  three  partners  are  $4000,  $6000,  and  $9000. 

9.  Let  X  =  the  number  to  be  added. 
Then,         x+ll:x-Hl7=x  +  2:x-f6. 
ByPrin.l,    x2  +  16x  +  56  =  x2+ 19x-|- 34. 
Solving,                           X  =  7. 

10.  Let  to,  X,  y,  and  z  represent  the  four  numbers  in  proportion.  ' 

Then,                          w:x  =  y:z.  (1) 

w-y  =  l.  (2) 

x  +  y  =  V.  (3) 

y  : «  =  4  :  5.  (4) 

From  (4),  by  Prin.  2,    y=^'  (5) 

5 
Adding  (2)  and  (3) ,  to  -H  x  =  9. 

/.  X  =  9  -  ti^.  (6) 

Substituting  (5)  and  (6)  in  (1), 

to:9-t6=^:«. 
6 

Solving,  to  =  4.  (7) 

Substituting  (7)  in  (6),  x  =  6.  (8) 

Substituting  (8)  in  (3),  y  =  4.  (9) 

^ "     ""      ?  =  *• 


Substituting  (9)  in  (6),  « : 
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11.  Given,  n,  n  +  1,  n  +  2,  n  -|-  3,  four  consecutive  integers. 
If  n:n-|-l  =  n  +  2:n  +  3, 

then,  by  Prin.  1,  n^  +  Sn  =  na  +  3n  +  2. 

But  this  is  seen  to  be  untrue.  Hence,  since  these  were  any  four  con- 
secutive integers,  no  four  consecutive  integers  can  form  a  proportion. 

12.  If  2m+l:2n  =  2a:2y  +  l,  (1) 
then,  by  Prin.  1,                     4nx  =  4my-\-2y-\-2m-^l.                     (2) 

But  since  2  n  and  2  x  are  even  numbers,  2  n  •  2  a;,  or  4  nx,  is  an  even 
number ;  similarly,  4 my  is  even ;  then,  4m^  +  2y  +  2m  is  even ;  and 
4my  +  2y  +  2m  +  li8  odd ;  hence,  (2)  is  not  true,  for  an  even  number 
cannot  be  equal  to  an  odd  number.    Therefore,  (1)  is  not  a  true  proportion. 

That  is,  the  ratio  of  an  odd  number  to  an  even  number  cannot  equal 
the  ratio  of  another  even  number  to  another  odd  number. 

Page  384 


18.  Given, 

Area  =  iaboT  Area  =  i  ch. 

.\iab  =  ich. 

Dividing  by  J, 

ab=:ch. 

By  Prin.  8, 

a:C=zh:b, 

14.   Given, 

a:p=p:b.                        (1) 

By  Prin.  1, 

j)^  =  ab,                          (2) 

Substituting  the  values, 

(20)3  =  a(50  -  a). 

Solving, 

a  =  40  or  10.                 (3) 

Substituting  (3)  in  (2), 

6  =  10  or  40. 

Since,  from  the  figure  a  is  the  shorter  part  of  the  diameter,  the  small 

edue  is  to  be  taken  for  a.    Hence, 

a  =  10  and  b  =  40. 

15.   Given; 

e  +  e:t  =  t:e. 

By  Prin.  1, 

«a  =  c«  +  e«. 

Substituting  the  given  yalues, 

«a=afA.iif  +  (y)«. 

Solving, 

«  =  24. 

16.   Given, 

N:N'  =  V:l 

Substituting  the  given  values, 

266:384  =  2':42. 

By  Prin.  1, 

384  V  =  10,752. 

Solving, 

2' =  28. 

Hence,  the  length  of  the  g  string  is  28  inches. 

17.    Given,  T^:t^  =  L:L 

Substituting  given  values,  T'^ :  1  =  156.4  :  39.1. 

By  Prin.  1,  39.1  r2  =  156.4. 

r«  =  4. 

.-.  T=2, 
Hence,  a  pendulum  156.4  inches  long  will  oscillate  once  in  2  seconds. 
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18.  Given,  T^xt^^LiU 

Then,  <        (60)2  : 1  =  i  :  39.1. 

ByPrin.  1,  i=  140,760. 

Hence,  a  pendulum  would  have  to  be  140,760  inches,  or  11,730  feet,  in 
length  to  oscillate  once  a  minute. 


VARIATION 
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2.  Given,  xa^,  ora;  =  ^,  (1) 

z  z 

and  «  =  2  when  y  =  12  and  «  =  2. 

Substituting  these  values  in  (1)  and  solving  for  k^ 

k  =  \.  (2) 

From  (1)  and  (2),  x  =  -2-.  (8) 

3  z 
Substituting  84  for  y  and  7  for  «  in  (3),  a;  =  |f  =  4. 

3.  Given,  a;  oc  S^ ,  or  a;  =  ^,  (1) 

z  z 

and  05  =  60  when  y  =  24  and  «  =  2. 

Substituting  these  values  in  (1)  and  solving  for  ifc, 

A;  =  5.  (2) 

From  (1)  and  (2),  a;  =  ^, 

z 

whence,  the  value  of  y  is  y  =  —  •  (8) 

6 
Substituting  20  for  x  and  7  for  «  in  (3),  y  =  28. 

4.  Given,  x  x  ^ ,  or  x  =  ^,  (1) 

and  a;  =  30  when  y  =  3,  «  =  5,  and  lo  =  4. 

Substituting  these  values  in  (1)  and  solving  for  A;, 

A;  =32.  (2) 

From  (1)  and  (2),  z  =  ^^* 

6.   Given  «  oc  -  and  y  «  - ,  to  prove  that  xrcz. 
y  « 

Let  m  be  the  constant  ratio  of  x  to  - ,  and  n  the  constant  ratio  of  y  to  -  • 

y  z 

Then,  «  =  -,  (1) 

y 

and  y  =  ^.  (2) 
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From  (2),  ^  =  y.  (3) 

Multiplying  (1)  by  (8), 

z 

(4) 

n 

Since  m  and  n  are  constants,  —  is  a  constant 

n 
Hence,  (4)  may  be  written  acae. 

7.  Given  ic «  y  and  2?  x  y,  to  prove  that  (x  ±  2r)«  y. 

Let  wi  be  the  constant  ratio  of  x  to  y,  and  n  the  constant  ratio  of  z  to  y. 

Then,                                              a;=wy,  (1) 

and                                                   «  =  wy.  (2) 

Adding  (2)  to  (1),                 a;  + « =  (w»  +  n)y.  (3) 

Subtracting  (2)  from  (1),      x  —  «  =  (m  —  n)y.  (4) 
Since  m  and  n  are  constants,  m  +  ^  and  m  —  n  are  constants. 
Hence,                                  (a;±«)«y. 

Page  389 

8.  Let  c  stand  for  the  circumference  and  d  for  the  diameter  of  any 
circle,  and  let  k  be  the  constant  ratio  c  to  d. 

Then,  c  « c?,  or  c  =  jfcd.  (1) 

Substituting  3.1416  for  c  and  1  for  <?,  (1)  becomes 

3.1416  =  A;. 
Substituting  3.1416  f or  Jfc  and  100  for  d  in  (1), 

c  =3.1416  X  100  =  314.16. 
Hence,  the  circumference  is  314.16  feet. 

8*   Let  a  represent  the  area  and  d  the  diameter  of  any  circle,  and  let  k 
represent  the  constant  ratio  of  a  to  cP. 

Then,  aoc  <f^,  or  a  =  kd^,  (1) 

Substituting  78.54  for  a  and  10  for  d,  (1)  becomes 
78.64  =  A;  X  100. 
.-.*  =  . 7864. 
Substituting  .7854  for  k  and  20  for  d  in  (1), 
a  =.7854  X  202  =  314.16. 
Hence,  the  area  is  314.16  square  feet. 

4.   Let  d  represent  the  distance  in  feet  and  t  the  time  in  seconds  of  any 
falling  body,  and  let  k  represent  the  constant  ratio  of  d  to  t^. 
Then,  d  «  «^  or  d  =  A:«2.  (1) 

Substituting  64.32  ford  and  2  for  «,  (1)  becomes 
64.32  =  A; .  4. 
.  •.  A:  =  16.08. 
Substituting  16.08  for  k  and  6  for  t  in  (1), 

•  (1  =  16.08x25  =  402. 

Hence,  the  stone  will  fall  402  feet  in  6  seconds. 

6.  Let  V  and  Z>  denote  the  volume  and  diameter  of  the  earth,  and  Y 
and  Z>\  the  volume  and  diameter  of  the  sun. 
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Then,  F «  2>8  or  F  =  kL^,  (1) 

and  r '  00  2>'«  or  V  =  kD^.  (2) 

From  problem,  j-  =  109.8.  (8) 

Cubing  (8),  ^  =  1,805,761.867.  (4) 

From(l),  ^^h'  ^^^ 

From  (2)  2>'«  =  Z!.  (6) 

Substituting  (5)  and  (6)  in  (4),  F'  =  1,805,751.367  F. 

Hence,  the  volume  of  the  sun  is  1,805,751.357  times  that  of  the  earth. 

6.  Let  a  represent  the  number  of  men,  t  the  number  of  days,  and  w 
the  number  of  days'  work  in  the  piece  of  work. 

Then,  wccat,  or  to  =  at,  k  being  1.  (1) 

Substituting  10  for  a  and  20  for  t,  (I)  becomes 
to  =  10  X  20  =  200. 
Substituting  200  for  w  and  25  for  a  in  (1), 

200  =  25  e. 

.'.  «  =  8. 
Hence,  25  men  can  do  the  work  in  8  days. 

7.  Adopting  the  notation  of  Ex.  6,  and  substituting  ah  for  w,  and  c 
for  t  in  (1),  if  oj  =  the  number  of  men  required, 

ab  =  xc. 
ah 
c 
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8.  Let  a  represent  the  area,  b  the  base,  and  h  the  altitude  of  any  tri- 
angle, and  let  k  represent  the  constant  ratio  of  a  to  &  x  A. 

Then,  accbh,  or  a  =  kbh.  (1) 

Substituting  86  for  a,  12  for  6,  and  6  for  h,  (1)  becomes 

36  =  ifc  X  12  X  6. 
.'.  A;  =  J,  the  constant  ratio. 
Substituting  J  for  k,  8  for  6,  and  10  for  h  in  (1), 

a  =  Jx8xlO  =  40. 
Hence,  the  area  of  the  triangle  is  40  square  inches. 

9.  Let  to  represent  the  weight  in  pounds,  I  the  length  in  yards,  and  a 
the  area  in  square  inches  of  the  cross  section  of  a  wrought  iron  bar,  and 
let  k  represent  the  constant  ratio  of  to  to  Z  x  a. 

Then,  wccla^  orw  =  kla.  (1) 

Substituting  10  for  to,  1  for  2,  and  1  for  a,  (1)  becomes 

10  =  ifc  X  1  X  1. 
.-.A;  =  10. 
Substituting  10  for  k,  12  for  ?,  and  16  for  a  in  (1), 

to  =  10  X  12  X  16  =  1920. 
Hence,  the  wrought  iron  bar  weighs  1920  pounds. 


Digitized  by  VjOOQIC 


892  KEY  TO   STANDARD  ALGEBRA  [390,391 

10.  Adopting  the  notation  of  Ex.  9  and  substituting  {i  for  k,  8  for  {,  and 
144  for  a  in  (1), 

w=Hix8  X  144=960. 
Hence,  tlie  wooden  beam  weighs  900  pounds. 

11.  Adopting  the  notation  of  Ex.  9,  and  substituting  if-  for  k,  )  for  I, 
and  8  for  a  in  (1), 

w  =  -yixJx8  =  4J. 
Hence,  the  brick  weighs  4|  pounds. 

18.  Let  W  represent  the  larger  weight  in  pounds  and  D  its  distance  in 
feet  from  the  fulcrum  ;  also  let  w  represent  the  smaller  weight  and  d  itps 
distance  from  the  fulcrum,  in  the  same  units. 

Then,  D:d=  l:i, 

W  w 
or  D:d  =  w:W.  (1) 

§475,  Prin.  1,  WD  =  wd,  (2) 

Let  X  =  number  of  feet  the  heavier  boy  has. 

Then,     J^t  —  a;  =  number  of  feet  the  lighter  boy  has. 

Substituting  xfor  D,^  —  x  for  d,  90  for  W,  and  80  for  to  in  (2), 

90ic  =  80(¥-x).  (3) 

Solving  (3),  X  =  4, 

whence,  -y-  —  «  =  4J. 

Hence,  the  heavier  boy  has  4  feet  of  the  board  and  the  lighter  boy  has 
4J  feet 

13.  Let  X  =  number  of  feet  the  greater  weight  ha& 
Then,        4  —  x  =  number  of  feet  the  less  weight  has. 
By  (2),  Ex.  12,  100  x  =  60(4  -  x). 
Solving,  X  =  1}, 

whence,  4  —  x  =  2|. 

Hence,  the  point  of  the  stick  resting  on  his  shoulder  is  IJ  feet  from  the 
100-pound  end,  or  2J  feet  from  the  60-pound  end. 

14.  From  problem,  HxND»  or  H=  kND^.  (1) 
Substituting  the  given  values  in  (1),          685  =  A;  •  160 .  (6)*. 

.   j^_    685    ^    39  ^ 
18,750      1250 

Substituting  the  second  set  of  values  in  (1),  H  =  -^^^ .  75 .  (6)«. 

,'.  H=  505.44. 
Hence,  the  shaft  could  transmit  505.44  horse  power. 
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16.  Let  TT  represent  the  weight  in  pounds  of  a  body  near  the  earth's 
surface  and  d  its  distance  in  miles  from  the  earth's  center. 

Then,  TrQclorTr=J,  (1) 

k  being  the  constant  ratio  between  TTand  —  • 
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Since  a  brick  4000  miles  from  the  earth^s  center  weighs  4  pounds,  sub- 
stituting 4  for  W  and  4000  for  d,  (1)  becomes 

(4000)2 
.^  j^  =  4x (4000)2. 
Substituting  4  x  (4000)^  for  V  and  8000  for  d  in  (1),  the  weight  of  the 
brick  8000  mues  from  the  earth^s  center  is 

^^4  X  (4000)2^.^^ 
(8000)2 
Hence,  the  brick  would  weigh  1  pouno. 

16.  Let  X  =  the  number  of  pounds  the  wire  weighs, 

y  =  the  number  of  miles  in  length  of  wire, 
and  d  =  the  number  of  inches  in  diameter  of  wire. 

Then,  a;  a  cPy  or « =*(Py.  (1) 

Since  3  miles  of  wire  .08  of  an  inch  in  diameter  weighs  288  pounds, 
substituting  288  for  x,  3  for  y,  and  .08  for  d,  (1)  becomes 

288  =  3  X  .0064  x  k. 
.-.*  =  16,000. 
Substituting  16,000  for  it,  }  for  y,  and  .16  for  d,  (1)  becomes 

a;  =  ix  (.16)2  X  15^000. 
.-.  a;  =  192. 

17.  Let  d  represent  the  distance  in  feet  and  u  the  illumination  from  a 
source  of  light  upon  an  object  d  feet  away. 

Then,  Moc^,  orM  =  A,  (1) 

It  is  evident  from  (1)  that  if  the  first  member,  t/,  is  divided  by  4,  the 
second  member  must  be  divided  by  4  by  changing  <22  to  4  ^2,  that  is,  to 
(2  (2)2,  since  k  cannot  be  changed.  That  is,  the  distance  of  the  screen 
from  the  lantern  must  be  doubled. 

Hence,  the  screen  must  be  moved  10  feet  farther  away. 

18.  Let  I  represent  the  length  in  inches  of  a  pendulum,  and  n  the  num- 

lAr  of  times  the  pendulum  oscillates  in  any  given  time,  as  1  second. 

™^  \  k 

Then,  noc  — ^,  orn  =  — =.  (y\ 

y/l  y/l  ^  ^ 

Substituting  1  for  n  and  39.1  for  ;  in  (1), 

\/39l 

.-.  A;=V39.1.  (2) 

SubBtituting  V39j  for  A;  and  2  for  n  in  (1), 

V39.1 


2=- 


VI 


Solving,  2  =  ??^  =  9.776. 

4 

Hence,  a  pendulum  that  oscillates  twice  a  second  must  be  9.776  inches 
long. 

Since  the  pendulum  oscillates  once  in  three  seconds,  in  one  second  it 
would  go  }  of  the  distance.     Hence,  n  =  |. 
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Substituting  J  for  n  and  VsO  for  *  in  (1), 

^  =  2^  =  361.9. 

Hence,  a  pendulum  that  oscillates  once  in  three  seconds  must  be  351.(> 
inches  long. 

19.  Let  V  represent  the  volume  in  cubic  inches  and  B  the  radius,  ii 
inches,  of  a  sphere. 

Then,  F  « Ijs^  or  F  =  kR^,  (1 

Let  a,  6,  and  c  represent  the  volumes,  respectively,  of  the  spheres  whosi 
radii  are  6  inches,  8  inches,  and  10  inches. 

Then,  by  (1),  a  =  fc  x  63  =  216  k,  (2 

6  =  Jfcx  88  =  512^,  (3, 

and  c  =  Jfc  X  108  =  1000  k,  (4; 

Adding,  the  volume  of  all  is        o  +  6  -f-  c  =  1728  k.  (6) 

But  (6)  may  be  written  a-\-h  ^  c  =  k  x  128. 

Hence,  by  (1),  the  radius  of  the  resulting  sphere  is  12  inches. 

20.  Let  V  represent  the  volume  in  cubic  feet,  H  the  altitude  in  feet, 
and  D  the  diameter  of  the  base,  in  feet,  of  any  cone. 

Then,  V<x^D^H,  or  F=  kL^H,  (1) 

By  (1),  P=*x26x  10  =  250jfc,  (2) 

and  i?  =  jfc  X  100  X  5  =  600  ifc.  (3) 

Adding,  P  +  2?  =  /S'  =  750  *.  (4) 

Let  d  represent  the  diameter  of  the  base,  in  feet,  of  8. 

Then,  by  (1),  /S'  =  *  x  cP  x  80  =  80  cPifc.  (5) 

From  (6)  and  (4),  30  d^k  =  760  *.  (6) 

Solving  (6)  for d,  d=  ±6. 

Hence,  the  diameter  of  the  base  of  ^9  is  6  feet. 

21.  Adopting  the  notation  of  Ex.  4,         d  =  kt^.  (1) 
Substituting  81.6  for  d  and  1.4  for  «,  (1)  becomes 

31.6  =  ifc  X  1.96. 
.   1.-31.6^ 

••^""1:96 

Substituting  —  for  k  and  3  for  <  in  (1),  d  =  ^\^^  ^  =  144^. 

1.96  1.96 

Hence,  the  height  of  the  tower  is  144^^  feet. 

PROGRESSIONS 
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11.  «  =  l+2  +  3  +  ...  +  12 

=  ^(a  +  0=6x  13  =  78. 

12.  Z  =  rt  +  (n  -  1)  d  =  16jijr  +  9  x  82J  =  806^. 
s  =  ^(a  +  Z)  =6  x321|  =  1608i. 

Hence,  the  body  will  fall  1608^  feet  in  10  seconds. 
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18.   The  series  is  8,  16,  24,  etc. 

Z  =  a  +  (»  -  1) d  =  8  -h  (80  -  1)8  =  240. 

s  =^(a  +Z)  =  15  X  248  =  3720. 
2 

Hence,  she  must  walk  3720  feet. 

14.  Z  =  a+(n-l)d=44- (12-1)2  =  26. 
«  =  |(«  +  0=f(4  +  26)=180. 

Hence,  the  toboggan  slide  is  180  feet  long. 

15.  2  =  a  +  (n  -  1)  d  =  .18  +  [(180  +  40)  -  1]  .36  =  79.02. 
s  =  5  (a  +  0  =  —  (.18  H-  79.02)  =  8712. 

Hence,  the  train  went  8712  feet  before  reaching  top  speed. 

16.  2  =  a  +  (n  -  1)  d  =  12  +  (8  -  1)  12  =  96. 
«  =  ?*  (a  +  2)  =  §  (12  +  96)  =  432. 

Hence,  each  contestant  must  go  432  feet  in  order  to  finish  the  race. 
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3.  In  the  series  2,  6, 10,  —  66,  a  =  2,  Z  =  66,  and  d  =  4  ;  and  n  is  to 
be  found. 

From         2  =  a+(n-l)cZ,  n  =  Ll«  +  i  =  ??JIl2  ^  1  ^  17, 

a  4 

4.  In  the  series  1,  6,  11,  •••  61,  a  =  1,  Z  =  61,  and  d  =  6  ;  and  s  is  to  be 
found. 

From         l^a^-in--  l)d,  n  =  ?^^ 4- 1  =?l-pi  +  1  =  13. 

d  6 


'="m= 


13  X  31  =  403. 
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6.  In  the  series  —  1,  2,  6,  •••,  a  =—  1,  d  =  3,  and  s  =  221  are  given  ; 
and  n  is  to  be  found. 
From         I  =  a  +(n  —  l)d  =—  1  +  3(n  -  1)  we  obtain 

Z  =  3n-4.  (1) 

From         «  =  -  (a  +  0>  or  221  =  -  (-  1  +  Z)  we  obtain 

i=^^  +  ».  (2) 

n 

Eliminating  I  and  solving  (1)  and  (2)  for  n, 

n  =  13  or  -  llj. 

Hence,  the  given  series  has  13  terms. 
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6.   In  the  series  2,  9,  16,  •  •  86,  a  =  2,  Z  =  86,  and  (2  =  7;  and  n  and  s 
are  to  be  found. 

From         2  =  a  +(»  -  l)d,  n  =  ^^  +  1  =?^^  +  1  =  13. 

a  7 


r  =  n(^^)  =  13x44  = 


672. 


7.  In  the  series  -  10,  —  8i,  -  7,  ...  to  10  terms,  a  =—  10,  d=  i,  and 
n  =  10 ;  and  I  and  «  are  to  be  found. 

2  =  a  4-  (n  -  l)d  =  -  10  +  9  X  i  =  8i. 

s  =  ^(a  +  0  =  5(-10  +  3l)  =  -32i. 

8.  In  the  series  ...  22,  27,  32,  ...,  we  have  d  =  5,  «  =  714,  and  n  =  17 : 
and  a  and  I  are  to  be  found. 

From    ^  =  a  +  (n  -  l)d,  i  -  a  =  16  x  6  =  80,  (1) 

and  from  «  =  ^(a  +  0>  «  +  a  =  — =  i^  =  84.  (2) 

2^         ^  n        17 

From  (2)  and  (1),  a  =  2, 

and  ;  =  82. 

9.  Given  s  =  113|,  a  =  },  and  d  =  2,  to  find  n. 

'    From.=~(a  +  0,        n  = -1±- =  ^271  ^  _682_ .  ^^^ 

Substituting  a  +  (n  -  1  )d  =  J  +  2  n  -  2  for  i  in  (1) , 

jt-^  0^2  ^    682     ^     841  ^g. 

l4.1  +  6n-6     6n-4     3n-2'        ^^ 
Clearing  (2)  of  fractions,  3  n^  _  2  n  =  341 .  (3) 

Solving  (3),  n  =  11  or  -  V- 

Rejecting  the  negative  value,  n  =  11. 

10.  In  the  series  —  16,  -  11,  —  6,  ...  34,  a  =-  16,  I  =  34,  and  d  =  6] 

and  8  is  required. 

From      2  =  a+(n-l)d,  n  =  ^-=^+l=?^-^t^+l  =  ll.  (2) 

d  5 

Substituting  11  for  n  in  (1),  3  =  99. 

11.  In  the  series  ...  —  1,  3,  7,  ...  28,  d  =  4,  Z  =  23,  and  n  =  16  ;  and  s 
is  required. 

8  =  ^(a+Z)  =  8a  +  184.  (1) 

From    Z  =  aH-(n-l)d,  a  =  2-(n- 1)(2  =  23-15  X  4=- 37.       (2) 
Substituting  -  37  for  a  in  (1),  «  =-  296  +  184  =  -  112. 

12.  Given  d  =  2,  8  =  300,  and  n  =  20,  to  find  a  and  L 

From«=^(a+Z),  a +  7=^=5^  =  30.  (1) 

2  n       20 

From  Z=aH-(n-l)d,  a- Z  =-(w- l)d  =- 19  x  2  =- 38.  (2) 

From  (1)  and  (2),  a  =  -  4, 

and  I  s  84. 


8 
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13.  Since  the  6th  term  is  10  and  the  11th  tenn  is  0,  in  these  five  terms, 
the  A. P.  is  decreased  by  10.     Hence,  the  common  difference  is  —  2. 

i  =  a  +(«-  l)(i  =  a  +  (14  -  1)(-  2)=  a  -  26.     (1) 

98  =  ^(a  +  0. 

7a  +  72  =  98.  (2) 

From  (1),  a  -  Z  =  26.  (3) 

(3)x7,  7a-7Z  =  182.  (4) 

(2) +  (4),  14  a  =280. 

a  =  20.  (5) 

Substituting  (5)  in  (1),  Z  =  —  6. 

Hence,  the  A.P.  is  20,  18,  16  ...  0,  -  2,  -  4,  -  6. 

14.  Substituting  in  Z  =  a  +  (n  -  1)(Z,  15th  term  =  a  +  14  d.  (1) 

14th  term  =  aH-13(i.  (2) 

13th  term  =a+  12(i.  (3) 

Adding  (1),  (2),  and  (3), 

a  +  14(i  +  a  +  13(f  H-  a  4- 12(1  =  132, 
3(1  +  39(1  =  132. 

(4) 
(5) 
(6) 
(7) 

(8) 

(») 


Adding  (5),  (6),  and  (7), 
Subtracting  (8)  from  (4), 

.-.a +13(2  =  44. 
7thterm  =  a  +  6(J. 
6th  term  =  a-\-6d. 
6th  term  =  «  + 4(1. 
3a  +  15(J  =  60. 
.-.a +  6(1  =  20. 
8(J  =  24. 
(1  =  3. 

Substituting  (9)  in  (8), 
Hence,  the  series  is  6,  8,  11, 

a  =  6. 
,  14,  ...,  41,  44,  47. 

15. 

«=^(a  +  0. 

28  =  an-\-nL 

^  _  2  «  —  an 
n 

16. 

?  =  a  +  (n-l)(i. 

8  =  |(a  +  Z). 

From  (1) 

Substituting  (3)  m  (2), 

s=t^f±^(a^r,. 

P  +  dl-a'+ad 

'-             2d 

(1) 

(2) 
(3) 
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17.  Z  =  a+(n-l)d  (1} 
s  =  l(a-\-l).                                           (2) 

Substituting  (1)  in  (2),  «  =  ^(a  +  a  +  nd-(f). 

Simplifying,  2  8  =  2  a«  +  n^d  —  dn, 

2an  =  2s-dn^-\-dn. 

,  ^      2s-dn^-[-dn 

.\a  = . 

2n 

18.  l  =  a  +  (n-l)d.  0)\ 
«  =  |(a  +  0.                                           (2) 

Substituting  (1)  in  (2),  «  =  ^(a  +  a  -f  <in  -  d). 

2s  =  2an-\-dn^  —  dn. 
dn^  -dn  =  2s-2 an. 
2  8  — 2  an 


d=- 


n'-^  —  n 


19.  2  =  a  +  (n-l)(f.  (1) 

From  (1),  a  =  l-nd-\-d,  (2) 

s  =  |(a+0.  (3) 

Substituting  (2)  in  (3),  8  =  ^^(1- dn  +  d  +  t), 

2 


20. 


dn2- 

2s=2ln-dn^-\-dn 
'dn  =  2ln  -2s. 
^_2ln-28 
n^  —  n 

«  =  |(«  +  0. 

28  =  an  +  In. 
Page  400 

'l)d, 

n  -  1      11-1 

5  . 

10" 

_1 
2 

Hence,  the  A.P.  is  1,  IJ,  2,  2^,  3,^3J,  4,  4i,  5,  5J,  6. 

3.  FromZ  =  a+(n-l)(f,  (?  =  -^^=^  =  ?^=^=-2 

n  —  1      12  —  1 

Hence,  the  A.P.  is  24,  22,  20,  18,  .••,  2. 
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4.  From  1=  a -\-(n  -  l)d,  dz=  1^=-^  =  ~  ^^  ""  ^^  =  -> 3. 

^  ^  n-1  9-1 

Hence,  the  A.P.  is  10,  7,  4,  l,  -  2,  -  5,  -  8,  -  11,  -  14. 

6.  FromZ  =  a+(n-l)d,d  =  -?^=?^^^  =  ?. 

n— 1         8— 1         7 

Hence,  the  A.P.  is  -  1,  -  f  -  ^,  f  f,  1^,  If,  2. 

6.  FromZ  =  a+(n-lHd  =  i^  =  ^^  =  l. 

n  —  1      Id  —  1      o 

Hence  the  A.P.  is  16,  16i,  15|,  16,  16  J,  ..,20. 

7.  From;  =  «+(n-l)d,d=i^:^  =  (^  +  ^)"(^-^)  =  l 

^  ^  n-1  6-1  2 

Hence,  theA.P.  isa-6,  a-6+^,  a  — 6  +  6,  a-6+— ,  a  +  6; 

^  2 

^      I.  2a-6   «  2q  +  6   ^  ,  ^ 
or  a -6, — - — ,a, — -^ — ,a  +  6. 
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2.   Let  the  series  be  x  —  y,  x,  x  +  y. 

Then,  8  a;  =  18, 

and  x(x  -y)(x  +  y)=  120. 

From  (1),  x  =  6.  (3) 

Substituting  (8)  in  (2),  6(6  -  y)  (6  +  y)  =  120. 

36  -  y2  =  20.  (4) 

Solving  (4),  y=±4. 

Forming  the  series  from  x  =  6  and  y  =  ±  4,  the  terms  are 
2,  6,  10,  or  10,  6,  2 ; 
that  is,  the  numbers  are  2,  6,  and  10. 

8.   Let  the  series  he  x  —  y^  x,  x  -{-  y. 

Then,  8  a;  =  21,  (1) 

and  (X  -  y)2  ^x^-h(x  +  yy  =  166.  (2) 

From  (1),  a;  =  7.  (3) 

From  (2) ,  3  a;2  +  2  y2  =  155.  (4) 

Substituting  (3)  in  (4),  147  +  2  2/2  =  155.  (5) 

Solving  (6),  y=±2. 

Forming  the  series  from  a;  =  7  and  y  =  ±  2,  the  terms  are 
6,  7,  9,  or  9,  7,  6; 

that  is,  the  numbers  are  6,  7,  and  9. 

4.   Let  the  series  be  a;  —  y,  a;,  a;  +  y. 

Then,  (a;  -  y)^  +  x^  +  (a;  +  yy  =  98,  (1) 

and  x  +  y  =  4Cx-y).  (2) 

From  (1) ,  8  x2  4.  2  y2  =  93.  (3) 

From  (2),  y  =  ix.  (4) 

Solving  (3)  and  (4),  x  =  6  or  —  6, 

and  y  =  3  or  —  3. 

Forming  the  series  from  x  =  6  and  y  =  8,  and  from  x  =  —  6  and  y  =  -  3, 

the  terms  are  2,  6,  8,  or  ~  2,  —  6,  —  8. 


(1) 

(2) 
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6.   In  the  series       l*  3,  6,  •  •  •  99,  a  =  1,  (2  =  2,  and  { =  99  ;  and  s  is  to 
be  foond. 

From  i  =  a  4-(n  -  l)d,  »  =  ^-^  +  1  =  50. 

a 

«  =  5(a  +  «)=:25  X  100  =  2500. 
2 

6.  Given  al  =  70,  (1) 

and  in  «  =  ^  (a  4-  0»  since  n  =  10,  and  s  =  95, 

a  +  /  =  19.  (2) 

Solving  (1)  and  (2),  a  =  14  or  6, 

and  Z  =  6  or  14. 

Hence,  the  extremes  are  5  and  14. 

7.  Let  I  =  number  of  logs  in  the  bottom  layer. 

Then,  in  the  series,   1,  2,  3,  •  •  •  2,  a  =  1,  <2  =  1,  and  «  =  55  ;  and  {  is  to 
be  found. 

FromZ  =  a+(n-l)(f,  n  =  ?-^=-^  +  1  =  ^-=^  +  1  =  i.       (1) 

Eliminating  w,  I  =  -i^^.  (3) 

1  -r'* 
Solving  (8)  for  I,  Z  =  10  or  -  11. 

Hence,  there  were  10  logs  in  the  bottom  layer. 
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8.  Let  n  =  number  of  yards  in  depth  of  well. 

Then,  in  the  series  IJ,  IJ,  2,  •  •  .,  a  =  li,  d  =  J,  and  «  =  19 ;  and  n  is 
to  be  found. 

From«  =  ^(a  +  Z),  l  =  ll^a  =  —-li,  (1) 

2  n  n 

Also,  Z  =  a4-(n-l)d  =  li+^^.    (2) 

Eliminating  I,  1 J  +  —^  =  —  -  1}.  (3) 

4  n 

Solving  (8)  for  n,  n  =  8  or  -  19. 

Hence,  the  well  was  8  yards  deep. 

9.  Let  X  =  number  of  means  required. 

Then,  from  8  =  ^  («  +  i),  116  =  -  (4  l-  26), 

.-.  n  =  8. 
Since  the  number  of  means  is  2  less  than  the  number  of  terms, 

flc  =  n  -  2  =  6. 
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10.  Let  a,  a  +  d,  a  -\-2d,  •••  be  an  A.P.,  and  let  m  be  any 
common  multiplier  of  its  terms. 

It  is  to  be  proved  that  ma,  m(a  +  <?),  and  m  (a  4-  2  d),  •••  are  in  arith- 
metical progression. 

m{a  +  d)  —  wia  =  m{a  +  d  —  a)  =  md, 
m(a  +  2d)— TO(a  +  d)  =  w[a  +  2d  — (a  +  d)]  =  md. 
Since  the  successive  terms  of  the  series  wia,  m{a  +  d),  w*(a  +  2  c?),  •• 
have  a  common  difference  md,  the  series  is  an  A.  P. 

11.  Let  «,  a  +  1,  a;  4-  2,  X  +  3,  .-•  be  any  consecutive  integers. 

It  is  to  be  proved  that  (a;+l)2-a:2^  (a;+2)2_(a;+l)2,  (a;+3)2-(a5+2)2, 
•  ••  are  in  arithmetical  progression,  and  that  the  common  difference  is  2. 
(a;  +  1)2- fl:2  =  a;2  +  2a;  +  1  -  »2  =  2a;  +  1. 
(x  +  2)2  _  (a;  +  1)2  =  a;2  4-  4  a;  +  4  -  (a:2  +  2  a;  4- 1 )  =  2  a;  +  3. 
(x  4-  3)2  -  (x  4-  2)2  =  x2  _^  6  a;  ^.  9  _  (a.2  +  4  a;  +  4)  =  2  X  4-  6. 
But  2  X  4- 1,  2  X  4-  3,  2  x  4-  6,  are  three  terms  of  an  A.  P.  whose  com- 
mon difference  is  2, 

Since  to  x  may  be  assigned  any  integral  value  or  any  number  of ,  suc- 
cessive integral  values,  the  proof  given  above  is  general. 

12.  In  the  series,  1,  3,  6, . . .  to  n  terms,  a  =  1,  d  =  2,  Z  =  a  4-  (»  ~  l)<i 
=  14-  2(n  —  l)=2n~l;  and  s  is  to  be  found. 
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12.    I  =  ai^-^  =  a>%  X  (-Y  =  ^'*^"- 

/    1    \n-l  1-^ 

18.    Z  =  ar»-i=2x  f-^i]       =2      ^   = 

14.    I  =  ar*'-^  =  2000  x  2^  =  64,000. 

Hence,  he  will  have  $  64,000  at  the  end  of  the  sixth  year. 

16.     I  =  ar''-^  =  76.3  x  26-i  =  1220.8. 

Hence,  the  population  will  be  1220.8  millions  in  the  year  2000. 

16.  I  =  ar«-i  =  512  x  (f )6-^  =  1662J. 
Hence,  his  salary  the  sixth  year  was  $1562.50. 

17.  I  =  ar^'^  =  20,736  x  ({)6-i  =  50,625. 

Hence,  the  population  at  the  end  of  40  years  was  60,625. 
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18.  I  =  ar^-^  =  2  X  29  =  1024. 
Hence,  the  last  bushel  cost  him  $  10.24. 

19.  I  =  a»-»-i  =  20,000(^9^)6  =  20,000  x  y^fiftft  =  11,809.80. 
Hence,  the  machinery  at  the  end  of  5  years  will  be  worth  $  11,809.80. 

20.  I  =  ar^~^  =  1  X  150*,  number  of  grains,  fourth  year. 

150  X  150  X  150  X  150  ^  45  qqq  number  of  bushels  harvested  the 
150  X  75  '      ' 

fourth  year. 

STAND.  ALG.  KBT — 26  ^  , 
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2.   .  =  «^-«  =  g!nI  =  266. 
r-  1  1 

3  gr"  -  g  _  q  -  qr»  _  1  —(!)»  _ 255^ 

r-1         1-r         1-i       128* 

4  ^  ^  qr»  -  a  ^  (|)^o  -  1  ^  68026 

r-1  i-1  612  * 

6    g^«r>*-a^a-qy^^2-2(-^)7^2-|-^AT^1004 
r  -  1         1-r  1  +  J  }  729 

6  ^^«r"-«^«-«^^-^-C-l)C-^)^^^     1365 

r-1         1-r  1+i  4096 

7  g  ^  qy*  -  q  ^  (2  a;)  7  -  1  ^  128  g7  _  1 

r  — 1         2a;  — 1  2a;-  1 

8  j^^«y*"-q^(-2a;)7-1^128a;7+l^ 

r-  1         -2a- 1  2a;  +  l 

9  ^  _  qr»  -  a  _  (a;g)»-  1  _a;2»  -  1  ^ 

r-1         a;2-l        ai^-l* 

10.  «  =  «r:L:i«  =  ?izii  =  2--i. 

r-1        2-1 

r-1         1-r         1-J       3»xj     8»-i  x  2     2V  3--i  j' 
12.  «=?izi«=  821129-1  ^1093. 


r-1 
13.  ,  =  ?i^  =  2x  192-3^33 

r-1  1 

14  q-W_7-C-2)(-224)_7-448_     .,, 

^*-  """l^T^-         l-(-2)         -— 3~"~^*^- 
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2. 

s  = 

a 
1-r 

1 
1-i 

1 

V 

=  2. 

3. 

8  = 

a 

3 

_8_ 

=  4. 

4.  a  = 


1-r     1-i     J 

^-  =  — L— -  =  1=8 

1-r     l-(-i)      t      4" 

a     ^-4^-4^     16^     ,, 
l-r     1-i       J  3  ^' 
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1-r     1+i      «  0  ^ 

8.  Substituting  .9  for  a;  in  the  given  series,  1  +  ,9  +  .81  +  .729  +  •••. 

l-r     1-.9     l-^^     ^ 

9.  Substituting  |  for  x  in  the  given  series,  1  —  f  +  A  ~"  3V1  +  •••• 

1-r     1+f     Y     11' 

11.  .407407  ...  =  .407  +  .000407  +  .000000407  +  .... 
3=     ^     =     •^^'^     =^^'^    '    Q^Q^407_11^ 

l_r     l-TTTinr     1000  '  1000     999     27* 

12.  .363636  ...  =  .36  +  .0036  +  .000036  +  -. 

3=     ^     =     -^^     ^  36    .    99  ^36^  4 
1  _  r     1  -  ife     100  '  100     99      11 ' 

13.  1.94444  =  (1  +  ^%)  +  (jiii  +  tijW  +  TT»*Tnr  +  -). 
,=12  +  _^  =  19^_.04 


10   1  -  r   10   1  --  T^ff 

14.  .020303  ...  =(-02)  +  (.0003  +  .000003  +  •••). 

,  =  .02  +  -^  =  .02+^5008,^  02+ :5003^:0201^_6L. 
^1-r    ^l-.Ol    ^  .99    .99   3300 
16.    .007007  =  .007  +  .000007  +  .... 
^^    a     ^     .007  ^7    1000 _  7 
l_r  l_.001   1000   999   999* 

16.   5.032828=  (5 +  TJT,)  +  (x^V(rif  +  Tirfl^W+  -). 

503      _a__^503     _:cgfa_=503     J8^^5^ 

100^1 -r     100     l-iir      100     9900       ^^ 
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2.  Substituting  625  for  Z,  1  for  a,  and  6  forn  in  Z  =  or"-*, 

625  =  r*. 
/.  r  =  ±  5. 
Hence,  the  series  is  either  1,  6,  25,  125,  625,  or  1,  —  5,  25,  -  125,  625. 

3.  Substituting  ^8^  for  I,  §  for  a,  and  7  forn  in  Z  =  a»-«-i, 

ijp.  =  I  r«. 
^6  =  4096^46 
729      3«' 
.•.r  =  ±J. 
Hence,  the  series  is  either  4J,  6,  8,  V>  -^-i^*  W»  ^W^  ; 
or  4i,  -  6,  8,  -  V>  ^r ,  -  W-»  ^tt^. 
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4.   Substituting  }*  for  L  W  for  o,  and  6  fern  in  Z  =  at^'^ 

>'49.343     "Vya.TS     Afyfi     7* 
Hence,  the  series  is  W»  ¥»  7,  4,  J^,  J  J. 

6.   Substituting  6120  for  a,  5  for  I,  and  6  for  n  in  { =  af^'^, 

5120  r6  =  6. 
.•.r=l. 
Hence,  the  series  is  6120,  1280,  320,  80,  20,  5. 

6.  Substituting  1  for  Z,  4\/2  for  a,  and  6  for  n  in  l=ar^'\ 

l=4V2r«  =  (2)*r6. 
.'.r  =  -^  =  i\/2. 
(2)* 
Hence,  the  series  is  4  V2,  4,  2V2,  2,  V2,  1. 

7.  Substituting  6^  for  Z,  a®  for  a,  and  7  forn  in  Z  =  at*-*, 

.  .•.r  =  ±5. 

a 
Hence,  the  series  is  either  a®,  a^6,  a*6^  a'6',  a^ft*,  aft^,  h^; 
or  a«,  -  aSft,  a*b^,  -  a'ft',  a26*,  -  ab^,  6«. 

8.  Substituting  —  y  for  Z,  a;  for  o,  and  6  forn  in  Z  =  ar*-i, 

—  y  =  xr^. 

Hence,  the  series  is  a,  —  x*y*,  x^y^^  —  x'y*,  x^y^,  —  y. 
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1.   Given  r,  Z,  and  s,  to  find  a. 

Formula  III,  8  =  ^J^^^ .  (1) 

r—  1 
Solving  for  a,  a  =  rZ  —  s(r  —  1).  (2) 

8.   By  (2),  Ex.  1,    a  =  rZ-s(r- 1)=  6  x  626- 776  x  4  =  26. 

3.  Since  the  last  teim  of  an  infinite  decreasing  geometrical  series  may 
be  neglected,  or  counted  as  0,  by  (2),  Ex.  1, 

a  =  rZ-«(r-l)  =  AxO~KA-l)  =  A. 

4.  Find  Z  in  terms  of  a,  r,  and  a. 

Formula  III,  « =  ?^^^^ .  (1) 

r  —  1 

Solving  for  Z,  I  =  «  +  «Cr-^) .  (2) 

6.   By  (2),  Ex.  4,  Z  =  ^  +  ^f  ^^=80. 

2 
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6.  By(2),E^4,I  =  l+i£Il+^^lMzdI  =  i±M  =  ^  (1) 

Substituting  V2  for  I,  J  for  a,  and  V2  for  r  in  Z  =  ar»~i, 

V^  =  K>/2)»-i,  or  2*  =  2-«  .  2  a   =32   _  2*^"-^. 
Now  since  2^  =  2i^»-7),  the  exponents  must  be  equal. 
.'.  J  =  i (n  —  7),  whence,  71  =  8. 

7.  Deduce  the  formula  for  r  in  terms  of  a,  I,  and  a. 
Formula  III, 

Solving  for  r, 

8.  By  (2),  Ex.  7, 
Hence,  the  series  is  32,  48,  72,  108,  162,  243. 

»-«y(^>'^^-^'  -      ,_r    626     3 

Since  the  sum  is  525  greater  than  the  last  term  and  700  greater  than  the 
first  term,  the  last  term  is  175  greater  than  the  first  term. 

.-.  Z  =  81  +  176  =  256. 
Hence,  the  progression  is  81,  108,  144,  192,  256. 

10.   Deduce  the  formula  for  r  in  terms  of  a,  n,  and  I. 

Formula  I,  I  =  ar^-^.  (1) 


8 

r- 

-1 

(1) 

r 

8- 

-a 

(2) 

r 

__s- 

8- 

-a  _ 

-I  " 

_  666. 
665- 

-82 
-243 

_8. 
2' 

r 

_8- 

'JL- 

700 

_4 

Solving  for  r. 

'a 

(2) 

11.   By  (2),  Ex.  10, 

1 

'-^i- 

.■{^=</WS=3. 

Hence,  the  series  is  8,  9, 

27, 

,81, 

248,  729. 

12.   Find  I  in  terms  of  r. 
Formula  I, 

n, 

and 

8. 

Z  =  ar»-i. 

(1) 

Formula  II, 

r-1 

(2) 

From  (1), 

a 

(3) 

From  (2), 

r»-l 

(4) 

Multiplying  (3)  by  (4), 

l-r«-H{T-\) 
r»-l 

(5) 

13.  a  =  100[l+J+(|)2+...]. 

The  series  in  brackets  is  an  infinite  decreasing  geometrical  progression 

whose  ratio  is  f  and  first  term  1. 


.  «  =  100  X  -J—  =  100  X  6  =  600. 


1-* 
Hence,  the  sled  will  go  500  feet. 
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14.  ,=  «?!LZ1«  =  2H-I^5^ie__j^ggg35 

.  r—  1        2  —  1 

16.   Whole  distance  passed  through  =  200  +  80  +  32  +  •  •  • . 
In  the  series  200,  80, 32,  •  • .,  a  =  200,  r  =  J,  and  the  number  of  terms  is 
infinite.     Let  8  represent  the  whole  distance  passed  through,  in  feet. 

Then,  .=  ^-f-  =  j^  =  ^  =  33SJ. 

16.  The  amount  is  1  (1  -|-  r),  or  1  +  r,  at  the  end  of  1  year  ;  (1  +  »') 
(1  +r),  or  (1  +  r)a,  at  the  end  of  2  years ;  (1  +  ry  (1  -f  r),  or  (1  +  r)8,  at 
the  end  of  3  years  ;  etc. 

Hence,  the  amounts  1  +  r,  (1  +  r)2,  (1  +  r)',  •  •  •  for  1,  2,  8,  . .  •  years, 
respectively,  form  a  geometrical  progression  whose  ratio  is  1  +  r. 

17.  Let  a,  ar,  ar^,  •  •  • 

be  a  geometrical  progression,  and  m  any  common  multiplier  of  its  terms. 

Then,  ma,  mar,  mar^,  -  •  • 

also  is  a  geometrical  progression  having  the  same  ratio  as  the  given  geomet- 
rical progression,  since  mr  -T-m  =  ry  mr^  -^mr  =  r,  etc. 

18.  Let  the  series  be  x%  xy,  j^. 

Then,  x^ -{- ory  +  y^  =  19,  (1) 

and  a*  +  acV  +  ^4  =  133.  (2) 

Dividing  (2)  by  (1),  x^^xy  +  y^  =  7.  (3) 

Subtracting  (3)  from  (1),  2  xy  =  12.  (4) 

Adding  (4)  -4-  2  to  (1),  x^  +  2xy  +  y^=  25, 

whence,  x  -\-  y  =  ±  6.  (5) 

Subtracting  (4)  --  2  from  (3),  x^  —  2xy-^y^  =  l, 

whence,  x—y=±l,  (6) 

From  (5)  and  (6),  x  =  3  or  2  or  —  2  or  —  3,  (7) 

and  y  =  2  or  3  or  —  3  or  —  2.  (8) 

From  (7)  and  (8),  a-2  =  9  or  4,  xy  =  6,  and  y2  =  4  or  9. 

Hence,  the  numbers  are  4,  6,  and  9. 

19.  Let  the  series  be  x^,  xy,  y^. 

Then,  x^^  =  8,  (1) 

and  «*  +  xhf^  +  y*  =  21.  (2) 

From  (1),  a;y  =  2,  or  y  =  -•  (3) 

Substituting  (3)  in  (2),  a*  +  4  +  —  =  21. 

X* 

Clearing  of  fractions,  etc.,      x^  —  17  x*  +  16  =  0. 

Factoring,  (x  -  1)  (x  +  1)  (x  -  2)  (.r  +  2)  (x^  +  1)  {x^  +  4)  =  0.      (4) 

From  (4),  x  =  1,  x  =  -  1,  x  =2,  x  =  -  2,  x2  =  -  1,  x*^  =  -  4. 

.-.  x2  =  1  or  4  or  —  1  or—  4.  (5) 

Substituting  (6)  in  the  square  of  (3), 

y2  =  4  or  1  or  —  4  or  —  1.  ((5) 

From  (5),  (3),  and  (6)  the  numbers  are  found  to  be 

1,  2,  and  4,  or  —  1,  2,  and  —  4. 
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20.  Let  the  series  be      — ,  x,  y,  —  • 

y  « 

Then,  — +  x  =  15,  (1) 

y 

and  y-\-y- ='60,  (2) 

X 

Dividing  (2)  by  (1),  ^  =  4. 

.-.  y  =  2a-.  or  — 2aj.  (8) 

Substituting  2  sc  for  y  in  (1),  x  =  10.  (4) 

Substituting  —  2  x  for  y  in  (1),  x  =  30.  (5) 

Substituting  (4)  and  (6)  in  (3),  y  =  20  or  -  00. 

Forming  the  series  from  x  =  10  and  y  =  20,  and  from  a:  =  30  and  y  = 
-  60,  the  numbers  are  5,  10,  20,  and  40,  or  —  16,  30,  —  60,  and  120. 

21.  At  first  the  contents  of  the  cask  is  all  vinegar ;  then  f  vinegar ; 
then  )  of  },  or  f  vinegar;  etc.  Hence,  the  part  of  the  contents  of  the 
cask  which  will  be  vinegar  after  the  sixth  time  is  equal  to  the  seventh 
term  of  the  geometrical  progression  1,  f ,  |,  •  •  • . 

7th  term  =  I  =  ar«-i  =  1(|)6  =  ^\. 
Then,  f f S  —  t%  =  f iJ,  the  part  of  contents  which  is  water. 
Hence,  the  contents  of  the  cask  will  be  more  than  ^  water. 

22.  z  =  «^-i=i4.7(Ay  =  14.7  x-^^=  7.8. 

\10/  1,000,000 

Hence,  after  6  strokes,  the  pressure  will  be  7.8  pounds. 
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24.  By  reasoning  similar  to  that  in  Ex.  23,  the  portions  of  the  princi- 
pal paid  form  a  G.  P.,  in  which  r  =  1.06,  w  =  4,  and  s  =  $  1600. 

Substituting  the  known  values  in  (I)  and  (III),  §§  621,  626, 

I  =  a  1.06*-i,  or  I  =  1.068  «  .  (1) 

and  11600  =MLLl«,  or  Z  =  «±1155^i<-i!5.  (2) 

1.06  - 1  '  1.06  ^  ^ 

From  (1)  and  (2),  1.068  «  =  a  +  $1500x  .06^ 

1.06 
1.06*a  =  a  +  $1600x.06. 
$1600  X  .06 
(1.06)4  _  1  • 
Solving,  a  =$342.88. 

That  is,  the  first  portion  of  the  principal  paid  =  $  342.88  ;  but  the  first 
year's  interest  =  6%  of  $  1600,  or  $90  ;  hence,  the  entire  first  payment  = 
$342.88  +  $90  =  $432.88,  which  is  the  sum  to  be  paid  each  year. 

25.  By  reasoning  similar  to  that  in  Ex.  23,  the  portions  of  the  princi- 
pal paid  form  a  G.  P.,  in  which  r  =  1.04,  w  =  6,  and  s  =  $  10,000. 

Substituting  the  known  values  in  (I)  and  (III),  §§  621,  626, 

I  =  a  1.046-1,  or  I  =  1.046  a  ;  (1) 

and  $  10,000  =  Mii^,   or  I  =  «  +  $10>000  x  .04  ^ 

1.Q4  -  r  X.Q4  ^  "^ 
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From  (1)  and  (2),  1.04»  a  =  «  +  >  10.000  x  .04. 

1.04 
1.04« a^a-h^  10,000  x  .04. 
^  »  10,000  X  .04 
(1.04)8-1 
Solving,  o  =  $1607.62. 

That  is,  the  first  portion  of  the  principal  paid  m  $1507.62  ;  but  the  first 
year's  interest  =  4  %  of  $  10,000,  or  $  400  ;  hence,  the  entire  first  pay- 
ment =  9 1507.62  +  $400  =  9 1907.62,  which  is  the  sum  to  be  paid  each 
year. 

BINOMIAL  THEOREM 
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8.   (6  -  n)T  =  67  _  7  ifin  +  21  b^n^  -  35  h*n^  +  35  ftSn*  -  21  b^n^ 

+  7  6n8  -  n". 

4.    (1  +  a-i)*  =  1*  +  4 .  18 .  a-i  +  6 .  12 .  (a-^y  +  4 . 1  •  (a-i)*  +  (^a'^y 
=  1  +  4  a-i  +  6  a-2  +  4  tt-8  +  a"*. 

6.    (2-3x)«=2«-6.26.3x+15.2*(3a;)2-20.28(3aj)8+15.22(3x)* 
-6.2(8x)6+  (3a06 
=  64  -  576  X4-2160  x2_4320  a:8_^.4860  x*-2916  X6+729  x«. 

6.  (X2-X)8=[X(X-1)]8=X8(X-1)8 

=  x8(x8-8x7  +  28x»-56x54-70x*-56x8+28x2_8«+l) 
=xie-8xiH28xi*-56xi«+70xia-66xiH28xi0-8ai9+a:«. 

7.  (x  +  x-i)«  =  [x-Kx^  +  1)]«  =  x-«(x2  +  1)« 

=  x-«  (xi2  4-  6  xio  4- 15  x8  +  20  x6  + 15  X*  +  6  x2  +  1) 
=  x^  4-  6  X*  +  15  x2  +  20  +  15  x-2  +  6  X-*  +  x-«. 

8.  (2  a  +  Vxy  =  (2  ay  -f  3(2  a)2  Vx  +  3(2  a)(  Vx)2  +  (  VS)8 

=  8  a8  4- 12  a2VJ4-  6  ax  4-  x  Vx. 

9.  (a  +  o Vo)*  =  [a(l  +  Vo)]*  =  a*(l  +  Va)* 

=  a*(l*4-4).18.Va4-6.12(v^)2  4.4.1(Va)84-(Va)* 
=  a*(l  4.4Va4-6a4-4aVa4-ff2) 

=:a*4-4a*Va  4- 6  a^  4- 4  a^  Va  4- o^. 
I(v(.  +  |)'  =  l.  +  6.1..i  +  10...(l)'+.«.l.(i)' 

=  14- 12  4. 12  4. 554.  §5  J.  32 

X2        X*         X*        X8        Xio' 

"■(f-:T=«)*-'(i)1-'«(i)'(i)'-"(9"(5)' 
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\aJ     yl      \xl        \xj  y       x\yj      \yj 
^8        x^y        xy^     y^^ 

18.   (\^+  v^)«  =  (y/c^)^  +  3(v^)2^6«  4-3v^(v^)2+  (v^P)^ 
=  a2  +  3  a  \/ay/^  +  3  v^  v  P  +  b^Vb 
=  a2  +  3  a\^a*69  +  3  bVo^^  +  ft^^. 

14.   (2V^-^)«=(2l-3i)« 

=  (24)«  -  6(2^)6  .  3*  +  15(2i)*(3^)2  -  20(25)8(3*)8  +  16(2*)2(3i)* 

-6.2*(3V+(3V 
=  2«  -  6  .  2^  .  2*  .  3*+  15  .  28  .  3*-  20  .  2*  .  2^  3  +  16  •  28  .  3  .  3* 

-  6  .  2  .  2^  .  3  .  3*  +  32 
=  512  -  768  v^  +  960\/9  -  960\/2  +  360  v^  -  36  v/648  +  9 
=  521  -  768\/72  +  960v^  -  960 v^  +  360v^3  -  S6\/Q48. 

„.-(v.+iy.<,^)..3(V5,..i.,v.(-L)-+(ij 

Vx        ^        xv^ 

5-11  n-l  !!Li  1  n-1  1 

le.    («»  -.a?^)*=(x«)*-4(x  »  )8.x»  +  6(x»  )2(x^)« 

n-l      1_  1 

-4x  »  (x»)«+(x")* 

4n-4  3n-2  n+2  4 

=  x«    -4x  •»    H-6x2-4x»    +x". 

17.    (ax-2  _  6VS)6  =(ax-2)6  -  6iax-^)^hVx  +  16(ax-2)*(6A/J)3 

-  20(ax-2)8(6  Vx)8  +  15(ax-2)2(6  Vx)*  -  6  ax-2(6  Vx)5  +  (6  Vx)« 
_  ffix-^^  -  6  a^bx~^  +  16  a*62a.-7  _  20  a^bhT^  +  16  a^b^x'^ 
~6abhi^+b^2^. 

=  -1-  [(a2)8  -  6(a2)«6*  +  16(a2)4(5*)2  _  .20(a2)»(6*)8  +  16(a2)2(6^)* 

=  J_Coi2  -  60106*  +  ISflSfti  _  20  cfib^  +  I6a^b^-6a^b^  +  6») 

=  ^«.?«^  +  Ms^_20^      15_6^_6^^      6f. 
62      6-2  ^a6  o8  ««  a^  a^ 
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_x^Vxy  ■  2x8    /g     SxVxy  .  16V6 
y*         8y«  9ya     "*"  243  * 
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2.   4thterm  =  i5jLijL§oio-8  28  =  960a^ 
1.2.3 

8.  8th  term  =  ^]  '  f  '^  '/  "J  '  ^  ;^  xH-^-  y)^=~  330 x^y^. 

4.  5thterm==l?^-ii-:^5^xi2-4(_2y)4  =  7920a8y*. 

5.  20th  term  =  coef.  6th  term  times  ia4-Wx» 

_24.23.22.21.20   ,,_^    g^.    ,^ 
~      1.2.3.4.5      "^    -4^'^4^  • 

6.  18th  term  =  coef.  4th  term  times  !»-"(__  2  x)" 

^20.19.18  ^  _  131  072 x"  =-  149,422,080 x^^ 
1.2.3 

7.  13th  term  =  coef.  4th  term  times  (a2)i6-i2(_  05-2)12 

^15. 14. 13^  ^^.^^^^^^,,3 
1.2.3 

8.  Since  there  are  6  +  1  terms,  the  middle  term  is  the  (3  +  l)th. 
4th  term  =  ^'^'^  a^-\S  6)8  =  540  0858. 

9.  6th  term  =  ^0  •  ^  •  8  •  7  ■  6  ^^^.g  / 1  y  ^  252  x^  =  252. 

1.2.3.4.5  \x) 

10.  Since  there  are  8  4-  1  terms,  the  middle  term  is  the  (4  +  l)th. 

5thterm=f44l|(-)"V-2^V=70. 
1  •  2  .  3  .  4  W/       \     «/ 

11.  Since  there  are  9  +  1  terms,  the  middle  terms  are  the  5th  and  6th. 
They  have  numerically  equal  coefficients. 

5th  term  =  »-l8^'L^« f  « r-*(- 5 V=  126 «  =  M«. 
6thterm  =  126(«r'f--V  =  -126^=-;i^- 
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13.  (a»  +  ay  =  a^(^a^  +  iy. 

The  term  sought  corresponds  to  that  term  of  the  expansion  of  (a^  +  1)* 
which  contains  a*,  or  (a^)^.  This  term  is  the  third  from  the  last,  or  from 
the  6th  term.    Hence,  the  term  sought  is  the  4th. 

Coef .  4th term  =  ^'^'l  =  10. 
1 .2.3 

14.  Since  (a  -  b)^=[a(l  -  -VT  =  a^^U  -  -V^  every  term  of  the 

series  expanded  from  [1  —  j     will  be  multiplied  by  a^. 

Hence,  the  term  sought  is  that  which  contains  (— — )  »  or  ^^',  that 
is,  the  (9  +  l)th,  or  10th  term.  \  a   /  « 

10th  term  =  a^^  27  .  26  .  26  .  24  .  23  .  22  .21 .  20  .  19/     fty 
1.2.3.4.5.6.7.8.9         \     a) 
=  - 4,686,825  ai869.  (1) 

Simplifying  b  =  15"^  (143*  a*)"*,  b  = (2) 

2145*02 

Substituting  (2)  in  (1),    10th  term  =  -  4,686,826  a^s  x ^- 

(2146*a2)9 
.-.  10th  term  =-2186. 
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16.  (a  +  a:)i  =  a*  +  Ja^^  +  i^^J'^x^  +  Ki-^Ki^-^)  «i-8^ 

^  1.2.3.4 

10th  term 

= Ki-i)a-2)a-3)a-4)(i-5)a-6)a-7)a-8)^i-9^, 
1.2.3.4.5.6.7.8.9 

1.2.3.4.5.6.7.8.9 

65,536 

17.  (1  -  a)-i  =  1-1  _  (-l)l-2a  ^-lC--2)^.8^2,  -l (-2) (-^3)^,4^8 

1*2  1.2.0 

=  1  +  a  +  a2  +  a*. 

18.  (1  +  a)-i  =  1-1  +  (-1) l-2a  +  "V'^^l-^a^  +  ""^^"^^^"^^  1"^ 

1.2  1.2*0 

19.  (a  -  6)i  =  a*  -  ia'h  +  i-i^^  a"^&2  _  i(-i)(-'i)a~h^ 

1  •  2  1  •  2  .  o 
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90.    VITa  =(4  +  ar)*  =  4*+i  .  4"^+  Kllil4"*aj2+  K~i)(-|)4-la< 

1.2  1.2.3 

=  a*  +  ia~*6  -  ia"*62  +^a"^6». 

22.    v^(a^^^=.(a-6)* 

*  1.2  1.2.3 

=  a* -  to"*6  -  j%a^b^  -  xh^"*^'- 

28.    V(9  -aj)«  =(9-  X)*  =  9*-  f  •  ola;  +  lli9"ia;a-  i^itlii9"^a4i 

1.2  1»2.3 

M.   (a  +  byi  =  a~^+(-i)o~>6+=Jl=Dg-i&i»  +  -K-|)(-f?a~^&' 

1.2  1 • 2  •  3 

=  a~*  -  i a~i 6  +  |a"^62  .  ^a-JftS. 

25.  (l+x)^  =  l*  +  a.Hx  +  K-^)l-ta;2+1^(-*H-{)i-¥x» 
^         "^  ^^  1.2  1.2.3 

=  l+|X-3?jX2  +  Tf5«'- 

26.  (l-x)-«=l-«--(--3)l-*x+("f(-^)l-^^-C--^)/:;^)i-^)lH^ 

1 • 2  1.2.3 

=  l4-8x  +  6x2  +  10x8. 

27.  (a*- x-i)*  =  (a*)^  -  K«*)*a;-i  +  fli (a*)"*(x-i)2 

1*2 

=  a  —  ja*x-i  +  Ja^^x'^  +  ^a-^x-^. 

28.  (a*  -  x*)-«  =  (ab-«  - (-  6)(a*)-7x*  +  ^""^^^7^^  (a^-^C^*)* 

=  o-»  +  6  a~^«^  +  21  a-*xi  +  56  a"^a;. 

80.     >/6=vT+T  =  v^\/rn  =  2(l  +  })i 

=2[li+  i  .  1-i .  i+K=|iri(i)s+K=lX=Drt(j)s+. . .] 

=  2[l  +  i-Th  +  TAi ]  =  V^  =2.236. 
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81.  >/l7=Vl6Tl=Vl6vT+^=  4(1 +,)»)* 

=  4[li  +  i  .  1-i .  ^,  +  K=ii  l-i(^)2 

=  4[l  +  A-WlT  +  »?JjT ]  =  4  +  tWA  =  4.128. 

82.  \^  =  1/25+1  =\^Vl  +  A  =  5(1  +  A)i 

=  5[li  +  i  •  H  •  A  +  i^  1"*(A)« 

=  6  +  .1  -  .001  4-  .00002  =  5.099. 

83.  v^  =  v^7^nS=v^\/r^=8(l-;^)i 

=  3[i*  - 1 .  ri .  3^  +  K=ili-J(^)-^  -  *^-S^  ^"*^^^'  +  •  •  -J 

'^3_^ 4 40  J 

27      8.272      27* 
=  3  -  ^fii\  =  3  -  .0769  =  2.924. 

84.  v^=v^8TT=  v^vTTi  =  2(l4-i)* 

==  2[i*  +  i  a-* .  i  +  ii:zl)  i-4(j)2  +  K:z^^ 

_.  ori  _L  _i L_  +  —^ "I 

^3.8      9.82^81.88  -■ 

=  2  +  ^^  =  2.080. 
92.88 

36.    V^SO  =  v^32-2  =  v^\/r^  =  2(1  -  ^)^ 

=  2[li-i.ri.^V  +  *^l"*(A)^ ] 

=  2[l-A-TAir ]=2-  .0256  =  1 .  974. 

LOGARITHMS  . 
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16.   log  1050  =  3.0212  17.   log  1270  =  8.1038 

log  1060  =  3.0253  log  1280  =  3.1072 

Tab.  Diff.  =         41  Tab.  Diff.  =         34 

A_  .2^ 

Tab.  Diff.  x  .4  =         164  Tab.  Diff.  x  .2  =  68 

log  1050  =  3.0212  log  1270  =  3.1038 

log  1054  =  3.0228  log  1272  =  3.1045 
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18. 

log  .0166 

=  2.2176 

94. 

log  .09090 

=  2.9686 

Adding  10- 

10, 

=  8.2175  -  10 

log  .09100 

=  2.9690 

19. 

log  1900 
log  1910 

=  8.2788 
=  3.2810 

Tab.  Diff. 

4 
.6 

Tab.  Diff. 

=         22 
.6 

Tab.  Diff.  X 
log  .09090 

.6 

2 

=  2.9586 

Tab.  Diff.  X 
log  1900 

.6 

132 
=  8.2788 

log  .09096 
Adding  10  - 

10, 

=  2.9588 

=  8.9588  -  10 

log  1906 

=  3.2801 

95. 

log  .10100 

=  1.0043 

90. 

log  21.00 

=  1.3222 

log  .10200 

=  1.0086 

log  21.10 

=  1.3243 

Tab.  Diff. 

=         43 

Tab.  Diff. 

=         21 

.26 

.9 

Tab.  Diff.  X 

.26 

=         1075 

Tab.  Diff.  X 
log  21.00 

.9 

189 
=  1.3222 

log  .10100 

=  1.0043 

log  21.09 

=  1.3241 

log  .10126 
Adding  10  - 

10, 

=  1.0054 

=  9.0064  -  10 

83. 

log  441.0 
log  442.0 

=  2.6444 
=  2.6464 

96. 

log  64.600 
log  54.700 

=  1.7372 
=  1.7380 

Tab.  Diff. 

10 
.1 

Tab.  Diff. 

8 
.76 

Tab.  Diff.  X 
log  441.0 

.1 

1 
=  2.6444 

Tab.  Diff.  X 
log  64.600 

.76 

6 

=  1.7372 

log  441.1 

=  2.6445 

log  64.676 

=  1.7378 

28. 

log  .7850 

=  1.8949 

97. 

log  .09880 

=  2.9948 

log  .7860 

=  1.8964 

log  .09890 

=  2.9962 

Tab.  Diff. 

6 

4 

Tab.  Diff. 

4 

.5 

=           2 

Tab.  Diff.  X 

.4 

=           2 

Tab.  Diff.  X 

.6 

log  .7850 

=  1.8949 

log  .09880 

=  2.9948 

log  .7864 

=  1.8961 

log  .09886 

=  2.9960 

Adding  10  - 

10, 

=  9.8951  -  10 

Adding  10  - 

10, 

=  8.9960  -  10 
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6.  Given  mantissa,  .6669. 

Mantissa  next  less,  .6665 ;  figures  corresponding,  464. 

Difference,  ^ 

Tabular  difference,  101  4  |. 4 

Figures  corresponding  to  given  mantissa,  4644. 
Hence,  the  number  corresponding  to  1.6669  is  46.44. 

7.  Given  mantissa,  .7971. 

Mantissa  next  less,  .7966 ;  figures  corresponding,  626. 

Difference,  5 

Tabular  difference,  U  ^  LI 

Figures  corresponding  to  given  mantissa,  6267. 
Hence,  the  number  corresponding  to  2.7971  is  626.7, 


Digitized  by 


Google 


430]  LOGARITHMS  415 

8.  Given  mantissa,  .9545. 

Mantissa  next  less,  .9542  ;  figures  corresponding,  900. 

Difference,  3 

Tabular  difference,  5|  8  \.Q 

Figures  corresponding  to  given  mantissa,  9006. 
Hence,  the  number  corresponding  to  3.9545  is  9006. 

9.  Given  mantissa,  .8794. 

Mantissa  next  less,  .8791 ;  figures  corresponding,  757. 

Difference,  3 

Tabular  difference,  6|  3  |.5. 

Figures  corresponding  to  given  mantissa,  7575. 
Hence,  the  number  corresponding  to  0.8794  is  7.575. 

10.  Given  mantissa,  .9371. 

Mantissa  next  less,  .9370  ;  figures  corresponding,  866. 

Difference,  1 

Tabular  difference,  5]  1  |.2 

Figures  corresponding  to  given  mantissa,  8652. 
Hence,  the  number  corresponding  to  2.9371  is  866.2. 

11.  Given  mantissa,  .8294. 

Mantissa  next  less,  .8293  ;  figures  corresponding,  675. 

Difference,  1 

Tabular  difference,  6|  1  [.2 

Figures  corresponding  to  given  mantissa,  6752. 
Hence,  the  number  corresponding  to  0.8294  is  6.752. 

12.  Given  mantissa,  .9039. 

Mantissa  next  less,  .9036  ;  figures  corresponding,  801. 

Difference,  3 

Tabular  difference,  ^1  3  [^ 

Figures  corresponding  to  given  mantissa,  8015. 
Hence,  the  number  corresponding  to  1.9039  is  80.15. 

13.  Given  mantissa,  .3685. 

Mantissa  next  less,  .3674  ;  figures  corresponding,  233. 

Difference,  11 

Tabular  difference,  18|  11  |.6 

Figures  coiTesponding  to  given  mantissa,  2336. 

Since  the  characteristic  is  9  —  10,  or  —  1,  the  number  corresponding  to 
^he  logarithm  9.3685  -  10  is  .2336. 

14.  Given  mantissa,  .9932. 

Mantissa  next  less,  .9930 ;  figures  corresponding,  984. 

Difference,  2 

Tabular  difference,  4|  2  |.5 

Figures  corresponding  to  given  mantissa,  9845. 

Since  the  characteristic  is  8  —  10,  or  —  2,  the  number  corresponding  to 
the  logarithm  8.9932  -  10  is  .09845. 
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16.     Given  mantissa,  .9635. 

Mantissa  next  less,  .9683 ;  figures  corresponding,  898. 

Difference,  2 

Tabular  difference,  ^  2  [^ 

Figures  corresponding  to  given  mantissa,  8984. 

Since  the  characteristic  is  8  —  10,  or  ~  2,  the  number  corresponding  to 
the  logarithm  8.9535  -  10  is  .08984. 
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log  3.8 
log  56 


:  0.6798 
:  1.7482 


log  of  product    : 
2.3280 

3.8  X  56 : 

log  72 

log  39 : 


:  2.3280 
:  log  212.8 
:  212.8. 

:  1.8573 
:  1.6911 


log  of  product    : 
3.4484 

72  X  39  : 

log  8.6 
log  6.2 


6. 


:  3.4484 
:  log  2808 
:2808. 

=  0.9294 
:  0.7924 


log  of  product    : 
1.7218 

8.6  X  6.2 : 

log  1.64 

log  36 I 


: 1.7218 
:  log  52.70 
:  52.7. 

:  0.2148 
:  1.5441 


log  of  product    : 
1.7689 

1.64  X  36  : 

log  2.26 

log  86 : 


:  1.7589 
:  log  67.40 
:  67.4. 

:  0.3541 
: 1.9294 


log  of  product    : 
2.2835 

2.26  X  86  : 

log  7.26 

log  240 : 


:  2.2836 
:  log  192.1 
:  192.1. 

:  0.8603 
:  2.3802 


log  of  product    : 

3.2406 

.%      7.26  X  240  : 


:  3.2405 
:  log  1740 
; 1740. 


8.   log  3272 
log  75 


11. 


:  3.5148 
:  1.8751 


log  of  product    : 

5.3899 

.-.       3272  X  75  : 

9.   log  .892 
log  .805 


:  5.8899 

:  log  245,400 

:  245,400. 

:    9.9504 -10 
:    9.9068-10 


log  of  product    =  19.8562  -  20 

=  1.8562 
1.8662  =  log  .7182 

.-.     .892  X  .805  =  .7182. 


10.   log  289 

log  .7864 


2.4609 
9.8951  - 10 


log  of  product.  =  12.3560  —  10 
2.8560 
log  227.0 
227. 


2.3560 

/.    289  X  .7864 

log  42.37 

log  .2.36 


1.6271 
9.3729  — 10 


log  of  product    =  11.0000  — 10 
:    1.0000 
:  log  10.00 

:10. 


1.0000 

/.  42.37  X  .2 


12.   log  2912 
log  .7281 


3.4642 
9.8622  -  10 


log  of  product    =  13.3264  —  10 
=   3.3264 
log  2120 
2120. 


3.3264 

/.  2912  X  .7281 


18. 


log  1.414 
log  2.829 


=  0.1504 
=  04516 


log  of  product     =  0. 6020 
0.6020  =  log  3.999 

.-.  1.414  X  2.829  =  3.999. 
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log  3025 
log  65 


:  3.4807 
:  1.7404 


Page  432 
10. 


log  of  quotient  : 

1.7403 

/.       3025  -T-  56  : 

log  4090 

log  32 : 


:  1.7403 
:  log  54.09 
64.99. 

:  3.6117 
:  1.5061 


log  of  quotient  : 
2.1066 

4090  -f.  32 : 

log  3250 
log  67 


:  2.1066 
:  log  127.8 
:  127.8. 

:  3.6119 
: 1.7659 


log  of  quotient  : 
1.7560 

3250  -5-  57  : 


: 1.7560 
:  log  67.01 
:  67.01. 


log  2.816 
log  22.6 


11. 


12. 


:  10.4496  - 10 
:    1.3622 


log  of  quotient  : 

9.0974  -  10 

.-.  2.816 -=- 22.5  : 

log  4 
log  .00521 


:   9.0974-10 
:  log  .1261 
:  .1251. 

:  10.6021  - 10 
:    7.7168-10 


log  of  quotient 

2.8863 

.-.      4  -^  .00521  : 

log  26 
log  .06771 


:    2.8863 
:  log  767.8 
:  767.8. 

=  11.4160 -10 
:    8.8307-10 


log  of  quotient  : 

2.6843 

.-.    26  -J-  .06771 : 


:    2.6843 
:  log  384.0 
:  384. 


log  .2601 
log  .68 


19.4152-20 
:    9.8326-10 


log  of  quotient 
9.5827-10 
/.     .2601  -5-  .68 


:    9.6827-10 
:  log  .3825 
:  .3826. 


18. 


logl 
log  40 


;  10.0000  -  10 
:    1.6021 


log  (1  -  40) 
8.3979  -  10 

1  -^  40  : 


:    8.3979-10 
:  log  .0260 
:  .025. 


7. 


log  3950 
log  .250 


:  13.5966  - 10 
:    9.3979-10 


log  of  quotient  = 

4.1987 

.-.     3950  -5-  .250 : 

log  10 

log  3.14 = 


=    4.1987 
:  log  15,800 
=  15,800. 

:  1.0000 
:  0.4969 


log  of  quotient  : 
0.6031 

10-3.14: 


:  0.5031 
:  log  3.186 
:  3.185 


14. 


15. 


logl 
log  76 


=  10.0000-10 
:    1.8761 


log  of  quotient  : 
8.1249  -  10 

1  --  75  : 

log  200 
log  .6236 


:    8.1249-10 
:  log  .01333 
: .01333. 

:  12.3010  - 10 
:    9.7190-10 


log  of  quotient  : 

2.6820 

.-.    200 -5- .5236: 


2.5820 
:  log  381.9 
:  381.9. 


log  .6911 
log  .7854 


=  19.8396-20 
=   9.8951  -  10 


log  of  quotient  =    9.9445  — 10 
9.9446  -  10        =  log  .8800 
.-.  .6911  -  .7864  =  .88. 


16. 


log  800 
log  17.32 


=  2.4771 
=  1.2386 


log  of  quotient  =  1.2386 
1.2386  =  log  17.32 

.-.    300  -V- 17.32  =  17.32. 


17. 


log  .220 
log  .3183 


=  19.3424  -  20 
=    9.5028-10 


log  of  quotient  =    9.8396  -  10 
9.8396-10        =    log  .6912. 
.-.  .220  -^  .3183  =  .6912. 


STAND.   ALO.   KET  —  27 
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log  110 
log  3.1 
log  .653 
colog  33 
colog  7.854 
colog  1.7 


log  of  result 
.*.  result 


Page  433 


2.0414 
0.4914 
9.8149  - 10 
8.4815  - 10 
9.1049-10 
9.7696  - 10 

39.7037-40 

.5054. 


log  15 
log  .87 
log  26.16 
colog  88 
colog  .18 
colo^  6.67 


log  of  result 
.*.  result 


1.1761 

9.5682-10 

1.4176 

8.0556 -10 

0.7447 

9.1769-10 


:  30.1380  - 
:  0.1380 
:  1.374. 


30 
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4.   In  accordance  with  §  578,  treat 
negative  numbers  as  positive, 
log  3.04  =   0.4829 

log  .2608  =    9.4163  -  10 

.     colog  2.046  =    9.6891  -  10 

colog  .06219        =    1.2063 
log  of  result        =  20.7946  -  20 
.-.result  =   6.231. 

By  law  of  signs  result  is  negative. 
.-.  result  =  -  6.231. 


7.  In  accordance  with  §  578,  treat 
negative  numbers  as  positive. 

log  .4051  =    9.6076  -  10 

log  12.45  =    1.0952 

colog  8.988  =    9.0463-10 

colog  .01442         =    1.8410 
log  of  result         =  21.5901  —  20 
.-.result  =38.92 

By  law  of  signs  result  is  positive. 


log  600 

=    2.7782 

8. 

log  78 

=    1.8921 

logs 

=    0.6990 

log  52 

=    1.7160 

log  29 

=    1.4024 

log  1605 

=    8.2065 

colog  .7854 

=    0.1049 

colog  338 

=    7.4711  — 

10 

colog  25000 

=    5.6021  -  10 

colog  767 

=    7.1152- 

10 

colog  81.7 

=    8.0878  -  10 

colog  431 
log  of  result 

=    7.3655- 
=  28.7654  — 

10 

log  of  result 

=  18.7344  -  20 

30 

/.  result 

=  .05425. 

.'.  result 

=      .05826. 

log  3.516 

=    0.5460 

log  485 

=    2.6857 

9. 

log  .5 

=    9.6990- 

10 

log  65 

=    1.8129 

log  .815 

=    9.4983  - 

10 

colog  3.33 

=    9.4776-10 

log  428 

=    2.6314 

colog  17 

=    8.7696-10 

colog  .817 

=    0.4989 

colog  18 

=    8.7447-10 

colog  .973 

=    0.0119 

colog  73 

=    8.1367-10 
=  40.1732-40 

colog  48.7 

=    8.3595- 

10 

log  of  result 

log  of  result 

=  30.6990  - 

30 

=    0.1732 

=   0.6990 

.•.  result 

=    1.49. 

.-.  result 

=  5. 

Page  435 

log  7 

=  0.8451 

8. 

log  11 

=  1.0414 

2  log  7 

=  1.6902 

2  log  11 

=  2.0828 

1.6902 

=  log  49.00 

2.0828 

=  log  121.0 

.-.  72 

=  49. 

.-.  112 

=  121. 
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4.   In  accordance  with  §  678,  treat    14.   In  accordance  with  §  678,  treat 
negative  numbers  as  positive.  negative  numbers  as  positive^ 


log  47  =  1.6721 

2  log  47  =  3.3442 

3.3442  =  log  2209 

...(-47)2  =2209. 

By  law  of  signs  result  is  positive. 


log  7  =  0.8451 

4  log  7  =  3.3804 

3.3804  =  log  2401 

.-.  (-7)*  =2401. 

By  law  of  signs  result  is  positive. 


5. 

log  4.9 
2  log  4.9 
1.3804 

=  0.6902 

=  1.3804 

15. 

log  1.02 

=  0.0086 

=  log  24.01. 
=  24.01. 

5  log  1.02 

=  0.0430 

.-.4.92 

0.0430 

=  log  1.104 

.-.  1.026 

=  1.104. 

6. 

log  6.2 

=  0.7160 

2  log  5.2 

=  1.4320 

16. 

log  1.738 

=  0.2400 

1.4320 

=  log  27.04 

3  log  1.738 

=  0.7200 

.-.  5.22 

=  27.04. 

0.7200 
.-.  1.7388 

=  log  5.248 
=  6.248. 

7. 

log  .78 

=  9.8921  -  1 

10 

2  log  .78 
19.7842  —  20 

=  19.7842- 
=  log  .6084 
= .6084. 

20 

17. 

\og^%=\osA6 

=  9.1761-10 

.-.  .782 

2  log  A 

=  18.3522-20 

18.3522  -  20 

=  log  .0225 

8. 

log  8.05 
2  log  8.05 

=  0.9058 
=  1.8116 

.-.  (A)" 

=  .0225. 

1.8116 

=  log  64.80 

18. 

log  1  =  colog  7 

=  9.1549-10 

.-.  8.052 

=  64.8. 

SloU 
27.4047  -  80 

=  27.4647-30 
=  log  .002915 

9. 

log  8.33 
2  log  8.33 
1.8412 

=  0.9206 
=  1.8412 
=  log  69.37 

.-.  (*)» 

=  .002915. 

.-.8.332 

=  69.37. 

19. 

log  64 

=  1.8062 

log  6.61 

=  0.8202 

colog  869 

=  7.0610-10 

10. 

l0gTVW  =  l0gA^ 

j=  8.8672-10 

3  log  6.61 

=  2.4606 

17.73^4  -  20 

=  17.7344-20 

2.4606 

=  log  288.8 

=  log  .005425 

.-.  6.618 

=  288.8. 

•••  (iVW)" 

= .005425. 

11. 

log  .714 

=  9.8537  -  : 

LO 

2  log  .714 

=  19.7074- 

20 

SO. 

log  675 

=  2.8293 

19.7074-20 

=  log  .5098 

colog  4121 

=  6.3860-10 

.-.  .7142 

=  .5098. 

logA^ 

=  9.2143-10 

12. 

log  4.07 

=  0.6096 

ae^3o 

=27.6429-30 
=  log  .004394 

3  log  4.07 

=  1.8288 

••-  (A=^)» 

=  .004394. 

1.8288 

=  log  67.42 

.-.4.078 

=  67.42. 

21. 

log3fh=colog243=  7.6144-10 

13. 

log  .543 

=  9.7348  - 

10 

.4  1og^i^ 

=  3.0458-  4 

3  log  .543 

=  29.2044- 

30 

=  9.0468-10 

29.2044  -  30 

=  log.  1601 

9.0458  -  10 

=  log.  11 11 

.-.  .6438 

=  .1601. 

.-.  (nh)-* 

=  .1111. 
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3. 


log  226 
i  log  226 
1.1761 

.-.225^ 

log  12.26 
i  log  12.26 
0.6441 

.-.  12.26* 


4.  log  .2023 

4  log  .2023 
0.6630  -  10 

.-..2023* 

5.  log  326 

i  log  326 
1.2566 


6. 


log  .612 
4  log  .612 
9.9031  -  10 

.-.  .612*     • 


7.   log  .1182 
i  log  .1182 
9.5363  -  10 

.-.  .1182* 


=  2.3622 
=  1.1761 
=  Iqg  16.00 

=  16. 

=  1.0882 
=  0.6441 
=  log  3.600 

=  3.6. 

=19.3060-20 
=  9.6530-10 
=  log  .4498 

=  .4498. 

=  2.6132 
=  1.2566 
=  log  18.06 

=  18.06. 

=29.7093-30 
=  9.9031-10 
=  log  .8000 

=  .8. 

=  19.0726-20 
=  9.5303-10 
=  log  .3438 

= .3438. 


18. 


13. 


8.   In  accordance  with  §  678,  treat 
negative  numbers  as  positive, 
log  1331  =  3.1242 

4  log  1331  =  1.0414 

1.0414  =  log  11.00 

.-.1331*  =11. 

By  law  of  signs  result  is  negative. 

^i         =  -  11. 


.-.  (-1331)' 

9.   log  1024 
.7  log  1024 
2.1072- 

.-.  1024^?' 

10.   log  .6724 
i log  .6724 
9.9138-10 

.-.  .6724* 


=  3.0103 
=  2.1072  • 
=  log  128.0 

=  128. 

=  19.8276-20 
=  9.91.S8-10 
=  log  .8200 

=  .82. 


16. 


17. 


18. 


19. 


log  6.929 
i  log  6.920 
0.3866 

.-.  6.929* 

log  .4624 
4  log  .4624 
9.8326  -  10 

.-..4624* 

log  1.4641 
J  log  1.4641 
0.0414 

.-.  1.4641* 


14.   log  2 
4  log  2 
0.1506 

.-.  V2 

16.   logs 
JlogS 
0.2;586 
.-.  V3 


log  6 
ilog6 
0.3496 
.-.  V6 

log  6 
ilog6 
0.3891 
.-.  V6 

log  2 
ilog2 
0.1003 
.-.  ^ 

log  4 

}log4 

0.1506 

.-.  M 


11.  log  6.929  =0.7730 

=  0.3866 
=  log  2.435 

=  2.436. 

=  19.6660-20 
=  9.8325-10 
=  log  .6800 

=  .68. 

=  0.1656 
=  0.0414 
=  log  1.100 

=  1.1. 

=  0.3010 
=  0.1506 
=  log  1.414 
=  1.414. 

=  0.4771 
=  0.2386 
=  log  1.732 
=  1.732. 

=  0.6990 
=  0.3496 
=  log  2.236 
=  2.236. 

=  0.7782 
=  0.3891 
=  log  2.449 
=  2.449. 

=  0.3010 
=  0.1003 
=  log  1.260 
=  1.26. 

=  0.6021 
=  6.1505 
=  log  1.414 
=  1.414. 

20.  In  accordance  with  §  578,  treat 
negative  numbers  as  positive, 
log  2  =0.3010 

i  log  2  =  0.0602 

0.0602  .   =  log  1.149 

By  law  of  signs  result  is  negative. 
.-.  V^^  =-1.149. 
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21. 


22. 


log  .027 
i  log  .027 
9.4771  -  10 

V30J 
log  154 
colog  5 


26. 


=  28.4314-30 
=  9.4771-10 
=  log  .3000 

:.3. 

:    2.1875 

:   9.3010-10 


log  of  result 

i  log  of  result 
.7443 
.-.  V30J 
28.  log  .90 
i  log  .90 
9.9771  - 10 
.-.  V:90 

24.  log  .62 

i  log  .62 
9.8680  -  10 

.-.  v:&2 

25.  log  .032 

i  log  .032 
9.7010  -  10 
.-.  v'."032 


176 


28. 


log  62 
log  62 
log  300 
colog  12 
colog  .31226 
colog  400000 


log  result 
.'.  result 


=  19.7333-20 
=     .6411. 


log  400 
colog  66 
colog  3.1416 


2.6021 
8.2696  -  10 
9.6029-10 


log  result^ 
log  result 
.-.  result 


0.3646 
0.1823 
1.622. 


=  11.4886-10 
=    1.4886 
=  .7443 
=  log  6.66 
=  6.66. 

=  19.9542-20 
=   9.9771-10 
=  log  .9486 
=  .9486. 
=  19.7160-20 
=   9.8580-10 
=  log  .7212 
=  .7212. 
=  48.5061-50 
=   9.7010-10 
=  log  .6023 

=  .6023. 


80. 


log  23.5  =  0.3010x3.5 

=  1.0636      (1) 

log8iffl  =  0.9031x1.63 

=  1.4721      (2) 

Subtracting  (2)  from  (1), 

l^^S  =9.6814-10 

log  60  =  1.6990 


log  result 
>  result 


=  1.2804 
=  19.07. 


81.    In  accordance  with  §  678,  treat 
negative  numbers  as  if  positive. 
log  1.6 =  0.2041 


i  log  1.6 
log  14.6 
colog  11 


=  0.0680 
=  1.1614 
=  8.9686-10 


16  X  3.1416     15  X  .0714 
log  4  =  0.(J021 

colog»16'  =  8.8239-10 

colog  .0714  =  1.1163 

log  result  =  10.5723  —  10 

=  0.6723 
.-.  result  =  3.735. 

27.    In  accordance  with  §  678,  treat 
negative  numbers  as  positive, 
log  1002  =  4.0000 

colog  48  =  8.3188-10 

colog  64  =  8.1938  -  10 

colog  11 =  8.9586  -  10 

log  result  =29.4712  -  30 

.-.  result  =.2959. 

By  law  of  signs  result  is  positive. 
1.7160 
1.7160 
2.4771 
8.9208-10 
0.6066 
4.3979-10 


log  result  =  10.1880  -  10 

=  0.1880 
.-.  result  =  1.542. 

By  law  of  signs  result  is  negative. 
.-.  result  =  —  1.642. 


82. 


4 


.434  X  96* 
64  X  1600 

log  .434 

colog  15 


^96^   U34 
80  \  15 
=  9.6376  -  10 
=  8.8239  -  10 


log 


U34 
^l6" 
log  962 
colog  80 


2J  18.4614 -20 
=  9.2307  -  10 

=  3.9646 

=  8.0969  -  10 


log  result 
.*.  result 


88. 


=  21.2922-20 
=  1.2922 
=  19.6. 

1800 


.32  X  6000  X  18 

3.14  X. 1222x8    3.14  X. 0611 
log  1800  =  3.2563 

colog  3.14  =  9.5031-10 

colog  .0611  =  1.2140 


log  result 
.*.  result 


=  13.9724-10 
=  3.9724 
=9384. 


Digitized  by 


Google 


422 


KEY  TO  STANDARD  ALGEBRA 


[436 


84. 


log  11 
log  2.63 
log  4.263 
colog  48 
colog  3.263 

=  1.0414 
=  0.4200 
=  0.6297 
=  8.3188-10 
=  9.4864  -  10 

log  result 
.'.  result 

=  19.8963-20 

=     .7876. 

=  3.4429 
=  1.7215 

.-.  result  =62.66. 

By  law  of  signs,  result  is  positive. 


llog?^ 
2     ^  1.06* 


35.   In  accordance  with  §  578,  treat 
negative  numbers  as  if  positive, 
log  1.06  =  0.0253 

4  log  1.06  =  0.1012 


86. 


colog  1.06* 
log  3500 


=  9.8988-10 
=  3.5441 


log 


3600 
1.06* 


=  2ix(i)*x(1.6)^  x(.l)i 
ilog2  =  0.1505 

I  log  .25  =  9.7993  -  10 

I  log  1.5  =  0.0587 

llog.l  =  9.5000-10 


=  13.4429-10 


log  result 
.-.  result 


=  19.5085- 
=.3225. 


20 


87.   Given 

A  =  irr2. 
Substituting  the  given  values, 

A  =  3.1416  X  (12.36)2. 
Then, 

log  A  =  log  3.1416  +  2  log  12.36 
log  3.1416  =  0.4971 

2  log  32.35  =  2.1834 

.-.  log  ^  =  2.6806 
A  =  479.2. 
Hence,  the  area  of  the  circle  is  479.2  square  metera. 

38.'  Given 

F=f  irr.8 
Substituting  the  given  values, 

F=  J  X  3.1416  X  (40.11)«. 
Then, 

log  F=  log  4  +  colog  3  +  log  3.1416  +  3  log  40.11. 
log  4=    0.6021 
colog  3=    9.5229-10 
log  3.1416=    0.4971 

3  log  40.11=    4.8096 
.-.log  F=  15.4317-  10 

log  F=    5.4317 
F=  270,200. 
Hence,  the  volume  of  the  sphere  is  270,200  cubic  centimeters. 


89.   Given 

F=.7864d2i. 
Expressing  the  length  of  the  diameter  in  feet, 

.3648  inches  =  .0304  feet. 
Substituting  the  given  values  in  (1), 

1  =  .7854  X  (.0304)2^. 


(1) 
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Then, 

log  Z  =  log  1  +  colog  .7864  +  2  colog  .0304. 
logl=   0.0000 
colog  .7864  =     .1049 
2  colog  .0304=   3.0342 
\ogl=    3.1391 
.-.  Z  =  1378. 
Hence,  1378  feet  of  No.  00  wire  can  be  made  from  a  cubic  foot  of  copper. 

Page   438 


7. 


10. 


17 


\,                  3*  =  81  =  3*. 

11. 

6««  =  626  =  6*. 

.-.  ar  =  4. 

.•.a:6  =  4. 

r.              4«  =  10. 

,.,x=</l=</2. 

a;  log  4  =  log  10  = 

1. 

12. 

2»*  =  612  =  29. 

•  X-     1 

.-.  x2  =  9. 

log4 

.-.  x=  dz3. 

1 

13. 

(2«)2  =  266  =  162. 

0.6021 

.-.  2»  =  16    =2*. 

.•.log  a;  =  colog  .6021 

.-.  x  =  4. 

=  0.2203. 

14. 

r3»  =  2y,                    (1) 
\4«  =  20y.                  (2) 

.-.  a;  =  1.660. 

\.                   2«  =  80. 

a;  log  2  =  log  80 

4«  =  10  .  2  y  =  10  .  3«. 

.\  X  log  4  =  log  10  +  a;  log  3. 

•  X-           1 

log  2 

log4-log3 

1.9031 

-      ^      -8 

0.3010 

0.1260 

log  1.9031  =  0.2796 

By  (1),  logy  =  x  log  3  -  log  2 

log    .3010  =  1.4786 

=  8  log  3  -  log  2 
=  3.6168. 

.-.log  a;  =  0.8009 

.'.  y  =  3279. 

.-.  a;=3.323. 

15. 

32x  _  36  .  3*  +  243  =  0. 

I                  3»*  =  92«  =  (32)2». 

(3»-9)(.3«-27)=0. 

.-.3*  =  9  or  27;  that  is. 

.'.  3«*  =  3**. 

H 

.•.a;2±=4a;. 

3*  =  32  or  38. 

.-.  x  =  4or0. 

.-.  a  =  2or3. 

).                 28"  =  512  =  2« 

16. 

log  log  X  =  log  2. 

.-.  3«'  =  9=32. 

.-.  log  a;  =  2. 

.-.2/  =  2. 

.-.a;  =  102  =  100. 

r. 

=  6, 

(1) 

=  3y. 

(2) 

By  (1), 

2*+y 

=  2. 

3.                                               (3) 

Dividing  (3)  by  (2), 

2^-1 

=  2. 

31-^ 

2y-2 

=  31- 

■y. 

.-.  (2/- 

.2)  log  2 

=  (1 

-2/)log3. 

(log2+log3)2/ 

=  log3  +  21og2  =  log(3.2a). 

(log6)y 

=  log 

:12, 
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•  y  = 


log  12  _  1.0792 


By  (1), 


log  6      0.7782 
log  y  =  log  1.0792  -  log  .7782  =  0. 1420. 
.-.  y  =  1.387. 
(a;  +  y)log2  =  log6. 

j.^log6-"ylog2^1og6 

log  2  log  2      ^ 

-"•"«V  1.387 


• 

0.3010 

by  logarithms, 

=  2.686  -  1.887  =  1.198. 

18. 

=  32, 

(1) 

=  4. 

(2; 

By  (1), 

22«+?r: 

=  2«. 

3) 

By  (2), 
By  (3), 
By  (4), 

22*-»: 

=  22. 

(4) 

2a:  +  2y  : 

=  6. 

(6) 

2x-y-. 

=  2. 

(6) 

Solving  (6) 

and  (6), 

X: 

=iy  =  i. 

19. 

f2« 

=y, 

(1) 

=  l  +  logy. 

(2) 

By  (1)  and 

(2), 

X 

=  l  +  log2«  = 

=  l  +  xlog2. 
1 

.'.  X 

l-log2 

.6990- 

logx 

=  colog  .6  >90 

=  0.1565. 

.*.  X 

=  1.4306. 

By  (2), 

logy 

=  X  -  1  =  0.4306. 

.••y 

=  2.696. 

Page  439 


2.  A  =  P(l  +  r)*  =  226  x  1.086. 
log  226  =  2.3622 

log  1.086  =0.1670 


log^ 

.'.  amount 


=  2.6192 
=  $330.60. 


8.  ^  =  P(l  +  r)**  =  700  X  1.066. 
log  700  =  2.8461 

log  1.066  =0.1266 


log^ 
.*.  amount 


=  2.9716 
=  $936.70. 


A  =  P(l-h  r)«  =  400  X  1.0310. 
log  400  =  2.6021 

log  1.031Q  =  0.1280 


log^ 

.'.  amount 


=  2.7301 
=  $637.10. 


A  =  P(l-h  r)"  =  1200  X  1.04*\ 
log  1200  =  3.0792 

logl.04»  =  0.3400 


log^ 
.*.  amount 


=  3.4192 
=  $2625. 
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6.   log  P  =  log  ^  -  n  log(l  4-  r) 
=  log  1000 -10  log  1.06. 
log  1000  =  3.0000 

10  log  1.06  =  0.2120 


logP 

.-.  principal 


=  2.7880 
=  $613.70. 


7.  log  P  =  log  ^  -  nlog  (1  +  r) 
=  log743-201ogl.02. 
log  743  =2.8710 

20  log  1.02  =0.1720 


logP 

.*.  principal 


=  2.6990 
=  $600. 


Digitized  by 


Google 


440,441] 


LOGARITHMS 


425 


8.  log  P  =  log  -4  —  n  log  (1  +  r) 

=  log  1600-  10  log  1.04. 
log  1600  =3.1761 

10  log  1.04  =0.1700 

logP  =3.0061 

.'.  principal  =  $1014. 

9.  log  P  =  log  ^  —  n  log  (1  +  r) 

=  log  1000 -21  log  1.04 
log  1000  =  3.0000 

21  log  1.04  =0.3570 

log  P  =  2.6430 

.*.  principal  =$439.60. 

,_  log  ^  -  log  P 

10.  n  =    f    ...   .     N 
log(l  +  r) 

_  log  1834.6 -log  800 
log  1.06 
log  1834.6  =  3.2635 

log  800 =  2.9031 

DifE.  of  logs  =  0.3604 

log  1.06  =  0.0212 

.3604  -T-  .0212  =  17. 
Hence,  the  time  is  17  years. 

Page 

2.  ^=^[Cl  +  r)»-l] 
=  ^  [1.04^0  _  13 

=  626[1.04»>-1], 
By  logarithms, 
1.0420  =2.188 

.-.1.0430-1  =1.188 


11.  ^  =  P(l  +  r)*. 


=Vf 


1. 


log  402 
log  300 


=  2.6042 
=  2.4771 


log  (402  +  300)  =  0.1271 
i  log  (402  -5-  300)  =  0.0212 
0.0212  =  log  1.05 

.•.r  =  1.05-1     =.06; 
I.e.  rate  =  60/,. 


log^-logP 
log(l  +  r) 
_log2000- log  1000 
log  1.06 
log  2000  =3.3010 

log  1000 =3.0000 

DifP.  of  logs  =  0.3010 

log  1.06  =0.0263 

.3010  -^  .0263  =  11.9,  nearly. 
.  •.  time  =  11.9  years,  nearly. 
441 

4.  From^  =  -[(H-r)"-l], 


a  = 


Ar 


(l+r)»-l 
1000  X  .06  50 


log  625 
log  1.188 


=  2.7959 
=  0.0748 


1.0510-1  1.0510-1 
By  logarithms, 

1.0610  =  1.629 

.-.  1.0610-1  =    .629 


,-.  log^  =2.8707 

•.  amount  =  $742.60. 


8. -4  =  ^[(l  +  r)*-l] 

By  logarithms, 
1.03626  =  2.358 

.-.1.03526-1  =1.358 

log  17.76                  =1.2494 
log  1.368  =0.1329 

colog  .036 =  1.4659 


log  60 
colog  .629 


=  1.6990 
=  0.2013 


log  a  =  1.9003 

.-.  annuity  =  $79.48. 

6.  From  ^  = -[(1  +  r)*- 1], 

Ar 


(1  +  r)»  -  1 

5000  X  .03  150 


1.031^  -  1  1.0312  «  1 
By  logarithms, 

1.0312  =  1.424 

.-.  1.0312-  1  =    .424 


log  150 
colog  .424 


=  2.1761 
=    .3726 


.-.  log^                   =2.8382 

.  -.  log  a 

=  2.6487 

.-.amount  =  $689. 

.-.  annuity 

=  $363.80. 
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^^q    (l+r)^-l  a     (l+r)"-l 

r        (1  +  r)*  *•  ^     r         (1  +  r)* 

^300     1.046-1  _,1000     1.04620  - 1 

.04  '      1.046  .045  *      1.045«> 

-  7RnA     IQ^^  -  1  By  logarithms, 

""                 1.046     •  1.04620                  =2.41 

By  logarithms,  .-.1.04620-1      =1.41 

1.046                     =1.216  log  1000                =3.0000 

.  •.  1.046  _  1         _    .216  log  1.41                 =  0.1492 


log] 
colo 


log  7600                =3.8761  colog.046             =1.3468 

log  .216                 =  9.3346  -  10  colog  1.04620        =9.6180-10 

colog  1.046           =9.9160-10  .-.  log  P               =  4.1140 

.-.  log  P              =3. 1246  •••  p.  V.  =  $13000. 
.-.  p.  V.  =$1332. 

a      (l  +  r)"- 1^2000     1.03io  -  1 

r  *      (1  ^r)**          .03    '  1.0310 

By  logarithms,         1.03*0      =  1.343 

.•.1.0310-1      =  .343 


log  2000 

=    3.3010 

colog  .03 

=    1.6229 

log  .343 

=    9.5363-10 

colog  1.0310 

=    9.8720-10 

.-.  log  P  =  24.2312  -  20 

=   4.2.312 
.-.  p.v.  =  £  17,030. 

PERMUTATIONS  AND  COMBINATIONS 

Page  445 

4.  The  number  of  ways  is  equal  to  the  number  of  permutations  of  4 
things  taken  all  together. 

PJ=  [4  =  4.3.2.1  =  24. 

6.  P«=  [6^=  6. 6. 4. 3.  2. 1=720. 

Page  446 

6.  The  first  prize  may  be  awarded  to  any  one  of  the  10  athletes,  and 
after  that  the  second  prize  may  be  awarded  to  any  one  of  the  9  athletes 
remaining.     Hence,  the  number  of  ways  is  10  x  9,  or  90. 

7.  P7=|J_=7.6.6.4.3.2.1=  6040. 

8.  At  the  bottom  of  the  mountain  the  traveler  has  the  choice  of  5 
routes,  and  having  reached  the  top  by  any  one  of  them,  he  may  return  by 
any  one  of  the  four  remaining  routes,  since  he  may  return  by  any  of  the 
routes  except  the  one  he  has  taken  to  go  up.  Hence,  the  number  of  ways 
is  6  X  4,  or  20. 
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1  •  ^  •  o 

4  >  5  2  -  52  ■  61 .  50 .  49  .  48  _  o  .^o  ^^^ 
*•    ^'  -      1.2.3.4.6       =2>^»»'^<>- 

6.    C^^  =  C  V,  which  is  less  than  C  7,  since  C  V  =  ^5j_?  while 

'        1.2       3'       *        1.2.3.4  '^        1.2.3.4       6 

p,,_12.11.10.9.8.7.6.6      ,^,,_12.11.10.9.8.7.6.6.4 
^«-     1.2.3.4.6.6.7.8    '^^^^-  1.2.3.4.6.6.7.8.9 

...  C V  =  lAllilllL?  and  C  V  =^-^^-y^. 
'         12. 3. 4  *         1.2.3 

Hence,  C  Y  >  C' V»  ^7  V  >  C' V,  and  C  V  >  C  y. 

6.  From  11  Republicans,  6  Republicans  may  be  selected  in  C  V  ways ; 
from  10  Democrats,  6  Democrats  may  be  selected  in  C^^  wa3rs. 

Since  each  combination  of  6  Republicans  may  be  associated  with  each 
combination  of  6  Democrats  to  form  a  committee,  the  number  of  commit- 
tees that  may  be  selected  is  equal  to 

CV  X  C'.»  =  CV  X  C y  =  ^\  ■  l^ -^ -^  •  ^  X  \<> •  °  •  ^  7  •/  =116,424. 
1.2.t>.4.6         1.2. o. 4-6 

7.  He  may  have  to  make  10  trials  to  hit  upon  the  right  mark  on  the 
first  wheel,  13  trials,  the  second  wheel,  and  13  trials,  the  third  wheel.  In 
order  to  get  the  right  combination,  therefore,  he  may  have  to  make 
10  X  13  X  13,  or  1690,  trials. 
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10.  From  20  consonants,  3  consonants  may  be  selected  in  C^^  ways ; 
from  6  vowels,  3  vowels  may  be  selected  in  Of  ways. 

Since  each  combination  of  3  consonants  may  be  associated  with  each 
combination  of  3  vowels  to  form  a  word  of  six  letters,  the  number  of 
words  of  six  letters  differing  in  the  letters  composing  them  is  equal  to 

CV  X  C5  =  C%o  X  CI  =2^1^^  X  f^=  11.400. 

1  .  J  .  o  1  •  Z 

Finally,  since  from  each  of  these  11,400  words  of  six  letters  [6  words 
may  be  formed  by  permuting  the  six  letters  in  their  places,  the  whole 
number  of  words  that  may  be  formed  under  the  conditions  of  the  problem 
is  equal  to 

11,400  X  [6  =  11,400  X  720  =  8,208,000. 

11.  Since  there  are  6  different  coins  and  these  may  be  taken  1,  2,  3,  4, 
or  6  at  a  time,  the  total  number  of  different  sums  that  may  be  paid  ic 
equal  to 

vi-r^a-rv.8-r^4-r     5      1^1. 2^1. 2. 31- 2. 3- 4 
=  6  +  10  +  10  +  6  +  1  =  31. 
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12.  The  number  of  boys  selected  may  be  2  or  3  or  4  or  5,  and  the  cor- 
responding number  of  girls  is  therefore  4  or  3  or  2  or  1. 

From  6  boys  2  boys  may  be  selected  in  (7|  ways  and  from  6  girls  4  girls 
may  be  selected  in  C'^  ways. 

Since  those  committees  of  6  which  are  composed  of  2  boys  and  4  girls 
may  be  formed  by  associating  each  group  of  2  boys  with  each  group  of 
4  girls,  the  number  of  these  committees  is  CJ  x  CJ. 

Similarly,  the  number  of  committees  of  6  composed  of  3  boys  and  3 
girls  is  CJ  X  C| ;  of  4  boys  and  2  girls  is  CJ  x  CJ ;  of  6  boys  and  1  girl  is 
CJx  CI 

Hence,  the  whole  number  of  committees  of  6  is  equal  to 
C5  X  CJ  +  C|  X  CS  +  C}  X  Ci  +  61  X  Cf  =  10  .  6  +  10  .  10  +6  .  10  +  1  •  6 

=  206. 

14,   Let  3  C*  =  2  (7""*"^. 

Then  ^''^''  -  ^^^~  -  ^^  =  2^^*+  ^^^'^^^^^  ^^^^-^^ 

12. 3  1.2.3.4 

Dividing  both  members  by  w(n~l)(n~2)^ 

1.2*3 
g__2(n  +  l)_n  +  l 
4  2 

.-.  n  =  6. 

Sincen  =  6,  CJ  =  ^^=10, 

and  ^n.fi^6.6.4.3     ^g 

*         1.2.3.4 
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2.   In  the  word  characteristic  there  are  three  c's,  two  a's,  two  r's,  two 
t%  and  two  t's,  and  in  all  fourteen  letters.    Hence,  the  number  of  permu- 

114 
tations  is  '= =  908, 107,200. 

13  [2  [2  |2  1 2_ 

In  the  word  co^cient  there  are  two  c's,  two  e's,  two/'s,  and  two  t"s, 
and  in  all  eleven  letters.     Hence,  the  number  of  permutations  is 

111 
i=— -  =  2,494,800. 

|2  |2  [2  [2        '       ' 

In  the  word  ecclesiastical  there  are  two  e's,  three  c's,  two  Z's,  two  s's, 
two  fa,  and  two  a^s,  and  in  all  fourteen  letters.    Hence,  the  number  of 

1 14 
permutations  is  = =  464,063,600. 

[2  |3  1^  |_2  1 2  [2  '       ' 

In  the  word  divisibility  there  are  five  Ts  and  in  all  twelve  letters. 
Hence,  the  number  of  permutations  is 

112 

^  =  3,991,680. 

lA 

8.   The  number  is 
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2.    CJOj^j  =  210  -  1  =  1023. 
»•    ^ui=2'  -1=31. 
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1.   n  is  an  even  number,  .-.  r  =  -  =  6. 

2 


^,        10. 9.8.7. 6^^^^ 
*        1.2.3.4.6 

3.  n  is  an  odd  number,    .  •.  r  =  ^ =  4. 

2 

8.  (a)  As  many  as  the  number  of  permutations  of  the  letters  in  county 
er  being  attaclied  to  each  permutation. 

P§  =  [6  =  6  .  4  .  3  .  2  . 1  =  120. 

(6)  With  n  as  the  middle  letter  the  six  other  letters  may  be  permuted 
in  PS  =  [6  =  6  .  5  . 4  . 3  . 2  . 1  =  720  ways. 

(c)  If  each  vowel  keeps  its  position  the  four  consonants  may  be  per- 
muted in  PJ  =  [4  =  4  . 3  .  2 . 1  =  24  ways. 

(d)  The  first  letter  may  be  taken  in  4  ways,  since  any  of  the  four  con- 
sonants may  be  taken.  The  six  letters  remaining  may  be  permuted  in  PJ, 
or  [6,  ways,  and  each  of  these  permutations  may  be  attached  to  any  one 
of  the  4  initial  letters. 

Hence,  the  number  of  permutations  beginning  with  a  consonant  is  4  [6 
=  4.6.5.4.3.2.1  =  2880. 

4.  Since  with  any  of  the  eight  pairs  of  trousers  any  of  the  six  vests 
and  any  of  the  five  coats  may  be  taken,  the  number  of  different  suits  is 
8  .  6  .  5,  or  240. 

5.  When  the  fiags  are  taken  singly  CJ  (§  606,  Prin.  3)  gives  the  num- 
ber of  combinations  possible,  and  PJ  (§  604,  Prin.  2)  gives  the  number 
of  permutations  possible  in  each  combination.  Hence,  the  number  of 
signals  that  may  be  made  by  taking  the  flags  singly  is  equal  to  CJ  x  P}. 
When  the  flags  are  taken  two  at  a  time  CJ  (Prin.  3)  gives  the  number 
of  combinations  possible,  and  P|  (Prin.  2)  gives  the  number  of  permuta- 
tions possible  in  each  combination.  Hence,  CJ  x  Pi  gives  the  number 
of  signals  that  may  be  made  taking  two  flags  at  a  time.  Similarly, 
CI  X  P|  gives  the  number  of  signals  that  may  be  made  taking  three  flags 
at  a  time,  etc.  Then,  the  whole  number  of  signals  is  equal  to  the  sum  of 
the  signals  possible,  when  taken  singly,  two  at  a  time,  three  at  a  time, 
etc.,  as  follows, 
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CJ  X  P}  =  7  X  1  =7 

=       42 

=     210 

4  =840 

3.4.6  =   2620 

2.  3.  4.  6.  6  =    6040 

Xl. 2. 3. 4. 6. 6. 7=    5040 


ci 

xPi 

=  Y- 

6 

X] 

12 

01 

xPJ 

=  — 

.6 
.2 

.6 
.3 

xl.2.8 

CI 

XPJ 

=  ^ 

6 
2 

5 
3 

4x  1.2.3 

4 

.01 

xPi 

=  ^ 

.6 
.2 

■  6 
.3 

M^-^ 

01 

xPS 

6 

5 

4.3.2  ^ 

•  2 

3 

4.6.6''^ 

01 

X  P? 

=  j- 

6 

5 

4.3.2.1 

.2 

3. 

4.6.6.7 

enc( 

3,  the  number  of  signals 

=  13699. 

6.  Since  the  vowels  are  always  given  the  even  places,  P|  gives  the 
number  of  permutations  possible  among  three  vowels.  Then,  as  the 
consonants  occupy  the  remaining  three  places,  PJ  gives  the  number  of 
permutations  possible,  among  three  consonants.  Hence,  PJ  x  -P|  gives 
the  entire  number  of  permutations  possible. 

P|  X  P|  =1.  2.3x  1.  2.3  =  36. 

7.  There  are  4  odd  places  and  3  even  places.  To  fill  the  odd  places 
two  different  digits,  1  and  3,  are  to  be  selected,  and  this  can  be  done  in 
C J  ways,  since  there  are  two  I's  and  two  3's.  To  fill  the  even  places  two 
different  digits,  2  and  4,  are  to  be  selected,  and  this  can  be  done  in  C| 
ways  since  there  are  two  2's  and  one  4. 

Hence,  the  whole  number  of  ways  is  equal  to 

^^><^5=^^x|-2=l8. 

8.  PJ  =  24P5  =  PS  X  4  X  3  X  2. 
n(n-l)(w--2)(n-3)('w-'4)=ji(n-  1)  x  4  x  3  x  2. 

(w-2)(n-3)(w-4)  =  4  X  3  x  2  =(6- 2)(6  -  3)(6  —  4). 
/.  w  =  6. 
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12.  (2  +  3\/^=n;)(i  + v^)  =  2  + (2+3)V^n:+3(-i) 

=  2-3+6  y/^^  =  -  1  +  6  V=n. 

13.  (6  -  V^^)(l  -  2  >/^)=  6  -(10  4-  1)  V^=^  +  2(-  1) 

=  6  -  2  -  11  \/^=^  =  3  -  11  >/3T. 

14.  (V2+ \/^r2)(v/8-V^8)  =  V2(l+\A=T)  X  V8(l -\/i:ri) 

=4(1 +  V^)(1-V^1)  =4x2=8. 
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15.  (2  +  3  iy=  22  +  2  .  6 1  +  32i2  =  4  +  12  I  -  9  =-  6  +  12  f. 

16.  (2-3  i)2  =  22  -  2  .  6  I  +  32*2  =  4  -  12  i  -  9  =  -  6  -  12  i. 

17.  (a  -  biy  =  a2  -  2  abi  +  62^*2  =  a2  -  2  abi  -  62. 

18.  (i+vir3)(i  +  vir3)(i+vzr3)=(i  +  vi:3)2(i+Vi:^)__ 

=  (1  +  2\^^  -  3)(1  +  V- 3) 
=  _2(l-V:^)(l+V-3) 
=  -2[12-(v^^)2] 
=  -2(1 +  3)  =  - 8. 
19. 

(_  1 +vz:3)(- n-\/=r3)(- 1+ V33)=(- 1  +  vir3)2(_i  +  V33) 

=  (l_2V33-3)(-l  +  >/-3) 

=  2(- 1-  >/:r3)(_i+ v-8) 

=  2[(-l)2-(V^3)2] 
=  2(1 +  3)=  8. 

20.   If  each  factor  given  in  Ex.  19  is  divided  by  2,  the  result  must  be 
divided  by  2^,  or  by  8.     Therefore, 

(-  i  +  i  V^)  (-  i  +  i  vc:3)(-  i  +  i  V^^)=  1. 

A_  = 3(1 +V^)  ^3(1+^32)^^^^^^^ 


28. 


28. 


24. 


25. 


-V-2    (i->/^2)(i+>/: 

_2 2(1 -V^^) 


•2) 


1  +  5 


i+v=n   (i+v3T)(i_v3i)       1  +  1 

4+Vi_^    (4+V4)(2+V:r2)   ^6r2  +  v/3^)^^   I  t-^^. 


4  +  2 


2- V-2      (2-V'^)(2+V-2) 

a2  +  62     ^  q^  -  bH\/-i:)^  ^  (q  +  6V^n)(q  -  6  V^^) 
a—bV—l         a  —  6V— 1  a  —  6V— 1 

=  a  +  6\/^^. 


Or 


+  62 


.abv-n: 


a- 6V-1 


a+6V-l 


rt6>/-  1  +  62 

g-  6^ _.  (a  —  60 (a2  —  6)  _  aH  —  nb  —  abi^  +  bH 
ai  +  b      {ai  +  6)  {ai  ■ 


27. 


(1  +  0" 
l-l 


_(a2+  62)i-a6(l  +  i2) 
-(a2  +  62) 

1  -I-  2  I  -  1  ^    2  I    ^ 
1  -  i  1  -  i 


a2i2  »  52 
.(a;Hi6f)ij 


a6(l_-l)^__. 


■  (a2  +  62) 

2i-(1+0      ^2(.--1)^^.      ^ 
(1-0(1+0         1  +  1 
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89.  4+2>/^=^  =  7+2>/7(^-3=.(V7+V^r3)a. 

/.  V4+2V^^  =  \/7  -f  V^^. 

80.  i-f2>/^^  =  3-f  2\/8(~2)-2=(v^  +  V^y. 
/.  Vl  +  2>/^  =  \/3  +  V^2. 

81.  6-2V':i7  =  7  -  2  V7(^-  1  =(  V7  -  V^)a. 
...  V6-2>/^=V7->/^. 

82.  9  +  2>/^^^=ll  +2Vll(-2)-2=(\/Tl +V^r2)g. 
.-.  V9  +  2  >/-"22  =  VTI  +  V^^. 

83.  4V^l3^  ==-4+3+4  >/^==34-4a/^-4  =  (V3+2\/3T)2. 
...  V4V^-1=V3  +  2V^. 

84.  12  \/^n  -5  =  2  yiTSe  +  4-9  =  4  +  2  V4(- 9) -9. 

.-.  Vl2v^-6  =  V4  +  2V4(^)-9  =  V4  +  V:r9==2+8\/^rT. 


85.  24V-1-7  =  2^/^^44  +  9- 16  =  9 +  2V9(- 16)- 16. 

/.  V 24 V^-7  =  V9+2V9(-16)-16=  \/9+  V^^16=3+4 V^i. 

86.  58+2a6\/^-a2=5g+26.oV^+(o>/^)^=(6+g\/:ri)2. 
/.  V62_(-2a6V^-a2=  6  +  aV^. 

87.  Substituting  -  1  +  V^^l  for  a;  in  a:2  +  2  a;  +  2  =  0,  

(«.  1+  V-  1)2  +  2(-  1  +  V-  1)  +  2  =  1  -  2  V^n" -  1-2  +«2\/- 1+2 

=  0,  or  0  =  0. 
Substituting  -  1  -  V^^  for  a;  in  a;^  +  2  x  +  2  =  0, 
(  _  1  -  ^/Zl )  2  ^.  2  (  _  1  -  V  -  1 )  +  2  =  1  +  2  v^n"  -  1  -  2  -  2  V^  +  2 

=  0,  or  0  =  0. 

Hence,  —  1  +  >/^  and  —  1  —  V  —  1  are  roots  of  the  equation  a;2+2a:+ 2 =0. 

88.  (i  +  ivCr3)8  =  (i)8  +  3(i)2iV33  4._3(i)(iV33)2+(jv::r3)8 

=J  +  iV^-f-}V-3=-l. 
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Note.  —  ^e/erencc«  are  to  pages  in  the  Key, 

DEFINITIONS  AND  NOTATION 

Page  20 
2-17.   See  Ex.  2-17,  p.  3.  19-80.    See  Ex.  19-50/p.  3. 

Page  21 
81-84.   See  Ex.,31-34,  pp.  3-4.        86-46.   See  Ex.  36-46,  p.  4. 

47.  See  Ex.  51,  p.  4.       49.   See  Ex.  53,  p.  4.       62.   See  Ex.  56,  p.  4. 

48.  See  Ex.  52,  p.  4.       61.  See  Ex.  65,  p.  4.       68.    See  Ex.  67,  p.  4. 

64.   4«y2  --  f  a;2ra  -  Us^y^z  =  4  .  10  .  32  -  4  .  62  .  22  -  U  .  6*  •  32  .  0 
=  360  -4-  90  -  0  =  4. 

Page  22 

1.  A  =  bh  =  12  •  6  =  60,  the  number  of  square  feet  in  the  area. 

2.  -4  =  6^  =  20  .  10  =  200,  the  number  of  square  feet  in  the  area. 

8.   See  Ex.  1,  p.  5.  6.   See  Ex.  3,  p.  6.  7.   See  Ex.  6,  p.  5. 

4.   See  Ex.  2,  p.  5.  6.   See  Ex.  4,  p.  5.  8.   See  Ex.  6,  p.  5. 

SUBTRACTION 

Page  38 

18-19.   See  Ex.  18-19,  p.  5. 

20.  a-f  2^-{5  +  4o-(6y  +  3)}-(7y-4a-l) 
=  a4-2/-{6-»-4a-6y-3}-7yH-4a  +  l 
=  6a-6y-{4a-62/-|-2}-fl 

=  5a-6y-4aH-62/-2  +  l  =  a-l. 

21.  See  Ex.  21,  p.  5. 

STAND.    ALO.    REV.    KEY 28  433 
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82.  a  +  26+(14a-66)-{6a  +  66-(6a-4a  +  46)} 
=  a  +  2  6  +  14a-66-{6a  +  66-a-46} 
=  16a-36-{6a  +  26} 
=  16a -36 -6a -26  =  10a -66. 

88.   12a-{4-36,-(66  +  3c)+6-8-(5a-26-6)} 
=  12  a -{4 -36-66- 3c +  6-8- 6a +  26  + 6} 
=  12 a -{2-  66-3c-6a} 
=  12a-2  +  66  +  3c  +  6a=17a  +  66  +  3c-2. 

84.  a  +  6  — {-[a  +  6  — c  — «]  — [3a  — c  +  a:  — a-  6] +4 a} 
=  a  +  6  — {—a- 6  +  c  +  x  — 3a +  c-x  +  a  + 6  +  4 a} 
=  a  +  6-{a  +  2c} 
=  a  +  6-a-2c  =  6-2c. 

86.  x8_[a;2«(i_a.)]_|l  +  a;2-(l-a;)+a*}4 
=  x«  -  x2  +(1  -  X)-  1  -  x2  +(1  -  X)-  x« 
=  (l-x)-l-2x-^  +  (l-x) 
=  1  -  X  -  1  -  2  x2  +  1  -  X  =  1  -  2  X  -  2  x«. 


86.  4-{5y-3+2x-2-x-(6y-^-3)} 
=  4-{6y-3  +  2x-2-x-  6y +x  +  8} 
=  4-{-2  +  2x}=4  +  2-2x  =  6-2x. 

87.  a6  -{5  +  X  -(6  +  c  -  a6  +  x)}  +  X  -(6  -  c  -  7) 
=a6  —{6  +  x— 6  —  c  +  a6  —  x}+  x  —  6  +  c  +  7 
=  a6  —  {6  —  6  —  c+a6}  +  x— 6  +  C  +  7 

=  a6  —  6  +  6  +  c-a6+x— 6  +  c  +  7  =  2+2c  +  x. 

88.  -{3ax-[6xy-3«]  +  «-(4xy+[6«  +  7ax]+3«)} 
=  -j3ax-6xy  +  3«  +  «— (4xy  +  6«  +  7ax  +  3«)} 
=  -l3ax— 5xy  +  4«  —  4x3^  —  9«  —  7  ax} 

=  — {—  4ax  —  9xy  —  5«}=4ax  +  9xy  +  6«. 

89.  l-x-{l-x-[l-x-T3x-ir^]-x  +  l} 

=  l-x-{l-x-[l-x-l  +  x-x  +  l]-x  +  l} 

=  l-x-|l-x-[l-x]-x  +  l} 

=  l-x-{l-x-l+x-x+l} 

=  l-x-{l-x}=l-x-l+x  =  0. 

80-81.  See  Ex.  30-31,  p.  6. 
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87.  Let  X  =  number  of  feet  in  width  of  rectangle. 
Then,  x  +  6  =  number  of  feet  in  length  of  rectai^e. 
.-.  x+x  +  x  +  6  +  x  +  5  =  46. 

Solving,   .  X  =  9, 

and  X  +  5  =  14. 

Hence,  the  rectangle  is  14  feet  long  and  9  feet  wide. 

88.  Let  X  =  number  of  rods  in  width  of  lawn. 
Then,  x  +  7  =  number  of  rods  in  length  of  lawn. 
.-.  x  +  x  +  x  +  7  ■hx  +  7  =  62. 

Solving,  X  =  12, 

and  X  +  7  =  19. 

Hence,  the  lawn  is  19  rods  long  and  12  rods  wide. 
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29.    Let  X  =  number  of  inches  in  width  of  desk  top. 

Then,  as  +  15  =  number  of  inches  in  length  of  desk  top. 

.-.  aj-h«+a;H-16+a;+16  =  170. 
Solving,  X  =  35. 

Hence,  the  width  of  the  desk  top  is  35  inches. 
80.  Let  X  =  number  of  years  in  man's  present  age. 

.-.  x  +  16=2a;-4. 
Solving,  a:  =  20. 

Hence,  the  man's  present  age  is  20  years. 

31.  Let  X  =  number  of  years  in  sister's  age. 
Then,                   a;  —  8  =  number  of  years  in  boy's  age, 

X  +  4  =  number  of  years  in  sister's  age  4  years  hence, 
and  (x  —  8)  -f  4  =  number  of  years  in  boy's  age  4  years  hence. 

.•.X  +  4H-  (x-8)+4=26. 

Solving,  X  =  13, 

and  X— 8=6. 

Hence,  the  boy  is  5  years  old  and  his  sister  13  years  old. 

32.  See  Ex.  13,  p.  6.        84.  See  Ex.  15,  p.  7.        86.  See  Ex.  19,  p.  7. 
83.  See  Ex.  14,  p.  7.       86.  See  Ex.  17,  p.  7. 

87.  Let  X  =  number  of  feet  in  width  of  tunnel. 
Hien,                   22 J  x  =  number  of  feet  in  length  of  tunnel. 

.-.  22ix-60  =  20x. 
Solving,  X  =  20, 

and  22ix  =  450. 

Hence,  the  tunnel  is  450  feet  long  and  20  feet  wide. 

88.  See  Ex.  20,  p.  7.  89.   See  Ex.  21,  p.  8. 

REVIEW 
Page  50 

15.  See  Ex.  14,  p.  9.  17.  See  Ex.  16,  p.  9. 

16.  See  Ex.  16,  p.  9.  18.   See  Ex.  17,  p.  9. 

MULTIPLICATION 
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8-12.   See  Ex.  8-12,  p.  9. 
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13-17.   See  Ex.  13-17,  p.  10. 


2.  xH-(2/  + w)  =  3+(-4  +  6)=5. 

8.  (m-n)2  +  y=(6-2)2-4  =  12. 

4.  w(y- w)4-«  =  2(-4-6) -f  0=-20. 

6.  (m +  2/ +  a;)2-n=  (6-4  +  3)2-2  =  23. 

6.  w(x+y)+2;a  =  6(3-4)+02=-6. 
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7.  See  Ex.  3,  p.  10.  f         8.  See  Ex.  4,  p.  10. 

9.  (n  -  m)  +  8 xy  =(2  -  6)  +  8  .  3(-  4)  =  -  4  -  36  =-  40. 

10.  (m  +  n)a -(y  +  «)2  =(6  +  2)2  -(-  4  +  O)^  =  64  -  16  =  48. 

11.  (m  +  y)«  +  xar  -  n^  =(6  -  4)8  +  3  .  0-  22  =  8  +  0  -  4  =4. 

12.  See  Ex.  6,  p.  10.  18.   See  Ex.  6,  p.  10. 

14.  xyz  -  n{x  -  m)«  -  (w£f-  =  3(-  4)0  -  2(3  -  6)»  -  (2  .  3)2 

=  0  +  64  -  36  =  18. 

15.  3(x  +  »)-  }m»  +  6y  =  3(3  4-  0)  -  } .  6  .  2  4-  5(-  4) 

=  9-8-20=- 19. 

16.  i(y-2n)-}(n-2y)(3y-4n) 

-  j(  -.  4  _  4)  -  }(2  +  8)  (  -  12  -  8)  =  -  4  +  150  =  146. 

17.  (a;  +  y)«-a:y(x- y)  +  (xH-y)(x2-y2) 

=  (3  -  4)2  -3(-  4)(3  +  4)  +  (3  -  4)(9  -  16)=  1+  84  +  7  =  92. 

18.  3  m(x  —  «  —  n)2  —  (y  —  n  —  x)  (n  —  a;  —  y) 

=  18(3  +4  -  2)2  -(-  4  -  2  -  3)(2  -  3  +  4)=  460  -h  27  =  477. 

19.  (2x  +  yY  -(x2  +  2y)-(m  +  n)2(x  +  y  +  «)» 

=  (6  -  4)2-(9-  8)-(6  4-  2)2(3  -4  +  0)»  =  4-  1  -h  64  =  67. 
90.   See  Ex.  16,  p.  11.  21.  See  Ex.  17,  p.  11. 
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87.  See  Ex.  21,  p.  11. 

88.  (-x-2y)(-x+2y)  =  (-x)2-(2y)2  =  x2-4y2. 

89.  (3x«  +  7y»)(3x«-7y»)  =  (3x«)2-(7jr)2  =  9x2m_49ya». 

40.  (wa?»  +  2  }f>){ma}'  —  2  y»)  =  (mx«)2  -  (2  y*)2  =  m2x2a  «  4^26. 

41.  (a*»6"»  +  a^ft") (a»6"»  —  a"»6»)  =  (a^ft™)*  -  (a"»6»)2  =  a^^h^^  —  a2"»62n 

42.  (X"»-l  +  y»+l)(X»-l  —  y»+l)  =(X»-1)2  —  (y«+l)2  =  a;2"»-2  _  y2ii+2. 

48.  (5a862^.2x«)(5a862-2x«)  =  (5a862^2_(2aj«)^  =  25ae6*-4a:«»*. 

46.  See  Ex.  28,  p.  11.  50. 

46.  See  Ex.  29,  p.  11.  51. 

47.  See  Ex.  30,  p.  11.  52. 

48.  See  Ex.  31,  p.  11.  58. 

49.  See  Ex.  32,  p.  11.  54. 
(;i4  -  2  n2  +  1)  (n*  +  2  n2  +  1)  =  [(n*  +  1)  -  2  7i2]  [(n*  +  1)  +  2  n^f 

=  (n*  -f  1)2  -(2n2)2=  n8  +  2n*  +  1  -  4n*"=  n^  -  2n*+  1. 

56.  (x2  +  xy  +  y2)(x2  -  xy  +  y^)  =  [(x2  +  y2)  4-  a:y][(a;2  +  y2)-  xy] 
=  («*  +  y2)2  -(xy)2  =  X*  +  2x2y2  +  y4  -  a-2y2  =  X*  +  x2y2  +  y4. 

57.  (2x  +  3y-4)(2x+3y+4)  =  [(2x-f  3y)-4][(2x  +  3y)+4] 
=  (2x4-.Sy)2-42  =  4x2-f  12xy+9y2-  16. 

58.  {y^-^rs-^  3«)(r2  +  r8-  3 «)  =  [r2  -(rs  -  3«)][r2  +(r8-  3  »)] 
=  r*  - (r2«2  -  6r«2  +  9«2)=:  r*  -  ,^«2  +  Orrf*  -  9 rfJ. 


See  Ex. 

33, 

p. 

See  Ex. 

84, 

p. 

See  Ex. 

35, 

p. 

See  Ex. 

36, 

P- 

See  Ex.  37, 

p. 

55 
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29-81.   See  Ex.  29^1,  p.  12. 
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19.  Let  X  =  number  of  feet  in  width  of  rectangle. 
Then,                                    2  x  =  number  of  feet  in  length  of  rectangle. . 

.-.  2(a;  +2a;)  =  240. 
Solving,  X  —  40, 

and  2  X  =  80. 

Hence,  the  rectangle  is  80  feet  long  and  40  feet  wide. 

20.  Let  X  =  number  of  feet  in  width  of  lawn. 
Then,                              a;  +  45  =  number  of  feet  in  depth  of  lawn. 

.-.  2  (a;  +  a;  -f  46)  =  270. 
Solving,  X  =  45, 

and  a:  +  45  =  90. 

Hence,  the  lawn  is  90  feet  deep  and  45  feet  wide. 

21.  Let  X  =  the  number. 

Then,  a;  +  1  =  the  next  higher  number. 

.-.  a;(x  +  l)-x2  =  i5. 
Solving,  X  =  15. 

Hence,  the  number  is  15. 

22.  Let  X  =  the  first  number. 
Then,                                x  -f  1  =  the  second  number. 

...  (X -f  1)2  -  x2  =  33. 
Solving,  X  =  16, 

and  X  4- 1  =  17. 

Hence,  the  two  donsecutive  numbers  are  16  and  17. 

28.   Let  X  =  number  of  seniors  in  the  school. 

Then,  210  —  x  =  number  of  the  rest  of  the  pupils, 

1.50  X  =  number  of  dollars  given  by  seniors, 
and  .50(210  —  x)  =  number  of  dollars  given  by  rest  of  pupils. 

.-.  1.50  X -f  .50(210 -x)=  175. 
Solving,  X  =  70. 

Hence,  there  were  70  seniors  in  the  school. 

24.  Let  X  =  number  of  reserved  seat  tickets. 
Then,           150  -  x  =  number  of  other  tickets, 

75  X  =  number  of  cents  received  for  reserved  seat  tickets, 
and  50(150  —  x)  =  number  of  cents  received  for  other  tickets. 

.-.  75x+60(150-x)  =  8750. 

Solving,  X  =  50. 

and  150  -  X  =  100. 

Hence,  50  reserved  seat  tickets  and  100  other  tickets  were  sold. 

25.  Let  X  =  number  of  plums  Carl  has. 
Then,                  3  x  =  number  of  plums  Leo  has. 

.-.  3x  +  5  =  2(x  +  5). 
Solving,  X  =  5, 

and  3  X  =  15. 

Hence,  Carl  has  5  plums  and  Leo  has  15  plums. 
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26.  Let  X  =  number  of  green  apples. 
Then,          860  —  05  =  number  of  red  apples, 

3  X  =  number  of  cents  received  for  green  apples, 
and  6(360  —  as)  =  number  of  cents  received  for  red  apples. 

.-.  3  a;  +  6(360  -  a:)  =  1160.  / 

Solving,  X  =  296, 

and  360  —  X  =  66. 

Hence,  the  boys  sold  296  green  apples  and  66  red  apples. 

27.  Let  X  =  number  of  feet  in  width  of  classroom. 
Then,                          2  x  +  4  =  number  of  feet  in  length  of  classroom. 

.-.  2(x  +  2)+2(2x  +  4)=120. 
Solving,  X  =  18, 

and  2  X  +  4  =  40. 

Hence,  the  classroom  is  40  feet  long  and  18  feet  wide. 

28.  Let  X  =  number  of  feet  iiv  width  of  house. 
Then,                           x  +  16  =  number  of  feet  in  depth  of  house. 

.•.2x  +  2(x+16  +  6)=140. 
Solving,  X  =  24, 

and  X  +  16  =  40. 

Hence,  the  house  is  40  feet  deep  and  24  feet  wide. 

29.  See  Ex.  23,  p.  13. 
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28.  Rearranging  terms,  dividend  =a^^  —  4  am'  +  3  m^. 
a2TO*-4aTO8-|-3m2     lom-l 
ahti*  —    om' I  am'  —  3  m^ 

-  3  am'  +  3  ma 

-  3  am'  -H  3  m^ 

Test.  — Let  a  =  2,  m  =  1.  Then,  the  dividend  becomes  4  —  8  +  3,  or 
—  1 ;  the  divisor  2  —  1,  or  1 ;  and  the  quotient  2  —  3,  or  —  1.  Since  —  1 
-^  1  =—  1,  it  may  be  assumed  that  the  quotient  is  correct. 

24.    See  Ex.  18,  p.  14. 

26.  Rearranging  terms,  dividend  =  —  26  x'  +  20  x^y  +  27  xy2  —  18  y8 ; 
divisor  =  —  6  x  -h  6  y. 

-  26  x'  +  20  x2y  +  27  xy2  _  18  y8 

—  26x'-j-30x^ 


-6x  +  6y 


6xg4-2xy-3yg 


-  10  x^y  +  27  xy^ 
-10xgy  +  12xyg 

16xy2_i8y8 

16xyg-18y« 

Test. — Let  x  =  1,  y  =  6.  Then,  the  dividend  becomes  —  26  +  100 
+  676—  2260,  or  —  1600 ;  the  divisor  —  6  +  30,  or  26 ;  and  the  quotient 
6  +  10  —  76,  or  —  60.  Since  —  1600  -5-  26  =—  60,  it  may  be  assumed 
that  the  quotient  is  correct. 
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f^+2r8  +  sfi 


r  +  8 


r^8  +  2r8^-{-sfi 

Test.  —  Letr  =  l,«=—  2.  Then,  the  dividend  becomes  1  -  6  + 12—8, 
or  —  1 ;  the  divisor  1  —  4  +  4,  or  1 ;  and  the  quotient  1—2,  or  —  1. 
Since  ~  1  -h  1  =  —  1,  it  may  be  assumed  that  the  quotient  is  correct. 


27. 


«  +  4a^  +  y* 


x  +  y 

a;8  +  3  ggy  -t-  3  gyg  +  y« 


3««y +  6a;2j/2 
3x8y-f  3a;V 

3xV  +  4xy8 

3a;V-f  3a;y8 

gy'  +  y* 
Tbst.  —  Let  X  =  1,  y  =  1 .    Then,  the  dividend  becomes  l-f4  +  6  +  4+l, 
or  16 ;  the  divisor  1  +  1,  or  2 ;  and  the  quotient  1+3+3  +  1,  or  8. 
Since  16  -»•  2  =  8,  it  may  be  assumed  that  the  quotient  is  correct. 


gg  +  4  oz  +  gg 


a  +  x 


28.  a8  +  5a2a:  +  5aa;«  +  a* 

a^  +  4agas+    ax^ 

a^  +  iax^-hx^ 
g^  +  4az2  +  a:8 

Test.  —  Let  a  =  2,  a:  =  3.  Then,  the  dividend  becomes  8  +  60  +  90  +  27, 
or  185 ;  the  divisor  4  +  24  +  9,  or  37  ;  and  the  quotient  2  +  3,  or  5. 
Since  186  -4-  37  =  5,  it  may  be  assumed  that  the  quotient  is  correct. 

29.  See  Ex.  20,  p.  14. 


82.  See  Ex.  23,  p.  14.  86. 

33.  See  Ex.  24,  p.  14.  37. 

34.  See  Ex.  25,  p.  15.  41. 
86.  See  Ex..26,  p.  15.  42. 


48. 
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See  Ex.  27,  p.  15. 
See  Ex.  28,  p.  15. 
See  Ex.  29,  p.  16. 
See  Ex.  30,  p.  16. 


g*  +  ax^  - 


2  6x2  +  52 

&X2 


—  aofi  — 


43. 
44. 
45. 
46. 
47. 

X2  +  OX  —  6 


a2a;a 


+  a6x 


-  6x2  -  abx  +  62 

-  6x2 ,  aix  +  62 


49.  See  Ex.  36,  p.  18.  58. 

50.  See  Ex.  37,  p.  18.  64. 

51.  See  Ex.  38,  p.  18.  65. 
62.  See  Ex.  39,  p.  18.  56. 


See  Ex.  40,  p.  19. 
See  Ex.  41,  p.  19. 
See  Ex.  42,  p.  19. 
See  Ex.  43,  p.  19. 


67. 
68. 
59. 
60. 


See  Ex.  31,  p.  16. 
See  Ex.  32,  p.  17. 
See  Ex.  33,  p.  17. 
See  Ex.  34,  p.  17. 
See  Ex.  36,  p.  17. 


x2  —  ax  —  6 


See  Ex.  45,  p.  19. 
See  Ex.  46,  p.  20. 
See  Ex.  47,  p.  20. 
See  Ex.  48,  p.  20. 
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61.    —  x^+^y^  —  2  ajar+Sj^+i  _  x^-*-hf^-^^  I  —  ofy*'^  —  2?"+ V 

—      x2''+8y2.+l  _  a;2r+6y2.+2 
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68.  See  Ex.  53,  p.  21.  70.  See  Ex.  60,  p.  23.  77.  See  Ex.  67,  p.  24. 

64.  See  Ex.  64,  p.  21.  71.  See  Ex.  61,  p.  23.  78.  See  Ex.  68,  p.  24. 

65.  See  Ex.  66,  p.  21.  72.  See  Ex.  62,  p.  23.  79.  See  Ex.  69,  p.  24. 

66.  See  Ex.  66,  p.  22.  78.  See  Ex.  63,  p.  23.  80.  See  Ex.  70,  p.  25. 

67.  See  Ex.  67,  p.  22.  74.  See  Ex.  64,  p.  24.  81.  See  Ex.  71,  p.  25. 

68.  See  Ex.  68,  p.  22.  75.  See  Ex.  66,  p.  24.  82.  See  Ex.  72,  p.  26. 

69.  See  Ex.  69,  p.  22.  76.  See  Ex.  66,  p.  24. 
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86.  See  Ex.  28,  p.  26.       41.  See  Ex.  28,  p.  26.  45.  See  Ex.  32,  p.  26. 

87.  See  Ex.  24,  p.  26.       42.  See  Ex.  29,  p.  26.  46.  See  Ex.  33,  p.  26. 

88.  See  Ex.  26,  p.  26.       48.  See  Ex.  30,  p.  26.  47.  See  Ex.  34^  p.  26. 

89.  See  Ex.  26,  p.  26.       44.  See  Ex.  31,  p.  26.  48.  See  Ex.  35,  p.  26. 
40.  See  Ex.  27,  p.  26. 

Page  86 
18-19.   See  Ex.  18-19,  p.  26. 

20.  Let  Sx=  number  of  years  in  boy's  present  age. 
Then,                       3  05  —  12  =  number  of  years  in  his  age  12  years  ago. 

.-.  3x-12  =4(3a;). 
Solving,  X  =  6, 

and  3  a;  =  18. 

Hence,  the  boy  is  18  years  old. 
Verification.     (18  —  12)  years  =  J  of  18  years. 

21.  See  Ex.  20,  p.  27. 

22.  Let  X  =  number  of  years  in  son's  age. 
Then,                               4  x  =  number  of  years  in  father's  age. 

.•.4a;-6  =  7(a;-6). 
Solving,  X  =  12, 

and  4  a;  =  48. 

Hence,  the  son  is  12  years  old  and  the  father  48  years  old. 
Verification.  —  1st  condition  :  48  years  is  4  times  12  years. 
2d  condition  :  (48  -  6)  years  =  7  times  (12-6)  years. 
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23.   Let  X  =  number  of  dimes. 

Then,  2x  =  number  of  quarters. 

.-.  25(2x)+10x  =  180. 
Solving,  «  =  3, 

and  2x  =  6. 

Hence,  the  man  has  3  dimes  and  6  quarters. 

Verification.  —  1st  condition  :  6,  the  number  of  quarters,  is  2  times  3, 
the  number  of  dimes. 
2d  condition :  6  times  26  cents  +  3  times  10  cents  =  $  1.80. 

24..  Let  X  =  number  of  30-cent  books. 

Then,  15  —  x  =  number  of  60-cent  books. 

.-.  30x-h  60(16 -x)=  660. 
Solving,  X  =  8, 

and  16  —  X  =  7. 

Hence,  I  bought  8  30-cent  books  and  7  60-cent  books.^ 

Verification.  —  Ist  condition  :  8  books  +  7  books  =  16  books. 
2d  condition :  8  times  30  cents  +  7  times  60  cents  =  1 6.60. 

25.  Let  X  =  number  of  nickels  John  has. 
Then,                                   3  x  =  number  of  dimes  John  has, 

and  4  X  =  number  of  quarters  John  has. 

.-.  6x  +  10  (3  x)  -h  25  (4  x)  =  675. 
Solving,  X  =  5, 

3x  =  15, 
and  4  X  =  20. 

Hence,  John  has  5  nickels,  16  dimes,  and  20  quarters. 

Verification.  —  1st  condition :  6  times  6  cents  -h  15  times  10  cents 
+  20  times  25  cents  =  $6.76. 

2d  condition  :  16,  the  number  of  dimes,  is  3  times  5,  the  number  of 
nickels,  and  20,  the  number  of  quarters,  is  equal  to  15  +  6,  the  sum  of 
nickels  and  dimes. 

26.  Let  X  =  number  of  quarters. 
Then,                                   5  x  =  number  of  half  dollars. 

.-.  .26x4-.50(5x)=27.50. 
Solving,  X  =  10, 

and  5x  =  60. 

Hence,  the  man  has  10  quarters  and  60  half  dollars. 

Verification.  —  1st  condition  :  10  times  26  cents  +  60  times  60  cents 
=  $27.60. 

2d  condition :  60,  the  number  of  half  dollars,  is  5  times  10,  the  number 
of  quarters. 

27.  See  Ex.  28,  p.  28. 
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28.  Let  X  =  number  of  years  in  B^s  age. 
Then,                              x  +  26  =  number  of  years  in  A's  age. 

.•.x  + 25  + 20  =  2(31  +  20). 
Solving,  a:  =  6, 

and  X  +  25  =  30. 

Hence,  A  is  80  years  old  and  B  is  5  years  old. 

Verification.  —  1st  condition :  30  years  is  25  years  more  than  5  years. 
2d  condition  :  (5  +  26  +  20)  years  is  2  times  (5  +  20)  years. 

29.  Let  X  =  number  of  years  in  Frank^s  age. 
Then,                              x  +  16  =  number  of  years  in  John's  age. 

.-.  X  +  16  +  5  =  2(x  +  6). 
Solving,  X  =  10, 

and  X  +  15  =  26. 

Hence,  Frank  is  10  years  old  and  John  is  25  years  old. 
Verification.  —  Ist  condition  :  25  years  is  15  years  more  than  10  years. 
2d  condition  :  (10  +  6)  years  is  J  of  (10  +  16  +  6)  years. 

80.  See  Ex.  29,  p.  28. 

81.  Let  X  =  number  of  year^  in  brother's  age. 
Then,                                    ivx,  =  number  of  years  in  Harold's  age. 

.'.  m(x ''r):=^nx  —  r. 

Solving,  x=-*^'*"'^ 


and  nx  = 


m  —  n 
mnr  —  nr 


Hence,  Harold  is  ^^^^^ — ~  1^^^  o^d  and  his  brother  5*r — t  years  old. 

Verification.  —  Ist  condition:   *"^^  ~  ^^   years  is  n  times    ^^  ""  ^ 

^««T.o  TO  —  n  m  —  n 

years. 

2d  condition  :  mf^^""^-  t\  years  =  /w^Z^LilH-  i\  years. 
\m--n        /  \    m  ~  n  I 

82.   Let  X  =  number  of  marbles  B  had. 

Then,  3  x  =  number  of  marbles  A  had. 

.-.  x  +  60  =  2(3x-60). 
Solving,  X  =  30, 

and  3x  =  90. 

Hence,  A  had  90  marbles  and  B  30  marbles. 

Verification.  —  Ist  condition  :  90  marbles  are  8  times  30  marbles. 

2d  condition  :  (30  +  60)  marbles  =  2  times  (90  —  60)  marbles. 

88.    See  Ex.  26,  p.  27.  84.   See  Ex.  27,  p.  28. 

36.    Let  X  =  number  of  feet  in  viridth  of  shed. 

Then,  \{^x-\-  52),  or  2x  +  26  =  number  of  feet  in  length  of  shed. 
.-.  2x  +  2(2x  +  26)=644. 

Solving,  X  =  82, 

and  2x  +  26=l»0. 

Hence,  the  shed  is  82  feet  wide  and  190  feet  long. 

Verification.  —  1st  condition:   2  times  82  feet  +  2  times  190  feet 
=  544  feet. 

2d  condition  :  2  times  190  feet  =  4  times  82  feet  +  52  feet. 
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Page  88 
5-8.   See  Ex.  5-8,  pp.  28-29. 

Page  89 
20-89.   See  Ex.  20^9,  pp.  29^0. 


Page  90 
45-68.   See  Ex.  45-63,  pp.  80-32. 

Page  91 
78-«5.   See  Ex.  78-85,  pp.  32-33. 
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Page  94 

4-81.   See  Ex.  4-31,  pp.  33-34. 

Page  97 

88.  See  Ex.  31,  p.  34.    40.   See  Ex.  34,  p.  34.     42.   See  Ex.  36,  p.  34. 

89.  See  Ex.  32,  p.  34.    41.   See  Ex.  33,  p.  34.     48.    See  Ex.  36,  p.  34. 

44.   See  Ex.  37,  p.  35. 

45.  (a-a;)2  +  4(a-a;)(a;-6)  +  4(a;-6)2 

=  [a  -  a;  -f  2(x  -  6)][a  -  ac  +  2<x  --  6)] 
=  (a-a:  +  2x-2  6)(a-x  +  2a;-2  6) 
=  (a  — 26  +  a;)(a~  26  4-a;). 

46.  See  Ex.  39,  p.  85.    47.   See  Ex.  40,  p.  35.     48.   See  Ex.  42,  p.  35. 

18.   a*  -  81  =(aa  +  9)(o2-  9)  =  (a2  +  9)(a  +3)(.a  -  3). 

22.   See  Ex.  15,  p.  35. 

28.    16a*-816*=(4a2  +  962)(4a2-962) 

=  (4a2  +  962)(2a4-36)(2a-36). 

Page  98 

27.  2a:*  -  2  2/*  =  2{x^  +  y^K^  -  2/2)  =  2(x2  4.  y2)(a.  +  y)(a.  _  y). 

31.   See  Ex.  23,  p.  35.  82.   See  Ex.  24,  p.  35. 

88.    18c2  -  50  =  2(9  c^  -  25)  =  2(3  c  -h  5)(3c  -  5). 

84.   See  Ex.  28,  p.  35.    86.   See  Ex.  18,  p.  35.    36.   See  Ex.  25,  p.  85. 

87.  3m6-3m  =  3m(TO*-  l)=Sm(m^  +  l)(wi2  -1) 

=  3  w(w2  +  l)(m  +  1) (w  -  1). 

88.  4  a*-  4  6*  =  4(a*  -  6*)  =  4(a2  +  b^)(a^  -  f^) 

=  4(a2  4.62)(a  +  6)(a-6). 

89.  See  Ex.  29,  p.  35.  40.    See  Ex.  12,  p.  36. 

41.   2a;8_2y8  =  2(x8-y8)  =2(x*  4-y*)(a^-y*) 

=  2(X*-fy*)(x2  +  2/2)(a;2_y2) 

=  2(x*  +  y*)(a:2  +  y^){x  +  y){x  -  y). 
48.   See  Ex.  32,  p.  36. 

44.  x*-TV=(a:^  +  i)(a^^-i)  =  (^  +  i)(aJ  +  i)(*-l). 

46.  4a2_.25=(2a  +  .5)(2a- .5). 

47.  x*«  -  y**  =(a52«  4-  y'^){x^  -  y^)  ={x^  +  y'^) (a?»  +  2/*)(a?»  -  y»). 

48.  8 a2»  -  18  62.  =  2(4  a2»  -  9  62-)=  2(2a»  +  3  6-)(2 a»  -  3  6-). 
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49. 

See  Ex.  35,  p.  36. 

54. 

See  Ex.  39,  p.  36. 

57. 

See  Ex.  43,  p.  36. 

50. 

See  Ex.  36,  p.  86. 

55. 

See  Ex.  41,  p.  36. 

58. 

See  Ex.  44,  p.  36. 

62. 

See  Ex.  38,  p.  36. 

56. 

See  Ex.  42,  p.  36. 

50. 

See  Ex.  45,  p.  36. 

58. 

See  Ex.  40,  p.  36. 
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61. 

See  Ex.  47,  p.  36. 

69. 

See  Ex.  55,  p.  37. 

79. 

See  Ex.  66,  p.  37. 

68. 

See  Ex.  48,  p.  36. 

70. 

See  Ex.  56,  p.  37. 

80. 

SeeEx.  67,p.  37. 

68. 

See  Ex.  49,  p.  36. 

78. 

See  Ex.  59,  p.  37. 

81. 

See  Ex.  69,  p.  37. 

64. 

See  Ex.  50,  p.  36. 

74. 

See  Ex.  60,  p.  37. 

88. 

See  Ex.  70,  p.  37. 

66. 

See  Ex.  51,  p.  36. 

75. 

See  Ex.  61,  p.  37. 

88. 

See  Ex.  71,  p.  .37. 

66. 

See  Ex.  52,  p.  36. 

76. 

See  Ex.  62,  p.  37. 

84. 

SeeEx.  72, p. 37. 

67. 

See  Ex.  53,  p,  36. 

77. 

See  Ex.  64,  p.  37. 

86. 

See  Ex.  74,  p.  37. 

68. 

See  Ex.  54,  p.  36. 

78. 

SeeEx.65,  p.  37. 

86. 

See  Ex.  73,  p.  37. 
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13.  30  +  r  -  r2  =-(ra  -  r  -  30)=  -(r  -  6)(r  +  5)  =  (6  -  r)(5  +  r). 

14.  15-a2-f2a  =  -(a2-2a-.15)  =  -(a-5)(a  +  3)  =  (5-a)(3+a). 

15.  See  Ex.  16,  p.  37. 

16.  -a2-9a  +  52=-(aa  +  9a-52)=  ~(a~4)(a4-13) 

=  (4-a)(18  +  a). 

17.  See  Ex.  18,  p.  37.  18.   See  Ex.  20,  p.  38. 

19.   -a;2  +  25a;-100=  -  (x^ -25  a;  +  100)  =  -  (x- 5)(a; -20) 

=  (5-x)(x-20). 

80.  See  Ex.  22,  p.  38. 

81.  4ax-2ax2  +  48a  =  -2a(a?-2x-24)  =  -2a(x-6)(x  +  4) 

=  2a(6-a:)(4  +  x). 
88.   See  Ex.  23,  p.  38. 

88.   150n-5nx2-65nx=-5n(a^+13x-30)  =  -5n(x-2)(x+15) 

=  5n(2-x)(15  +  a;). 

84.  See  Ex.  27,  p.  38.       86.  See  Ex.  28,  p.  38.       88.   See  Ex.  30,  p.  38. 

85.  See  Ex.  25,  p.  38.       27.   See  Ex.  29,  p.  38.       89.   See  Ex.  31,  p.  38. 

Page  102 

8.   See  Ex.  2,  p.  38.         5.    See  Ex.  3,  p.  38.         7.   See  Ex.  4,  p.  38. 

8.  See  Ex.  5,  p.  38.        6.    See  Ex.  13,  p.  39.         8.   See  Ex.  7,  p.  38. 
4.   See  Ex.  6,  p.  38. 

9.  First  factor,  try  9  62  +  2,  9  62  -  2,  9  62  +  7,  9  62  _  7,  ... 
Second  factor,  try  3  62-7,  3  6^+7,  3 62 -  2,  362+  2,  .  . 
Products,  2d  terms,  -  57  62,  +  57  6*,  +  3  62,  -  3  62,  ... 
.-.  276*-362-14=(962-7)(3  62+2). 

10.    10a«H-42x«  +  44=2(5x6  4-21x8  +  22). 
To  factor  5x^  +21  x^  +  22,  try    5x8  +  22,        5x8  +  11,  .•• 
multiplied  by  x^  +  1  ,  x^  +  2  ,  ... 

Products,  2d  terms,  +  27x«,  +  21  x^  ,  -.. 

.-.  10x«  +  42x8  +  44  =  2(5x8+ll)(x8  +  2). 
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11.  16ara-68a;-f  66=2(8x2-34a;  +  33). 

To  factor  8 x2  -  34 X  +  33,  try        2x-ll,    2a; -3,    ... 
multiplied  by  4a;—  3,      4x  —  11,  ... 

Products,  2d  terms,  —  60  a;,         —  34x,  ••• 

.-.  16x2  _  68 a:  4- 66  =2(4x-ll)(2x- 3). 

12.  See  Ex.  11,  p.  39. 

13.  6x2-.10a;  +  4  =  2(3a;2-5a:  +  2). 
Tofactor3x2  — 5x  +  2,  try        3a;-l,    3x  — 2.  . 

multiplied  by  x  —  2,       x~  1. 

Products,  2d  terms,  —  7  a;,        —  6  a;. 

.-.  6x3-  lOx  4-  4  =  2(3x-  2)(x  -  1). 

14.  First  factor,  try  7  a  -f  2,  7  a  —  2,  7  a  +  5,  7  a  —  5,  ... 
Second  factor,  try  3g  — 5,  3a  +  6,  3g  — 2,  3o  +2,  ... 
Products,  2d  terms,  —  29  a,  -f  29  a,  +  a,  —  a,  ... 
...  21  a2  _  a  -  10  =  (7  a  -  6)(3  a  +  2). 

16.  First  factor,  try        5  x^  +  3,    5  x^  -  3,    6  x^  +  2,  .-. 
Second  factor,  try  2 x^  —  2,    2 x^  +  2,    2x^--3,  •-. 

Products,  2d  terms,  -  4  x-*,       +  4  x^,      -  11  x^,  ...  ♦ 

.-.  10  X*- 11x2-6  =(5x2  +  2)(2x2-3). 

16.  First  factor,  try  5x  +  2,  5x-f8,  5x  +  4,  ... 
Second  factor,  try  3xjf4,  3x4-1,  3x4-2,  ... 
Products,  2d  terms,  4-  26  x,  4-  29  x,  4-  22  x,  ... 
.-.  15x2  4-22x  +  8=(5x4-4)(3x4-2). 

17.  First  factor,  try  6  x  -f  4,  5  x  —  4,  5x4-1,  6  x  —  1,  ••. 
Second  factor,  try  3x—  1,  3x4-1,  3x  —  4,  3x4-4,  ... 
Products,  2d  terms,  +  7  x,  —  7x,  —  17  x,  -h  17  x,  -. 
.-.  16x2  4-17x-4=(5x-l)(3x4-4). 

18.  18x2-51x  +  36=3(6x2- 17x4-12). 

To  factor  6 x2 -  17  X  4- 12,  try    3x— 2,    3x  — 6,    3x-4,  ... 
multiplied  by  2x  — 6,    2x-2,    2x  — 3,  ... 

Products,  2d  terms,  —  22  x,     —  18  x,      —  17  x,  ... 

.-.  18x2-61x4-36  =  3(3x-4)(2x-3). 

19.  12x2  +  14x-40  =  2(6x24-7x-20). 

To  factor  6x2 +7  X- 20,  try    3x4-5,    3x-6,    3x-f4,    3x-4,  ... 
multiplied  by  2x— 4,     2x4-4,     2x— 5,    2x4-5,  ••• 

Products,  2d  terms,  —  2x,      4-2x,      —  7x,      4- 7  x,  ... 

.-.  12  x2  4-  14  X  -  40  =  2(3  X  -  4)(2  X  4-  5). 

20.  See  Ex.  24,  p.  40.  21.   See  Ex.  25,  p.  40. 
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85.  See  Ex.  12,  p.  39.   27.   See  Ex.  16,  p.  39.      89.   See  Ex.  19,  p.  39. 

86.  See  Ex.  14,  p.  39.   88.   See  Ex.  18,  p.  39. 

30. 3x2-ioxy+3y2=^^'---^Q^y  +  ^y'=(^^)'--^^y(^^)+^y' 

3  3 


=  (^^-y>(^^-^y)  =  (3x-.y)(x~3y). 


3 
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81      Ox'  I  13i      io^81x'  +  387»-90_(9x)'+43(9a=)-90 

9  9 

=  (»'-^)<»^  +  *5)=(9x-2)(x  +  6). 

^  i6x  +  7K«£^^i0i=  (6x +7)(3x  -  6). 
88.  See  Ex.  21,  p.  40.  84.  See  Ex.  20,  p.  80. 

86.  32n^  +  28n-16  =  «^"'  +  ^''-^  =  Ig'')'  +  ^(»»)-^ 

2  2 

=  <«»+^0)(«»-8)  =  (4«  +  6)(8»-8). 
86.  Sx'-lOxir    gy»-26»^+^to'»-10»'^(Sx')'+9»(6x-')-10»« 

^(6x»+10y)(6x»-y)^(^,  +  2»)(5«--y). 
6 

Page  104 

8.   f*  +  «»  =(r»)»  +  (««)•  =  (r»  4-  s8)(r«  -  r»s8  +  ««) 

=  (r+«)(r2-rs+«2)(r«  -  r»«»  +  «•). 
9-90.  SeeEx.  9-20,  p.  41. 

Page  106 
S-10.   See  Ex.  2-10,  pp.  41-42. 
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18.   See  Ex.  12,  p.  42.  14.   See  Ex.  18,  p.  42. 

16.  a«-7x2  +  7a;  +  15 

Substituting  —  1  for  05,     =— 1  —  7  —  7  +  16  =  0;.*.  x  +  lisa  factor, 
and     a:«-7x2  +  7«+  15  =  (x  +  l)(x2-8a;  +  15) 
§154,  =(x+l)(x-3)(x-5). 

16.  See  Ex.  14,  p.  42. 

17.  2x«-3xa-17x-12 

Substituting  —  1  for  x,    =  —  2  —  3  -f- 17  -  12  =  0;  .•.  x  +  lis  a  factor, 
and  2x»-3x2-  17x- 12  =(x  +  l)(2x2  -  5x- 12) 
§  156,  =(x  -h  l)(x-  4)(2x  +  3). 

18.  x8-13x2  +  46x-48 

Substituting  2  for  x,         =  8  -  52  +  92  -  48  =  0 ;  .-.  x  -  2  is  a  factor, 
and  x8-13x2  +  46x-48=(x-2)(x2-llx  +  24) 
§  164,  =(x-2)(x-3)(x-8). 

19.  See  Ex.  17,  p.  42. 

20.  2x8- 9xa-2x  +  24 

Substituting  2  for  x,        =16  -  36  —  4  +  24  =  0  ;  .•.  x  —  2  is  a  factor, 
and   2x8-9x2-2xH-24=(x-2)(2x2-6x-12) 
§  166,  =(x  -  2)(x  -  4)(2x  -f  3). 

21.  See  Ex.  33,  p.  44. 
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22.  iB»  + 

Substdtuting  y  for  as,  = 

and       iK8+2«2y-a:y2_2y8= 

§164, 

28.  iK8  + 

Substituting  —  y  for  ac,  = 
and  3fi+4:x^y  +  6xt/^+2y^= 
§154,    , 

24.  See  Ex.  22,  p.  43.       27. 

25.  See  Ex.  23,  p.  43.       28. 

26.  See  Ex  25,  p.  43.  29. 
88.  2n8 
Substituting  —  2  for  n,     = 

and   2n8-7n2  — 7n  +  30  = 
§166, 

84.  See  Ex.  29,  p.  43.       88. 

86.  See  Ex.  30,  p.  43.       89. 

86.  See  Ex.  31,  p.  44.       40. 

87.  See  Ex.  32,  p.  44.       41. 


2»2y-xy2-2y« 
j/8+2j/8_y8-2y8=0;  .• 
(a;-y)(a2  +  8a;y  +  2y2) 

(aj_y)(x4-y)(aj  +  2y). 
4a;2y  +  6xy5j+2y8 
-y»+4y8-6y«+22/»=0; 
(x  +  y)(x^+Sxy  +  2y^) 
(aj  +  y)(a:  +  y)(a;  +  2y)-. 
,  See  Ex.  24,  p.  43.       80. 
,  See  Ex.  19,  p.  43.       81. 
,  See  Ex.  20,  p.  43.       82. 
-  7  w2  -  7  n  +  30 
-16-28  +  14+30  =  0;  .-. 
(w  +  2)(2n2-lln  +  15) 
(w  +  2)(w-3)(2w-6). 

See  Ex.  34,  p.  44.       42. 

See  Ex.  41,  p.  45.       48. 

See  Ex.  42,  p.  45.       44. 

See  Ex.  38,  p.  44.       45. 

Page  109 


a:  —  y  is  a  factor. 


•.a+j/isafactor. 


See  Ex.  21,  p.  43. 
See  Ex.  26,  p.  43. 
See  Ex.  27,  p.  43. 

n  +  2  is  a  factor. 


See  Ex.  39,  p.  44. 
See  Ex.  43,  p.  45. 
See  Ex.  44,  p.  46. 
See  Ex.  46,  p.  46. 


2-6.   See  Ex.  2-6,  pp.  46-46. 

Page  110 
4-24.   See  Ex.  4-24,  pp.  46-47.  2-8.   See  Ex.  2-8,  pp.  47-48. 


Page  113 


52.  See  Ex.  2,  p.  48. 
58.  See  Ex.  4,  p.  48. 
54.  See  Ex.  5,  p.  48. 
60.  See  Ex.  21,  p.  48. 
See  Ex.  12,  p.  48. 


61. 
65. 


55.  See  Ex.  3,  p.  48.         57.  See  Ex.  7,  p.  48. 

56.  See  Ex.  6,  p.  48.         58.  See  Ex.  8,  p.  48. 
59.  a»-  68=  (a8)8-  68=  (^8-  5)  (06+'  ^85  +  52). 

62.  See  Ex.  13,  p.  48.       64.  See  Ex.  11,  p.  48. 
68.  See  Ex.  19^  p.  48. 
7n7  +  7w='7»(n«  +  l)=7  n(n^  +  l)(w*-n2  +  l). 
See  Ex.  16,  p.  48.       68.  See  Ex.  20,  p.  48.       70.  See  Ex.  24,  p.  49. 
~     ~     ^"  ^      "        "9.  See  Ex.  22,  p.  48.       71.  See  Ex.  23,  p.  48. 
205  +  1,  2»-l. 

gg  —  1,  a;  +  1. 

2a;2  +  a;-l=(2a;-l)(a;+l). 
78.  x^-\-9x-90  =  x^-\-(-\-  15-6)a:+(+  16)(- 6)  =  (»  +  16)(x  -  6). 
9a;2  ■,6a; -24 ^  (3a;)2  -  2(3a;)- 24 
3  3 


67.  See  Ex.  17,  p.  48. 
72.  First  factor,  try 
Second  factor,  try 
Products,  2d  terms. 


74.  S»2-2x-8  =  - 


=  (^^  +  ^)(3^-Q)  =  (3x  +  4)(a;-2). 
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448      KEY  TO  STANDARD  ALGEBRA  REVISED     [113-118 

76.    16  +  6a;-9a;2  =  _3(3»2-2x-6) 

By  trial,  =-3(3x-  5)(a;  +  1)  =  3(5- 3a;)(l  +  «). 

76.   17-16a-aa=-(a2  +  16a-17) 

=  -(a  -  l)(a  +  17)  =  (1  -  a)(17  -f  a). 
78.   6a;  +  6a;2-a:«=-a;(a;«-5a;-6) 

=  _  aj(»  -  6)(aj  +  1)  =  a;(6  -  x)(l  +  x). 
82.   See  Ex.  26,  p.  49.    88.  See  Ex.  28,  p.  49.    84.  See  Ex.  31,  p.  49. 
86.  4a-3aa;-aa^=- a(xa  +  3x-4)  =-a(x- l)(x  +  4) 

=  a(l-x)(4  +  x). 

86.  See  Ex.  32,  p.  49.    91.  See  Ex.  33,  p.  49.    96.  See  Ex.  87,  p.  62. 

87.  See  Ex.  46,  p.  60.    93.  See  Ex.  60,  p.  60.    97.  See  Ex.  44,  p.  49. 

88.  See  Ex.  63,  p.  60.    94.  See  Ex.  67,  p.  60.    98.  See  Ex.  56,  p.  50. 
90.   See  Ex.  66,  p.  60.    96.  See  Ex.  29,  p.  49. 
99.   77-30xa-37x  =  -(30x9  +  37x-77) 
By  trial,  =- (lOx  -  ll)(3x  + 7)  =  (11-  10x)(7+3x). 

100.  See  Ex.  30,  p.  49.  106.  See  Ex.  61,  p.  60. 

101.  See  Ex.  45,  p.  60.  106.  See  Ex.  39,  p.  49. 

102.  See  Ex.  48,  p.  50.  107.  See  Ex.  41,  p.  49. 
108.  See  Ex.  60,  p.  60.  108.  See  Ex.  42,  p.  49. 
104.  See  Ex.  64,  p.  60.  109.  See  Ex.  63,  p.  61. 

Page  114 

110.  See  Ex.  Ill,  p.  64.  118.  See  Ex.  116,  p.  54. 

111.  See  Ex.  100,  p.  53.  119.  See  Ex.  61,  p.  61. 

112.  See  Ex.  88,  p.  62.  121.  See  Ex.  107,  p.  63. 
118.  See  Ex.  83,  p.  52.  122.  See  Ex.  112,  p.  64. 
114.  See  Ex.  108,  p.  64.  128.  See  Et.  47,  p.  50. 
116.  See  Ex.  109,  p.  64.  124.  See  Ex.  103,  p.  63. 

116.  See  Ex.  84,  p.  52.  125.  See  Ex.  116,  p.  64. 

117.  See  Ex.  86,  p.  62.  126.  See  Ex.  89,  p.  52. 

127.  4x8+x2-8x-2  =  x2(4x  +  l)-2(4x  +  l)  =  (4x  +  l)(a:*-2). 

128.  x2  4-  5  X  +  aa;  +  6  a  =  x(x  +  6)  +  o(«  +  6)  =  (X  +  5)(x  +  a). 

129.  See  Ex.  117,  p.  64.  142.  See  Ex.  68,  p.  51. 
180.  See  Ex.  113,  p.  54.          148.  See  Ex.  74,  p.  51. 

131.  See  Ex.  118,  p.  54.  144.  See  Ex.  76,  p.  61. 

132.  See  Ex.  101,  p.  63.  146.  See  Ex.  76,  p.  51. 

188.  See  Ex.  119,  p.  54.  146.  See  Ex.  69,  p.  51. 
184.  See  Ex.  114,  p.  64.  147.  See  Ex.  70,  p.  61. 

186.  See  Ex.  110,  p.  54.  148  See  Ex.  123,  p.  55. 

187.  See  Ex.  106,  p.  53.  149.  See  Ex.  124,  p.  55. 
138.  See  Ex.  98,  p.  63.  150.  See  Ex.  126,  p.  55. 

189.  See  Ex.  66,  p.  61.  151.  See  Ex.  126,  p.  65. 

140.  See  Ex.  66,  p.  61.  152.  See  Ex.  127,  p.  56. 

141.  See  Ex.  67,  p.  61.  163.  See  Ex.  128,  p.  55. 

Page  118 

See  Ex.  93-99,  p.  66. 
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121-132]  FRACTIONS  449 

HIGHEST  COMMON  FACTOR 
Page  121 

80.  See  Ex.  30,  p.  56.  82.   See  Ex.  34,  p.  57. 

81.  See  Ex.  32,  p.  66.  "  88.   See  Ex.  35,  p.  57. 
84.            6»2-64  =  6(a;2_9)=3.2(»  +  3)(a:-.3) 

9(»  +  3)  =  3  .  3(x  +  3) 

80(a;2,  a;  -  12)  =  3  >  2  .  5(a;  +  3)(a;-  4) 

.-.  H.C.r.  =  3(a;  +  3). 
86.     8a-8a2  =  --8a(a-l)  =  -2.2.2.a(a-l) 

12  a(a2  -  1)2  =2.2.3.  a(a  -  l)(a  +  l)(a  -  l)(a  + 1) 

18a2->36o  +  18  ^    =  2  .  3  .3(a- l)(a- 1) 

.-.  H.C.F.  =  2(a-l). 

86.  9a2(x2-8a;H-16)  =  3 -3  •  a.a(a;-4)(a;- 4) 
.3a%e  +  6aa;- 12  gg- 24  a  =  3a(a;-4)(o  + 2) 

.-.  H.C.F.  =  3  a(a;- 4). 

87.  See  Ex.  36,  p.  57.  88-89.   See  Ex.  88-39,  p.  57. 

Page  122 
40-82.   See  Ex.  40-62,  pp.  57-59. 

LOWEST  COMMON  MULTIPLE 
Page  125 
26-40.    See  Ex.  26-40,  pp.  59-60. 

FRACTIONS 
Page  131 
28-89.   See  Ex.  28-39,  pp.  60-61. 

Page  132 

ya-81      ^Cy  +  9)(y-9)^y-9 
y2  +  7y_18     (y  +  9)(y-2)     y-2 
41.   See  Ex.  40,  p.  61. 

g2_6a;_7  _(a;-7)(g+ l)_fl;4-l. 
aj2-.lix  +  28  (a;_7)(a;-4)  a; -4* 
2a;a_2a;-12_    2(a;- 3)(a;  +  2)  g-3 

6x2- 10a; -44     2(3x  -  ll)(x +  2)     3x-ll* 
44.    See  Ex.  41,  p.  61. 

7 a; -2x2 -.3  ^(3-g)(2x-l)^3-x^3-g 
2x2  +  llx-6     (x  +  6)(2x--l)     x  +  6     6+x* 

52  +  6-12    _  (ft  +  4)(6  -  3)  ^    5  +  4 
362  +  96-54     3(6  +  6)(6-3)      3(6  +  6)' 
47.   See  Ex.  45,  p.  61. 

4g     a26-(a+26)*^o26(o+2  6)(a+2  6)(a+2  6)(a+2  6)^a(a+26)2 
a6(a2-462;2     a6(a+2  6)(a-2  6)(a+2  6)(a-2  6)      (a-26)2 

STAND.   ALO.    RBV.    KEY  —  29 
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42. 

48. 
44 
46. 

46. 


450      KEY  TO  STANDARD  ALGEBRA  REVISED     [132-142 

49.  See  Ex.  46,  p.  61.  60.   See  Ex.  44,  p.  61. 

gj      (a^by-1   ^(04.54.  l)(o.f6-l)^a  +  &-l 
a^c  +  abc  +  ac  (ic(^a  +  6  +  1)  ac 

62.   See  Ex.  54,  p.  62.     68.   See  Ex.  66,  p.  62.     64.   See  Ex.  47,  p.  61. 

55    g*  +  z^^  +  y*^  (g^  +  xy  +  !^)(g' -  gy  +  y^)  ^gg  +  a^  +  ifg 
^-\-y^  (x  +  y)(a^-gy  +  y«)  g  +  y 

66.  See  Ex.  48,  p.  61. 

57  ccP-c        ^      c((j-l)C(P+d  +  l)      ^        d-l 

c^d^ -{- c^d^  +  c^     c2(d2  +  d  +  l)(<P-(J  +  l)     c(da-d  +  l)' 

68.   See  Ex.  51,  p.  62.  69.   See  Ex.  49,  p.  62. 

6rg->26rg  +  5gg  _  (Sr  -  g)(r- 5g)  _6r- a 
r8_6»^»  +  r-6»      (r3  +  l)(r-5«)      r^  + 1' 
q8-  g5  _  q25  +  62^        (g^  -  6)(o  -  6) 


60. 
61. 
62. 


a4  _  a26  -  a362  +  68     (qS- 6)(a- &)(a  +  6)     a  +  6 
a^-gg^a:*  +  g8^      g2(x3  +  l)(g->l)      ^    g8 
g*-l  (x2  +  l)(a;  +  l)(a;-l)     a  +  1* 

68.   See  Ex.  50,  p.  62.  66.   See  Ex.  53,  p.  62. 

64.  See  Ex.  52,  p.  62.  66.   See  Ex.  56,  p.  62. 

9a*-13aa&2  +  4  6*     ^(3a +  2  6)(3a- 2  6)(a  +  6)(a- 6) 

24a2<i  -  40 add  +  166ad  Sd(Sa-  26)(a  -  6) 

^(3q+26)(o  +  6) 

8d 


67, 


Page  135 

7-12.   See  Ex.  7-12,  pp.  63-64. 

Page  137 
11-17.   See  Ex.  11-17,  pp.  64^66. 

Page  138 
27-82.   See  Ex.  27-32,  pp.  65-66.  34-46.   See  Ex.  34-46,  pp.  66-67. 

Page  139 
47-62.    See  Ex.  47-52,  p.  67.  64-67.   See  Ex.  64-57,  p.  68. 

Page  140 
69-61.   See  Ex.  50-61,  p.  69.  68-67.   See  Ex.  63-67,  pp.  69-70. 

Page  142 

26     ^~^      4-z2  _g-4  ^  -(g  +  2)(g-2)^g-2 
x  +  2*16-g2     a;  +  2  '  -.(g  +  4)(g-4)     g  +  4* 

27.   See  Ex.  12,  p.  70.  28.    See  Ex.  18,  p.  71. 

gg     g2+3g+2      a;2-.6g+5_  (g+2)(g+l)      (g-5)(x— l)_g— 1 
aj2-3g-10  *  a:2+8a:+7      (x-5)(x+2)  '  (g+7)(g+l)     g+7* 

80.  See  Ex.  13,  p.  70.     82.   See  Ex.  17,  p.  71.      84.   See  Ex.  20,  p.  71. 

81.  See  Ex.  16,  p.  70.     88.    See  Ex.  19,  p.  71. 
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143-148]  FRACTIONS  451 

Page  143 

35      a^+q6  +  2a+2&     x'^-2xy_  (a  +  2)(o4-&)        g(a;-2y) 
ax-2ay +  2x-4y' (a  +  6)^      (a  + 2)(»-.  2y) "  (a  + ft)(aH- 6) 

86.   See  Ex.  16,  p.  70.  87.   See  Ex.  14,  p.  70. 

88     /  2       .^N     9a;2y      2  +  3g_2-3x  9a;4  2  +  3x 

V3«        j"4-9x2*     4y8  3x     '  (2  +  3a;)(2- 3  a;)  *     4y« 

4y2* 
89.    See  Ex.  21,  p.  71. 

Page  144 

21.  See  Ex.  16,  p.  72.       24.   See  Ex.  19,  p.  72.       27.   See  Ex.  21,  p.  72. 

22.  See  Ex.  16,  p.  72.       26.   See  Ex.  18,  p.  72.       28.   See  Ex.  22,  p.  72. 

28.  See  Ex,  17,  p.  72.       26.    See  Ex.  20,  p.  72.       29.   See  Ex.  23,  p.  72. 

Page  145 

3^    gg  +  27   .        0  +  3       ^  (a  +  3)(a2  -  3  g  +  9)  ^^  gg  +  8o  +  9 
'    g8-27   ■  g2  +  3g  +  9      (g  -  3)(g2  +  3  g  +  9)  g  +  3 

_  gg  -  3  g  4-  9 
g  -3 
3j    g24.6a_c24.2g6  ,  a4.6-}-c_(g+ftH-c)(g+6--c)  ^g-5+c_..^ 

*   g2-62-c24-2  6c  '  g-64-c     (g4-6-c)(g-6+c)     g  +  6  +  c 
82.   See  Ex.  26,  p.  73.       84.   See  Ex.  28,  p.  73.      86.   See  Ex.  30,  p.  73. 
88.   See  Ex.  27,  p.  73.      86.   See  Ex.  29,  p.  73.       87.   See  Ex.  31,  p.  73. 

Pages  146-147 
2-10.    See  Ex.  2-10,  pp.  73-74.         12-27.   See  Ex.  12-27,  pp.  74-76. 

Page  148 

29.  See  Ex.  29,  p.  76.       80.   See  Ex.  33,  p.  77.      81.   See  Ex.  31,  p.  77. 
32  as X  X  X      _    x^ 


x  +  1 ^—      x  +  \-JL     x  +  1-^^     ?^±i     ^'  +  ^ 

X  A-       ^  *  * 

X—  1  X  —  1 

83.   See  Ex.  32,  p.  77.      84.   See  Ex.  30,  p.  77.      85.    See  Ex.  34,  p.  77. 
86.  a  4- TT-r  =  a  + oT"  =  «  + 


»      1         2g            ^  ^      .          2g  ^  ^      -         2  g2 

g— 1 g  — 1— g  — 1  — 


2      1  2g4-  1                             2g  -f  1 

g  g 

-  1       _        2g4-l_q^-q-l 

"^■^  g  +  l  "^      g4-l~      a4-l     * 


2g4-l 
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452      KEY  TO  STANDARD  ALGEBRA  REVISED     [150-163 

REVIEW 

Page  150 

6x«-llx-12^  (5g  +  4)(z-8)  ^  x-3 
10x2  + 23a; +12     (6x  +  4)(2x  +  8)      2x  +  8' 
a84,3a;2_a;_3^a;g(x  +  3)-l(x  +  3)^(x2-l)(x  +  3)^gg-l 
x»+3x»  +  x+3     x2(x  +  3)+l(x  +  3)      (xa  +  l)(x  +  8)      x^  +  l* 

q»  +  &*       _       (a  +  6)(a2--ofe +  &2)       _       a  +  6 
a*  +  a26a  +  6*     (a^  -^  ab  +  b^)  (a^  -  ah  -{- b^)     a^ -^  ab  -\- b^' 

ex  —  cd  _      c(x  —  d)       _     c 

cx  +  3x-3d-c<J     (c  +  3)(x-<J)      c  +  3* 
22-82.   See  Ex.  2^-32,  pp.  78-79. 


18. 
19. 
20. 
21. 


Page  151 
88-47.   See  Ex.  33-47,  pp.  80-81. 

SIMPLE  EQUATIONS 


Page  157 
lfr-29.   See  Ex.  19-29,  pp.  81-83. 


Page  159 
89-61.   See  Ex.  39-61,  pp.  S&SS. 

Page  160 
2-14.   See  Ex.  2-14,  pp.  88-91. 

Page  161 
16-24.  See  Ex.  15-24,  pp.  91-93. 


Page  158 
80-84.   See  Ex.  30-34,  pp.  83-84. 
89-88.   See  Ex.  36-38,  pp.  84-85. 

Page  163 

1.  See  Ex.  1,  p.  93. 

2.  Let  X  =  number  of  logs  that  each  of  three  wagons  held. 
Then,                x  +  2  =  number  of  logs  the  fourth  wagon  held. 

.-.  3x  +  x  +  2  =  38. 
Solving,  X  =  9, 

and  x  +  2=ll. 

Hence,  three  of  the  wagons  held  9  logs  each,  and  the  other  wagon,  11 
logs. 

8.  Let  X  =  the  cost  of  the  harness  in  dollars. 

Then,  2  x  =  the  cost  of  the  carriage  in  dollars, 

and  3  X  =  the  cost  of  the  horse  in  dollars. 

.-.  x+ 2x  +  3x  =  300. 
Solving,  X  =  60, 

2  X  =  100, 
and  3x=160. 

Hence,  the  cost  of  the  harness  was  $  50  ;  of  the  carriage,  $  100  ;  of  the 
horse,  $  160. 

4.   See  Ex.  3,  p.  94.  6.  See  Ex.  6,  p.  94.  6.   See  Ex.  6,  p.  95. 
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163,  164]  SIMPLE  .EQUATIONS  468 

7.  Let  X  =  Dumber  of  eggs  in  all  the  baskets. 
Then,             576  —  x  =  number  of  eggs  in  all  the  pails. 

.-.  576-a;  =  Jx. 

Solving,  X  =  432,  number  of  eggs  in  all  the  baskets, 

and  576  —  x  =  144,  number  of  eggs  in  all  the  pails. 

Since  there  are  3  pails  and  6  baskets,  each  pail  contains  ^  of  144  eggs, 
or  48  eggs,  and  each  basket  contains  i  of  432  eggs,  or  72  eggs. 

8.  Let  X  =  the  number. 
Then,           Ja;H-i«=90. 
Solving,  X  =  200. 
Hence,  the  number  is  200. 

9.  Let  X  =  the  number. 
Then,  x-  (i  x  +  J  «)  =  25. 
Solving,  X  =  160. 
Hence,  the  number  is  160. 

10.  Let  X  =  the  number. 
Then,           ix  +  ^x^a. 
Solving,                    X  =  2  a. 
Hence,  the  number  is  2  a. 

11.  Let  X  =  the  number. 
Then,       3.ix-ix  =  24. 
Solving,                    X  =  18. 
Hence,  the  number  is  18. 

Page  164 

12.  See  Ex.  11,  p.  96. 

18.  Let  X  =  number  of  feet  in  the  widtl\  of  the  rectangle. 

Then,  x  +  9  =  number  of  feet  in  the  length  of  the  rectangle, 

and  X  +  3  =  number  of  feet  in  the  side  of  the  square. 

.'.  x(x  +  9)  =  (x  +  3)(x  +  3). 

Solving,  X  =  3, 

and  X  H-  9  =  12. 

Hence,  the  rectangle  is  12  feet  long  and  3  feet  wide. 

14.  See  Ex.  14,  p.  96.    16.   See  Ex.  13,  p.  96.     18.   See  Ex.  16,  p.  97. 

15.  See  Ex.  9,  p.  95.       17.   See  Ex.  16,  p.  97.     19.   See  Ex.  17,  p.  97. 

80.   See  Ex.  18,  p.  97. 

21.  Let  X  =  the  number. 

Then,      4(i  x  +  i  «)  =  88. 
Solving,  X  =  60. 

Hence,  the  number  is  60. 

22.  Let  X  =  one  part 
Then,               54  —  x  =  other  part. 
•••A[*-(64-«)]=i. 
Solvmg,  X  =  29, 

and  54  —  X  =  25. 

Hence,  29  is  one  of  the  parts  into  which  54  is  separated,  and  25  is  the 
other  part. 
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28.  Let  X  =  one  part. 

Then,  m  —  x  =  other  part. 

...l[a:_(m-a:)]=l. 

Solving,  0:  =  ^?*^, 

2r 

and  w»-x=^i?l:=^. 

2r 

Hence,  *?*L±J!*  is  one  part  and  ?!Lzii*  is  the  other  part. 
2  f  2  f 
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26.  See  Ex.  21,  p.  97.  26.  See  Ex.  22,  p.  98. 

27.  Let  X  =  the  required  number  of  da}  s. 

Then,  -  =  the  part  of  the  work  both  can  do  in  1  day. 

X 

X  2i^^ 

Solving,  X  =  If. 

Hence,  A  and  B  together  can  do  the  work  in  If  days. 

28.  Let  X  =  the  required  number  of  days. 

Then,  -  =  the  part  of  the  barn  all  can  paint  in  1  day. 

X 

X     12     4 
Solving,  X  =  3. 

Hence,  A,  B,  and  C  together  can  paint  the  barn  in  3  days. 

29.  See  Ex.  24,  p.  98.  80.   See  Ex.  25,  p.  98. 

81.  Let  X  =  the  required  number  of  minutes. 

Then,  -  =  the  part  of  the  tank  both  pipes  can  fill  in  1 

*         minute. 

X     45      66 
Solving,  X  =  24|. 

Hence,  the  two  pipes  can  nil  the  tank  in  24|  minutes. 

82.  Let  X  =  the  required  number  of  hours. 

Then,  -  ;=  the  part  of  the  tank  that  can  be  filled  in  1  hour. 

X 

•    Iril  +  l-l 

*  *  X     a     c     b' 
Solving,  X-         ^^^ 


ab  -{-he  —  ac 
Hence,  if  all  the  pipes  are  open,  the  tank  can  be  filled  in  ^  ^ 


hours.  ab  +  bc-  ac 
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84.   See  Ex.  27,  p.  99.  85.   See  Ex.  28,  p.  99. 

86.  Let  X  =  digit  in  units^  place. 
Then,                              x-\-S=  digit  in  tens'  place, 

and  10(a;  +  3)  +  «,  or  11 »  +  30  =  the  number. 
.  lla;  +  30-6^g 
x  +  z+S 
Solving,  a;  =  6, 

and  X  +  3  =  9. 

Hence,  the  number  is  96. 

87.  Let  X  =  digit  in  units'  place. 
Then,                             a;  +  6  =  digit  in  tens'  place, 

10(a;  +  6)  +  «♦  or  11  x+  50  =  the  number, 
and  10  X  +  (x  +  6),  or  11  x  -f  6=  the  number  with  its  digits  reversed. 
.-.  llx  +  6=f(llx  +  60). 
Solving,  X  =  2, 

and  X  +  6  =  7. 

Hence,  the  number  is  72. 

88.  Let  X  =  digit  in  tens'  place. 
Then,                              x  +  8  =  digit  in  units'  place, 

10  X  +  (x  +  8),  or  11 X  4-  3  =  the  number, 
and  10(x  +  3)  +  x,  or  11  x  +  30  =  the  number  with  its  digits  reversed. 
.•.8(11x4-30)  =  14(11x4- 3). 
Solving,  X  =  3, 

and  X  4-  3  =  6. 

Hence,  the  number  is  36. 

89.  Let  X  =  digit  in  tens'  place. 
Then,                             11  —  x  =  digit  in  units'  place, 

10  X  4-  (11  —  x),  or  9  X  4- 11  =  the  number, 
and  10(11  —  x)  4-x,  or  110  —  9x  =  the  number  with  its  digits  reversed. 
.-.  9x4- 11  + 63  =  110-9  X. 
Solving,  X  =  2, 

and  11  —  X  =  9. 

Hence,  the  number  is  29. 

40.   Let  X  =  digit  in  tens'  place. 

Then,  6  —  x  =  digit  in  units'  place, 

10 X  4-  (5  —  x),  or  9  X  4-  6=  the  number, 
and    10(6  —  x)  4-  ^i  or  60  —  9  x  =  the  number  with  its  digits  reversed. 
.-.  3(9x  4-  6)  -  1  =  60  -  9x. 
Solving,  X  =  1, 

and  6  —  X  =  4. 

Hence,  the  number  is  14. 
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42.   See  Ex.  33,  p.  99.  44.   See  Ex.  35,  p.  100. 

48.   See  Ex.  34,  p.  100.  46.   See  Ex.  86,  p.  100. 
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46.  Let  X  =  number  of  dollars  invested  at  6 
Then,                      16,000  —  x  =  number  of  dollars  invested  at  8 

'•'Th^-^  db(16»000  -  X)  =  T*^  X  16,000. 
Solving,  X  =  10,000, 

and  16,000  —  x  =  6000. 

Hence,  Mr.  Johnson  invested  $  10,000  at  Q%,  and  $6000  at  3%. 

47.  Let  X  =  number  of  dollars  invested  at  4%. 
Then,                         6660  —  x  =  number  of  dollars  invested  at  6  %. 

.•.TSira;  +  x4«(6660-x)  =  298. 
Solving,  X  =  2060, 

and  6660  -  x  =  8600. 

Hence,  he  invested  $2060  at  4  %,  and  $8600  at  6  %. 


48.   Let  X  =  number  of  dollars  invested  in  6  %  bonds. 

Then,  12,000  —  x  =  nu  mber  of  dollars  invested  in  4  %  bonds. 

.  .J^  X  +  T^  (12,000  -  X)  =  ii  X  12,000. 
100        100^  '^      100 

Solving,  X  =  3000, 

and  12,000  -  x  =  9000. 

Hence,  he  invests  $3000  in  6%  bonds,  and  $9000  in  4%  bonds. 

48.  Let  X  =  number  of  dollars  invested  at  6  %. 

Then,  »  —  x  =  number  of  dollars  invested  at  5  %. 

^  ,  .      •••  T»7y«  +  T*Tr(« - «)  =  »»• 

Solvmg,  X  =  100  m  —  6  9, 

and  «  —  X  =  6  «  —  100m. 

Hence,  the  bank  invests  (100  m  —  bs)  dollars  at  6  %,  and  (6  «  —  100  m) 
dollars  at  6%. 

50.  Let  X  =  number  of  dollars  of  capital. 

Then,  -  =  number  of  dollars  invested  at  5  %, 

n 

and  ^^  ""  y^  =  number  of  dollars  invested  at  6  %. 

n 

.     5     X  ,    6      (n-  l)x 

100    n     100  n 

c^i..:^»                                       «      100  Win 
Solvmg,  X  = . 

on—  1 

Hence,  my  capital  is  ^  dollars. 

6n  —  1 
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52.   See  Ex.  41,  p.  101.  54.    See  Ez.  48,  p.  101. 

58.   See  Ex.  42,  p.  101.  55.   See  Ex.  44,  pp.  101-102. 
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56.  Let  X  =  number  of  minute  spaces  the  minute  hand 

travels  after  2  o'clock  before  the  hands 
are  at  right  angles. 
Then,  —  =  number  of  minute  spaces  the  hour  hand 

1^        travels  in  the  same  time. 
Since  the  minute  hand  gains  10  +  15,  or  25,  minute  spaces, 

Solving,  X  =^  27^^,  the  number  of  minutes  after  2  o'clock. 

Hence,  at  2 :  27^  o'clock  the  hands  vnll  be  at  right  angles  to  each  other. 
67.  Let  X  =  number  of  minute  spaces  the  minute  hand 

travels  after  6  o'clock  before  it  is  15 
minute  spaces  behind  the  hour  hand. 
Then,  -^  =  number  of  minute  spaces  the  hour  hand 

12        travels  in  the  same  time. 
Since  the  minute  hand  gains  30  —  15,  or  15,  minute  spaces, 

Solving,  X  =  16^,  the  number  of  minutes  after  6  o'9lock. 

Again,  \e\  x  =  number  of  minute  spaces  the  minute  hand 

travels  before  it  is   15   minute  spaces 
ahead  of  the  hour  hand. 
Then,  -^  =  number  of  minute  spaces  the  hour  hand 

12        travels  in  the  same  time. 
Since  the  minute  hand  gains  30  +  15,  or  45,  minute  spaces. 

Solving,  x  =  49^^,  the  number  of  minutes  after  6  o'  clock. 

Hence,  the  required  times  are  6  :  16^  o'clock  and  6  :  49^^  o'clock. 

58.  Let  X  =  number  of  miDUte  spaces  the  minute  hand 

travels  after  1  o'clock  before  the  hands 
form  a  straight  line. 
Then,  -^=  number  of  minute  spaces  the  hour  hand 

12        travels  in  the  same  time. 
Since  the  minute  hand  gains  5  +  30,  or  35,  minute  spaces, 

12 
Solving,  X  =  38^,  the  number  of  minutes  after  1  o'clock. 

Hence,  the  required  time  is  1 :  38^^  o'clock. 

59.  Let  X  =  number  of  miles  I  may  ride. 
Then,  -  =  number  of  hours  riding. 

Solving,  X  =  15J. 

Hence,  I  may  ride  15|  miles. 

60.  See  Ex.  45,  p.  102. 
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61.  Let  X  =  the  velocity  of  the  stream. 

Then,  12  +  a;  =  the  rate  of  the  steamboat  downstream, 

and  12  —  a:  =  the  rate  of  the  steamboat  upstream. 

•        16     ^     32 
"  12-a;     12  +  a; 
Solving,  flc  =  4. 

Hence,  the  velocity  of  the  stream  is  4  miles  per  hour. 

62.  See  Ex.  46,  p.  102. 


63.   Let 

Then, 


and 


X  =  number  of  miles  the  yacht  sailed  up  the  river. 

-  =  number  of  hours  going, 

8 

-  =  number  of  hours  returning. 


2  +  5  =  r. 

8        t 


Solving, 


rst 

ai-t 


TRt 

Hence,  the  yacht  sailed  -^-^^^  miles  up  the  river.  # 

8-\-t 

64.   Let  X  =  number  of  hours  required. 

Then,  20 (jc  +  J)  =  number  of  miles  first  train  travels, 

and  60a;  =  number  of  miles  second  train  travels. 

.-.  20(a;+,i)=60aj. 

Solving,  «  =  J. 

Hence,  it  takes  the  second  train  \  of  an  hour,  or  20  minutes,  to  overtake 
the  first  train. 

66.   See  Ex.  47,  p.  102. 

66.  Let  X  =  the  number  of  minutes  required. 

.-.  16(»4-1)=105. 
Solving,  X  '=  6. 

Hence,  it  took  the  airship  6  minutes  to  go  a  mile. 

67.  Let  X  =  the  nuihber  of  minutes  required. 

.-.  d(xH-m)=60«. 

Solving,  x  =  ««Azi*». 

d 

Hence,  it  took  the  automobile  —  minutes  to  go  a  mile. 

d 

68.  Let  X  =  number  of  pounds  the  pods  weighed. 

Then,  -  =  number  of  pounds  the  beans  weighed. 

4 

.-.  x+?=1000. 
4 

Solving,  X  =  800, 

and  ?  =  200. 

4 
Hence,  the  beans  weighed  200  pounds,  and  the  pods  800  pounds. 
09.    See  Ex.  63,  p.  104. 
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70.  Let  X  =  number  of  pomids  of  zinc. 
Then,                     mx  =  number  of  pounds  of  tin, 

and  r(^mx  +  n)  =  number  of  pounds  of  copper. 

.'.  a-f  WM5  +  r(mx  +  n)=p. 

Solving,  x=      ^-^^ 

mr  +  m  +  1 

Hence,  there  were  — P  —  ^^ —  pounds  of  zinc  in  the  bronze, 
wr  +  w  +  1 
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71.  See  Ex.  66,  p.  104.  78.   See  Ex.  67,  p.  104. 

72.  See  Ex.  66,  p.  104.  74.    See  Ex.  68,  p.  104. 

75.  Let  X  =  number  of  pounds  of  copper  to  be  added.  . 
Then,              100  +  a:  =  number  of  pounds  new  alloy  weighs, 

*^d  T^JrCl^  +x)=  number  of  pounds  of  zinc  in  new  alloy. 

.-.  t3^(100  +  x)=100-76. 
Solving,  a:  =  150. 

Hence,  160  pounds  of  copper  must  be  added  to  make  the  alloy  10  %  zinc. 

76.  Let  x  =  number  of  pounds  of  water  to  be  evaporated. 
Then,                60  —  x  =  number  of  pounds  new  solution  weighs, 

and  tV1f(^  —  «)  =  number  of  pounds  of  salt  in  new  solution. 

.-.^^5,(60- 05)  =  3. 

Solving,  X  =  30. 

Hence,  80  pounds  of  water  must  be  evaporated  to  make  the  solution 
10%  salt. 

77.  See  Ex.  60,  p.  106.  79.    See  Ex.  62,  p.  106. 

78.  See  Ex.  61,  p.  106. 

80.  Let  X  =  number  of  ounces  of  pure  gold  to  be  added. 


but  1} ( 180  4-  as)  =  number  of  ounces  of  pure  gold  after  the  addition. 


Then,       11(180)  +  sc  =  number  of  ounces  of  pure  gold  after  the  addition, 
ut  |}(180  4- a!)  =  numberofoun 

.-.  lJ(180)+x  =  H(180+x). 
Solving,  X  =  46. 

Hence,  46  ounces  of  pure  gold  must  be  added  to  make  the  alloy  16 
carats  fine. 

81.  Let  X  =  number  of  ounces  of  pure  gold  to  be  added. 

Then,  J|  io  +  x  =  number  of  ounces  of  pure  gold  after  the  addition, 

but  Jf  (w  +  x)  =  number  of  ounces  of  pure  gold  after  the  addition . 

.-.  iiw-{-x  =  ii(w-\-x). 

Solving,  x  =  2w. 

Hence,  2  w  ounces  of  pure  gold  must  be  added  to  make  the  alloy  22 
carats  fine. 
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82.    See  Ex.  63,  p.  106. 

86. 

See  Ex.  67,  p.  106. 

88.   See  Ex.  64,  p.  106. 

87. 

See  Ex.  30,  p.  99. 

84.   See  Ex.  65,  p.  105. 

88. 

See  Ex.  31,  p.  99. 

86.   See  Ex.  66,  p.  106. 
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2-4.   See  Ex.  2-4,  pp.  106-107. 
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5.  See  Ex.  6,  p.  107.  7.   See  Ex.  8,  p.  107. 

6.  See  Ex.  7,  p.  107.  8.   See  Ex.  9,  p.  107. 
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19.  See  Ex.  20,  p.  108.  22.   See  Ex.  23,  p.  108. 

20.  See  Ex.  21,  p.  108.  28.   See  Ex.  24,  p.  108. 
21:   See  Ex.  22,  p.  108. 

24.   Substituting  the  given  values  in 

we  have  60(6  —  D)  =  200  Z). 

Solving,  Z)  =  1. 

Hence,  the  weight  is  1  foot  from  the  fulcrum. 
25-26.  See  Ex.  26-26,  p.  108. 
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27.  See  Ex.  36,  p.  108.  81.  See  Ex.  39,  p.  109. 

28.  See  Ex.  36,  p.  108.  82.  See  Ex.  40,  p.  109. 

29.  See  Ex.  37,  p.  108.  88.  See  Ex.  41,  p.  109. 
80.  See  Ex.  38,  p.  109. 


SIMULTANEOUS  SIMPLE  EQUATIONS 

Pages  179-187 

As  these  pages  are  identical  in  the  Standard  Algebra  and  the  Standard 
Algebra  Revised,  see  pages  109-123  of  the  Key. 
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1-8.   See  Ex.  1-3,  pp.  123-124. 
4.   Let 
and 

Then, 
and 
Multiplying  (2)  by  4, 
Adding  (1)  and  (3), 
Substituting  20  for  x  in  (1),  20  —  y  =  4  ;  .♦.  y  =  16,  the  other  number. 


X  =  one  number. 

y  =  the  other  number. 

a:  -  y  =  4, 

(1) 

'x-\-y)=9. 

(2) 

X  +  y  =  36. 

(8; 

2x  =  40 ;  .•.  X  =  20,  one  number. 
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5.  See  Ex.  4,  p.  124. 

6.  See  Ex.  6,  p.  124. 

7.  See  Ex.  6,  p.  124. 

11.  Let 

and 
Then, 

and 
Multiplying  (1)  by  2, 
Subtracting  (8)  from  (2), 


8i 

(3) 


8.  See  Ex.  7,  p.  124. 

9.  See  Ex.  8,  p.  124. 
10.^  See  Ex.  9,  p.  125. 

X  —  number  of  2-dollar  biUs, 
y  —  number  of  6-dollar  bills. 
X  +  y  =  100, 
2  x  +  5  y  =  276. 
2a;  +  2y  =  200. 

3  y  =  76  ;  .  •.  y  =  25,   the  number  6i 
6-dollar  bills. 

Substituting  26  for  y  in  (1),     a;  +  25=  100 ;     .-.  x  =  75,  the  number  of 

2-dollar  bills. 
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12.  Let  X  —  the  number  of  quarters, 

and  y  =  the  number  of  half  dollars. 

Then,  a;H-y=  110,  (1) 

and  J  X  +  i  y  =  40.  (2) 

ix-fy=80.  (8) 

J  X  =  30;   .-.  X  =  60,  the  number  of 
quarters. 
Substituting  00 for  x  in  (1),    60  -h  y  =  110 ;    .-.  y  =  50,  the  number  of 

half  dollars. 


Multiplying  (2)  by  2, 
Subtracting  (3)  from  (1), 


18.  Let 
and 

Then, 
and 

Subtracting  (2)  from  (1), 

Substituting  81  for  y  in  (1), 
14.  Let 
and 


(1) 
(2) 


X  =  the  number  of  Lombard  trees, 
y  =  the  number  of  Gage  trees. 
X  -H  y  =  133, 
x-fy  =  7. 

IJy  =  126  ;  .•.  y  =  81,  the  number  of 
Gage  trees. 
X  -I-  81  =  133  ;    .-.  X  =  52,  the  number  of 
Lombard  trees. 
X  =  number  of  cents  sugar  cost  per 

pound, 
y  =  number  of  cents  coffee  cost  per 
pound. 
Then,  5x-h8y  =  270, 

and  .  9x  +  12y  =  414. 

Multiplying  (1)  by  3,  16  x  -h  24  y  =  810. 
Multiplying  (2)  by  2,  18  x  -H  24  y  =  828. 
Subtracting  (3)  from  (4),  3  x  =  18 ;  .-.  x  =  6. 

Substituting  6  for  X  in  (1),   30H-8y  =  270;  .-.  y  =  30. 
Hence,  sugar  costs  6  ^  per  pound,  and  coffee  30  ^  per  pound. 
15.   See  Ex.  12,  p.  126.  16.   See  Ex.  13,  p.  126. 

17.  Let  X  =  the  number  of  months  sea  duty, 

and  y  =  the  number  of  months  shore  duty. 

Then,  x  +  y  =  12,  (1) 

and  150  X  +  127  J  y  =  1620.  (2 

Multiplying  (2)  by  2,  300  x  +  256  y  =  8240. 
Multiplying  (1)  by  300,  300  xH- 300  y  =  3600. 
Subtracting  (3)  from  (4),  46  y  =  360 ;  .-.  y  =  8. 


(8) 
(4) 


i 

(4) 


Hence,  the  lieutenant  was  8  months  on  shore  duty. 
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18.  Let  X  =  number  of  acres  at  $60  per  acre, 
and  y  =  number  of  acres  at  $  20  per  acre. 

Then,  q^+  y  =  80,  (1) 

and  00  a;  +  20  y  =  4600.  (2) 

Multiplying  (1)  by  20,    20  a;  +  20  y  =  1600.  (3) 

Subtracting  (3)  from  (2),  40  x  =  2900 ;  .-.  x  =  72^. 

Substituting  72J  for  x  in  (1),  72i+y  =  80 ;   .*.  y  =  Tf 
Hence,  he  bought  72^  acres  at  $60  each,  and  7|  acres  at  $20  each. 

19.  Let  X  =  number  of  bushels  a  basket  holds, 
and  y  =  number  of  bushels  a  crate  holds. 

Then,  8x  +  4y  =  8,  (1) 

and  6x  +  8y  =  9i.  (2) 

Multiplying  (1)  by  2,        16  x  +  8  y  =  16.  (3) 

Subtracting  (2Xfrom  (3),  10 x  =  6J ;  .-.  x  =  f 

Substituting  J  for  X  in  (1),   5+4y  =  8;   .'.  y  =  |. 

Hence,  the  capacity  of  a  basket  is  }  of  a  bushel,  and  of  a  crate  }  of  a 
bushel. 

20.  Let  X  =  number  of  Troy  grains  a  5-dollar 

gold  piece  weighs, 
and  y  =  number  of  Troy  grains  a  10-dollar 

gold  piece  weighs. 

Then,  x  =  iy,  (1) 

and  8  X  -I-  2  y  =  903.  (2) 

From  (1),  y  =  2x.  (3) 

Substituting 2  X for y in  (2),  3x+4x  =  903  ;  .-.  x  =  129. 

Substituting  129  for  x  in  (3),  y  =  268. 

Hence,  a  6-dollar  gold  piece  weighs  129  Troy  grains,  and  a  lO-doUai 
gold  piece,  268  Troy  grains. 


21.   Let 

X  =  number  of  pounds  of  Rio  coffee. 

and 

y  =  number  of  pounds  of  Java  coffee. 

Then, 

x  +  y=120,                                            (1) 

and 

20x  +  32  2/  =  120.28.                                        (2) 

From  (1), 

X  =  120  -  y.                                     (3) 

Substituting  (3)  in 

(2) 

2400-20y  +  32y  =  3360;  .-.  y  =  80. 

Substituting  80  for 

yin 

(1), 

x  +  80=:120;  .-.  x  =  40. 

Hence,  40  pounds  of  Rio  coffee  and  80  pounds  of  Java  coffee  are  required 
for  the  blend. 

22.  Let 

X  =  number  of  bushels  of  com. 

and 

y  =  number  of  bushels  of  wheat. 

Then, 

x  +  y=a,                                              (1) 

and 

rx  +  sy  =  ah.                                              (2) 

From  (1), 

xz=a-y.   ,                                   (3) 

Substituting  (3)  in  (2),  aT-'ry-{-9y  =  ah  ;  .*.  y  =^^ — ^. 

s—  r 

Substituting  <^-^)  for  y  in  (3),  x  =  a  -  <^  " '')  ,  or  9:illlJ^ . 
s  —  r  s—  r  8  —  r 

Hence,   ^^^  ~  ^  bushels  of  com  and  ^^    ^  ^^   bushels  of  wheat  are 
s  —  r  8  —  r 

mixed. 


Digitized  by  VjOOQIC 


190,  191]     SIMULTANEOUS  SIMPLE  EQUATIONS  463 


Page  190 

23.   See  Ex.  18,  p.  126. 

24.   See  Ex.  19, 

p. 

126. 

26.   Let                                        X  =  one  digit, 
and                                                  y  =  the  other. 

Then,                                    x  +  y  =  9, 
and                                              x  —  y  =  S: 

Adding  (1)  and  (2),                 2  x  =  12 ;  .-.  x  =  6. 

Substituting  6  for  x  in  (1),  6  +  y  =  9 ;  .-.  y  =  3. 

Hence,  the  number  may  be  either  63  or  36. 

s 

26.   See  Ex.  20,  p.  127. 

27.  Let 

and 

whence. 
Then, 

and                        11 X  — 
Simplifying  (2), 
Adding  (1)  and  (3), 
Substituting  7  for  x  in 
Hence,  the  number  is  "3 

X  =  the  tens'  digit, 
y=  the  units' digit; 
lOx  +  y  =  the  number. 
x4-y  =  12, 
(10x  +  y)=2. 
X  -  y  =  2. 

2x=14;  .-.  x  =  7. 
(l),7  +  y=12,-  .-.  y  =  6. 

(3) 

28.   See  Ex.  22,  p.  127, 

80.  See  Ex.  24, 

PP 

.  127-128. 

29.   See  Ex.  23,  p.  127. 

31.    See  Ex.  25, 

p. 

128. 

Page  191 

82.   Let  X  =  number  of  ounces  of  silver, 

and  y  =  number  of  ounces  of  gold. 

Then,  x+y=12,  (1) 

and  .096  x  +  .061  y  =  .788.  (2) 

Multiplying  (1)  by  .061, 

.051x4-.061y  =  .612.  (3) 

Subtracting  (3)  from  (2),    .044  x  =  .176  ;  .-.  x  =  4. 

Substituting  4  for  x  in  (1),  4  +  y  =  12 ;  .-.  y  =  8. 

Hence,  there  are  4  ounces  of  silver  and  8  ounces  of  gold  in  the  piece. 

88.  Let  X  =  number  of  pounds  of  tin, 

and  y  =  number  of  pounds  of  copper. 

Then,  x  +  y  =  18,  .  (1) 

and  . 137  X +  . 112  y  =  2.316.  (2) 

Multiplying  (1)  by  .112, 

. 112x +  . 112  y  =  2.016.  (3) 

Subtracting  (3)  from  (2),   .026x  =  .3;  .-.  x  =  12. 

Substitutingl2forxin(l),  12+y  =  18;  .-.  y  =  6. 

Hence,  there  were  12  pounds  of  tin  and  6  pounds  of  copper  in  the  piece. 

34.  Let  X  =  number  of  pounds  of  tin, 

and  y  =  number  of  pounds  of  lead. 

Then,  x  +  y  =  14,  (1) 

and  .137  X  +  .089  y  =  1.594.  (2) 

Multiplying  (1)  by  .089, 

.089x4-.089y=  1.246.  (3) 

Subtracting  (3)  from  (2),   .048x  =  .348;  .-.  x  =  7J. 

Sub8tituting7Jforxin(l),  7J+y=  14;  .-.  y  =  6i. 

Hence,  there  were  7 J  pounds  of  tin  and  6|  pounds  of  lead  in  the  piece. 
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85.  Let  X  =  capacity  of  first  pump  in  gallons  per  minute, 
and  y  =  capacity  of  second  pump  in  gallons  per  minute. 

Then,  6a;+3y  =  2260,  (1) 

and  4a;  4- 7y  =  3280.  (2) 

Multiplying  (1)  by  4,  20x  +  12  y  =  9040.  (3) 

Multiplying  (2)  by  6, 20  x  +  36  y  =  16,400.  (4) 

Subtracting  (3)  from  (4),      23 y  =  7360;  .  •.  y  =  820. 

Substituting  820  for  y  m  (1), 

6x  + 960  =2260;  .-.  x  =  260. 

Hence,  the  capacity  of  the  first  pump  per  minute  is  260  gallons,  and  of 
the  second  pump  320  gallons. 

86.  See  Ex.  31,  p.  129.  88.  See  Ex.  84,  p.  131. 

87.  See  Ex.  33,  p.  130. 

89.  Let  X  =  number  of  days  in  which  A  can  do  the  work, 

and  y  =  number  of  days  in  which  B  can  do  the  work. 

Then,  i+-  =  i,  (1) 

X     y     a 

and  !»4.?=i.  (2) 

X      a 

m__a  —  n     .    ^_    am 


From  (2), 

X 

Multiplying  (1)  by  w. 


5*  +  -  =  -.  ,  (8) 

X      y     a 


Substituting  ?-=l^  for  -  in  (3), 
a  X 

a—  n  .  m  _  w.    .       __        am 
a  y      a*  m  -\-n  —  a 

Hence,  A  can  do  the  work  in   ^^    days,  and  B  in  — ^^ days. 

a—  n  m  +  n  —  a 

40.  See  Ex.  35,  p.  131. 

Page  192 

41.  See  Ex.  36,  p.  131.  46.  See  Ex.  40,  p.  133. 

42.  See  Ex.  37,  p.  132.  46.  See  Ex.  41,  p.  133. 

48.   See  Ex.  38,  p.  132.  47.  See  Ex.  42,  pp.  iaS-134. 

44.   See  Ex.  39,  p.  132.  48.  See  Ex.  48,  p.  134. 

Pages  194-196 
2-84.   See  Ex.  2-34,  pp.  136-141. 

Page  197 

1-8.  See  Ex.  1-3,  pp.  141-142. 
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4.  Let  X  —  number  of  days  it  will  take  A, 

y  =  number  of  days  it  will  take  B, 
and  z  =  number  of  days  it  will  take  C. 

Then,  1  +  1  =  1.  (1) 

X     z      s 

and  l  +  i  =  l.  (3) 

y     z     t 
Adding  the  given  equations  and  dividing  the  result  by  2, 

1  I  1  I  1  ^  g<  +  rt  +  rg  .^v 

X     y     «  2rs«  ^  ^ 

Subtracting  (3),  (2),  and  (1)  successively  from  (4),  and  solving, 

^           2m           ,.  _       2 nt           ^    ,   ^_        2r8e 
a;  = ,  y  = ,  ana  «  = . 

zt-\-rt  —  r«  s«  —  rf  +  f9  r«  —  s«  +  rf 

Hence,  it  will  take  A  '^^^ days,  B  ^1^5 days,  and  C 

days. 


sc  =  the  first  number, 
y  =  the  second  number, 
z  —  the  third  number, 
a  +  y  +  «  =  162, 

(I) 

\-^ 

(2) 

X 

(3) 

y  =  2x. 
z  =  Sx. 

r4j 

(6) 

rs  —  8t  +  rt 

5.  See  Ex.  6,  p.  142. 

6.  Let 

and 
Then, 

and 

From  (2), 

From  (3), 

Substituting  (4)  and  (6)  in  (1),  x  +  2  a;  +  3  x  =  162 ;  .•.  x  =  27. 

Substituting  27  for  x  m  (4),  y  =  54. 

Substituting  27  for  x  in  (6),  z  =  81.    ,, 

Hence,  the  three  numbers  are  27,  54,  and  81. 

7.  See  Ex.  6,  p.  143.  8.   See  Ex.  7,  p.  148. 

9.  Fromproblem,         3a +  36  +  2c  =  3230,  (1) 

2a4-26+3c  =  2820,  (2) 

and  3a  4- 26  + 2c  =  2870.  (3) 

Multiplying  (1)  by  3,    9  a  +  9  6  +  6  c  =  9690.  (4) 

Multiplying  (2)  by  2,    4  a  +  4  6  +  6  c  =  5640.  (5) 

Subtracting  (5)  from  (4),      5  a  +  5  6  =  4060 ; 
whence,  a  +  6  =  810. 

Subtracting  (3)  from  (1),  6  =  360. 

Substituting  (7)  in  (6),  a  =  460.  (8) 

Substituting  (7)  and  (8)  in  (1),         c  =  400. 

Hence,  the  capacity  of  scow  a  is  450  cubic  yards,  of  scow  6  360  cubic 
yards,  and  of  scow  c  400  cubic  yards. 

STAKD.    ALG.    RBV.    KBT  —  30  ^  j 
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Page  203 

16-24.   See  Ex.  16-24,  pp.  144-146. 
1-ai.   See  Ex.  1-21,  pp.  147-150. 


Page  206 
8-28.   See  Ex.  2-23,  pp.  160-153. 


INVOLUTION 
Page  212 
16-20.   See  Ex.  16-20,  p.  154. 

Page  213 

88-81.   See  Ex.  28-31,  p.  154. 

32.   (3  a  +  62)4  =  /3  ay  +  4(3  a)«62  +  6(3  a)26*  +  4(3  a)lfi  +  6* 

=  81  a*  +  108  a«6a  +  64  a^ft*  +  12  ab^  +  bK 
88.   See  Ex.  32,  p.  154. 

84.  (a;2  +  6y)8  =(a;2)»  +  3(x2)2(5y)+  3(a^)(5y)2  +(5y)» 

=  sfi  +  15x*y  +  76a;2y2  ^  125 y«. 

85.  See  Ex.  34,  p.  154.  38.   See  Ex.  36,  p.  154. 

86.  See  Ex.  33,  p.  154.  89.   See  Ex.  37,  p.  154. 

87.  See  Ex.  35,  p.  154. 

40.  (a2a;  +  4)6 

=  (a2a;)6+5(a2a;)*(4)+10(aaa;)8(4)2+10(a2a;)2(4)8+5(a2x)(4)*+(4)6 
=  flioxfi  +  20  a^x*  +  160  a«x«  +  640  o*x2  +  1280  a^x  +  1024. 

41.  See  Ex.  38,  p.  154.  42.   See  Ex.  39,  p.  154. 

48.    (i  +  x)«  =(i)»  +  3(i)2x  +  3(i)x2  +  xs  =  3iV  +  ia^  +  a:2  +  x8. 

44.  See  Ex.  40,  p.  154.  46.   See  Ex.  42,  p.  155. 

45.  See  Ex.  41,  p.  164.  47.   See  Ex.  43,  p.  155. 

48.  (}  -  2  xy  =  ay  -  4 (})8(2  x)  +  6(f  )2(2  x)2  -  4(f)  (2  xy  +  (2  X)* 

=  iL«27x     27x_2_24^+16x*. 
266        8  2 

49.  See  Ex.  44,  p.  165.  50.   See  Ex.  45,  p.  165. 

"•(^•)'=e)'-'(:)'-'»er--'«a)'«'-i-)"'-"' 

M.  (.  +  !)• 


58. 

k8  +  6x*  + 15x2 +  20  +  1^  +  ^  + 

X2       X* 

See  Ex.  46,  p.  165. 

1 

54. 

f2a2- 

f) 

=  (2a2)8 

-3(2a2)a 

V2  J 

+  3 

=  8a6- 

6a*b^-\-^ 

a266 
2 

6» 
8 
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56.  See  Ex.  60,  p.  166. 

67.  See  Ex.  63,  p.  156. 

58.  See  Ex.  64,  p.  166. 

59.  See  Ex.  66,  p.  166. 


60.  See  Ex.  67,  p.  166. 

61.  See  Ex.  68,  p.  166. 

62.  See  Ex.  59,  p.  166. 


EVOLUTION 


Page  220 
10-85.   See  Ex.  10-36,  pp.  167-162. 

Page  221 
87-42.    See  Ex.  37-42,  pp.  162-163. 


Page  223 


6-11.    See  Ex.  6-1],  pp.  163-164. 

Page  224 

12-14.    See  Ex.  12-14,  p.  164. 
28-80.   See  Ex.  23-30,  pp.  164-166. 


Page  226 


8. 

68^52,2^125  +  816  +  2 

68 

3  62 

3  62  +  6  6  +  4 

+  662  4-126  +  8 
+  6  62  +  12  6  +  8 

. 

4. 

See  Ex.  3,  p.  166.                             5.   See  Ex.  4, 

p.  166. 

6. 

ahf^  +  12  aW  +  48  ax^  +  64  |aa: 

2  +  4 

3a2a:4 

3  dh^  4- 12  0*2 

a3x6 

+  16 

+  12  a2a;4  +  48  0x2  +  64 
+  12  a2a4  +  48  ax^  +  64 

7. 

See  Ex.  5,  p.  166.                             9.   See  Ex.  8, 

p.  166. 

8. 

See  Ex.  6,  p.  166.                           10.   See  Ex.  7, 

p.  166. 

11. 

64  a868  _  240  a262c  +  300  a6c2  - 

126c^|4a6-6c 

48a262 
48a262_60a6 

64  a868 

c  +  26  c2 

-240a262c  +  300a6c2- 
-  240  a262c  +  300  a6c2  - 

-126c8 
-  126c8 

12.  See  Ex.  10,  p.  167. 
18.  See  Ex.  11,  p.  167. 
15. 

3y4  +  3y8  +  y2 


14.    See  Ex.  9,  p.  166. 


y6+3  y5  +  12  y4  +  19  y8  +  36  y2  +  27  y  +  27  |y2  +  y  +  8 


+  3ye+i2y4+i9y8 
+  3ye+  3y4+     yz 


32/*+6y8+3y2 

3y4  +  6y8  +  12y2  +  9y  +  9 


+  9  2/4  +  18  2,8+30  2,2  ^_  27  y +  27 
+  9y*+18y8+36y2+27y+27 


16.  See  Ex.  12,  p.  167. 


17.   See  Ex.  13,  p.  167. 

Digitized  by  VjOOQ IC 


468      KEY  TO  STANDARD  ALGEBRA  REVISED     [226-231 
18. 


^6+  9a6+  21 0*-  9a«-  42  a«+  36  a-  8  |a2+3o-2 


3  a* 

3a*+9a8+9a2 


+9a°+21a*-  9  0* 
+9a6+27a*+27a8 


3a*+18a«+27a3 
3a*+18a«+21a2-18a+4 


-  6a*-36a»-42a=*4-36a-8 

-  6a*-36a»-42aH86a-8 


19. 


5»  +  3  58  _^  (J  57  +  7  56  +  6  66  +  3  6*  +  &«|&» -h  fe'^  +  6 
69 


36* 

3  68  4-  3  66  4-  6* 


+  3  6«  +  6  6^  +  7  68 
+  3  68  4-  3  67  +     68 


3  56  +  6  68  +  3  6* 

36«4.6  68  +  6  6*4-868+62 


+  3  67  +  6  68  +  6  68  +  3  6*  4-  6* 
4-  3  67  4-  6  68  4-  6  68  4-  3  6*  4-  6* 


20. 


8c8-,60c84-198c*-365c84-396cg-240c4-64|2cg-6c4-4 
8c8 


12  c* 

12  c*-30  (584-26  c2 


-60c8+198c*-366c8 
-60c84-160c*-126c8 


12c*-60c84-76c2 
12c*-60c84-99c2-60c4-16 


4-  48c*-240c84-396c2-240c4-64 
4-  48c*-240c84-396c2-240c4-64 


21.   See  Ex.  14,  p.  167 
28. 


22.    See  Ex.  15,  p.  167. 


a^~3x8y-h6(g*y^— 7gV4-6zV— 3gy8_^y6{a.2_acy^ya 

3fi 


3jc* 
3a:*-3a«y+xV 


-3x8y4-6x*2/2-7x8y« 
-3x8j/4-3«*y2_   x83^8 


3a*-6a%+3a;2y2 
3ar*-6g8y+6a;^y«-3a;y8-fy* 


4-3ic*j/2_6a;8y84-6a;2y4_3  a;y6_|.j^ 
+3x*y2-6g8y84-6a;»y*~:^ay8  4-y6 


24.   See  Ex.  21,  p.  169. 


25.   See  Ex.  16,  p.  167. 


26.  See  Ex.  17,  p.  168. 

27.  See  Ex.  18,  p.  168. 

28.  See  Ex.  19,  p.  168. 


Page  227 

29.  See  Ex.  26,  p.  170. 

30.  See  Ex.  27,  p.  170.' 
81.  See  Ex.  28,  p.  170. 


Page  230 
8-28.   See  Ex.  3-28,  pp.  170-176. 


Page  231 
1-22.   See  Ex.  1-22,  pp.  176-178. 
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Page  236 
i-18.   See  Ex.  2-13,  pp.  178-179. 

Page  237 
86-37.   See  Ex.  36-37,  p.  179. 


Page  238 
16-28.   See  Ex.  16-23,  p.  179. 

Page  239 
84r-68.   See  Ex.  34-68,  pp.  179-181. 


Page  240 
6a-72.   See  Ex.  69-72,  p.  182.  74r-99. .  See  Ex.  74-99,  pp.  182-183. 


100.   (P)'=^^  =  4,        101.   (?^)-"=(?i)-"=(2-i)-  =  2«  =  4. 


Page  241 

2*. 

105.  See  Ex.  100,  p.  183.  '    108.  See  Ex.  101,  p.  183. 

106.  See  Ex.  102,  p.  184.  107.   See  Ex.  103,  p.  184. 

109.   See  Ex.  104,  p.  184.  110.  See  Ex.  106,  p.  184. 

tx-g-r-3x~^_2a;~^. 

1-1  x2-g_2-8_  2-8 
4-2  X  4^     4-5     2-10 


111    6x-g-r-3x  i _2x  ^__^ 


112.  2-^x^=g:!^=J:!  =  y  =  i28. 


lis    32*  + 125*^8 -h 25^38^  ^ 

'8li  +  216*     27  +  6     33 
114.   See  Ex.  106,  p.  184.  115.   See  Ex.  107,  p.  184. 

(a;*-»*)(x*+»*)      *"" 

'"•  .(a +  6)-    -(^qr6ri-(iT6p-^^  +  '^- 

118.  See  Ex.  108,  p.  184.  122.  See  Ex.  112,  p.  184. 

119.  See  Ex.  109,  p.  184.  128.  See  Ex.  113,  p.  186. 

120.  See  Ex.  110,  p.  184.  124.  See  Ex.  114,  p.  186. 

121.  See  Ex.  Ill,  p.  184. 

RADICALS 

Pages  243-267 

As  these  pages  are  identical  in  the  Standard  Algebra  and  the  Standard 
Algebra  Revised,  see  pages  186-217  of  the  Key. 
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IMAGINARY  NUMBERS 

Pages  269-271 

As  these  pages  are  identical  in  the  Standard  Algebra  and  the  Standard 
Algebra  Revised,  see  pages  217-219  of  the  Key. 


6.   See  Ex.  6,  p.  220. 

Page  273 

16.  See  Ex.  16,  p.  220. 

27.  See  Ex.  27,  p.  220. 

80.  See  Ex.  30,  p.  220. 

31.  See  Ex.  31,  p.  220. 


53.  See  Ex.  53,  p. 
54. 


REVIEW 
Page  272 

Page  274 
1-19.   See  Ex.  1-19,  pp.  221-223. 

Page  275 
aO-52.   See  Ex.  20-52,  pp.  223-226. 

Page  276 

406'224  [74 
343 


70^  X  3  =  14700 
70  X  4  X  3  =  840 
42  =16 


15556 


55.    See  Ex.  54,  p.  226. 

56-«2.   See  Ex.  56-82,  pp.  227-230. 

Page  277 

88-84.   See  Ex.  83-84,  p.  230. 

7-2flc     705-4     l-.6a; 


85. 

Multiplying  by  30, 


10  15  30 

21-6x-14a;  +  8  =  l-6a;. 
-14x=-28. 
.-.  5C  =  2. 
86.   See  Ex.  85,  p.  231.  87.   See  Ex.  87,  p.  231. 

3x  — 5y     ix  —  Sy  _  7 
88.  3  12  12' 

„  .   .     ,        li(«  +  y4-3)-K«  +  y)  =  o. 

Reducing  (1),  8  oc  -  17  y  =  7. 

Reducing  (2),  x  +  y  =  9. 

From  (4),  x  =  9-y. 

Substituting  (5)  in  (3),         72  -  8y  -  17  y  =  7  ;  .-.  y  =  2f 
Substituting  2f  for  y  in  (5),  a;  =  9  —  2f ;  .-.  a;  =  fl 


(1) 

(2) 
(3) 
(4) 
(6) 
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89.   See  Ex.  89,  p.  231.  ' 

254x64«  SX82  4        * 

91.  See  Ex.  91,  p.  232. 

92.  60-v^^=r32+^266-8"*  =  l-(-2)+4- J  =  6}. 

98.  See  Ex.  92,  p.  232.  96.  See  Ex.  95,  p.  232. 
94.  See  Ex.  93,  p.  232.  97.  See  Ex.  90,  p.  231. 
96.  See  Ex.  94,  p.  232. 

Page  278 

99.  See  Ex.  98,  p.  232.  108.  See  Ex.  107,  p.  233. 

100.  See  Ex.  99,  p.  232.  109.  See  Ex.  108,  p.  233. 

101.  See  Ex.  100,  p.  233.  110.  See  Ex.  109,  p.  233. 

102.  See  Ex.  101,  p.  233.  111.  See  Ex.  110,  p.  234. 
108.  See  Ex.  102,  p.  233.  112.  See  Ex.  Ill,  p  234. 
104.  See  Ex.  103,  p.  233.  118.  See  Ex.  112,  p.  234. 
106.  See  Ex.  104,  p.  233.  114.  See  Ex.  113,  p.  234. 

106.  See  Ex.  106,  p.  233.  116.  See  Ex.  114,  p.  235. 

107.  See  Ex.  106,  p.  233. 

QUADRATIC  EQUATIONS 

Page  281 
8-81.   See  Ex.  3-31,  pp.  235-239. 

Page  282 

2-6.   See  Ex.  2-5,  p.  239. 

6.  Let  X  =  the  number. 

Then,  Ja;.a;  =  16. 

Solving,  x=±S. 

Hence,  the  number  is  either  +  8  or  —  8. 
7-8.   See  Ex.  7-8,  p.  240.  11.   See  Ex.  12,  p.  240. 

9.   See  Ex.  10,  p.  240.  12.   See  Ex.  13,  p.  241. 

10.   See  Ex.  11,  p.  240.  13.   See  Ex.  14,  p.  241. 

14.  Let  X  +  2  =  one  number, 

and  05  —  2  =  the  other  number. 

Then,  (x  +  2)2  +  (x  -  2)2  =  208. 

Solving,  X  =  ±  10, 

a;  +  2  =  12  or  -  8, 
and  aj  —  2  =  8  or  —  12. 

Hence,  the  numbers  are  12  and  8,  or  —8  and  —  12. 

Page  283 

15.  See  Ex.  15,  p.  24^ 
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16.  Let  as  =  number  of  inches  in  width. 
Then,                                       11  x  =  number  of  inches  in  length. 

.-.  lja^  =  48. 

Solving,  X  =  ±  6, 

and  Hx=±S. 

Hence,  rejecting  negative  values,  the  length  of  the  sheet  of  mica  is  8 
inches,  and  its  width  is  6  Inches. 

17.  Let  J^  +  05  =  number  of  feet  in  length. 
Then,  jj^  —  x  =  number  of  feet  in  width. 

.-.(¥  +  «)(¥-«)  =  w. 

Solving,  x=  ±i, 

J^  +  a;  =  9  or  6, 
and  jj  —  X  =  6  or  9. 

Hence,  the  rug  is  9  feet  long  and  6  feet  wide. 

18.  Let  X  +  7  =  number  of  inches  in  length. 
Then,                                    x  —  7  =  number  of  inches  in  width. 

.-.  (x  +  7)(x-7)=912. 
Solving,  x=±31, 

and  X  +  7  =  38  or  -  24. 

Hence,  the  length  of  the  sheet  of  paper  is  38  inches. 

19.  See  Ex.  16,  p.  241.  21.   See  Ex.  19,  p.  242. 
80.  See  Ex.  17,  p.  241.  22.   See  Ex.  18,  p.  241. 


1-6.   See  Ex.  1-^,  pp.  242-243. 

Page  284 
7-19.   See  Ex.  7-19,  pp.  243-244. 

Page  287 
12-20.  See  Ex.  12-20,  pp.  244-245. 

Page  288 
21-25.  See  Ex.  21-25,  pp.  245-246. 

Page  289 
2-22.   See  Ex.  2-22,  pp.  246-249. 

Page  290 
28-26.    See  Ex.  23-26,  p.  249.  2-9.   See  Ex.  2-9,  p.  250. 

10.   Writing  the  equation  5  x^  —  18  x  =  72,  in  the  general  form,  we  have 
6x2 -18x- 72=0. 


.  ^_18±V324-4.5C-72)^18:fc42^g^^      ,, 
2.5  10  ^* 

11.  See  Ex.  10,  p.  250.  16.   See  Ex.  14,  p.  250. 

12.  See  Ex.  11,  p.  250.  16.  See  Ex.  15,  p.  250. 
18.  See  Ex.  12,  p.  250.  17.  See  Ex.  16,  p.  250. 
14.  See  Ex.  13,  p.  250.  18.  See  Ex.  17,  p.  250. 
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19.    Writing  the  equation  x(3  x  +  4)  =  —  2  in  the  general  form,  we  have 
3x2  + 4a; +  2=0. 

Page  292 
3-84.  See  Ex.  3-34,  pp.  251-254.  • 

Page  293 
1-28.   See.Ex.1-22,  pp.  254-266. 

Page  294 
23-89.   See  Ex.  23-39,  pp.  266-259. 

Page  296   , 
8-8.   See  Ex.  3-8,  pp.  259-261. 

Page  297 
9-28.   See  Ex.  9-28,  pp.  261-269. 

Page  298 

2-7.  See  Ex.  2-7,  pp.  269-270. 

8.  Let  X  =  number  of  inches  in  width. 
Then,                                  x  +  23  =  number  of  inches  in  length. 

.-.  x(x  +  23)  =2838. 

Solvmg,  X  =  43  or  -  66, 

and  X  +  23  =  66  or  -  43. 

Hence,  rejecting  negative  values,  the  tablet  is  66  inches  long  and  43 
inches  wide. 

9.  Let  X  =  number  of  cents  paid  per  cake. 
Then,                                    x  —  4  =  number  of  cakes  used. 

.-.  x(x-4)=480. 

Solving,  X  =  24  or  -  20, 

and  X  -  4  =  20  or  -  24. 

Hence,  20  cakes  of  ice  were  used. 

10.  Let  X  =  number  of  feet  in  height  of  box. 

Then,  x  -|-  5  =  number  of  feet  in  length  of  box, 

and  X—  i  =  number  of  feet  in  width  of  box. 


X  —  J  =  number  of  ft 
(a5  +  5)(x-i5  =  8f 

X  =  li  or  —  6}, 
;  +  6  =  6  J  or  -  li, 
5-J=lJor-6|. 


Solving, 

X- 

and  X- 

Hence,  rejecting  the  negative  values,  the  box  is  6}  feet  long,  1|  feet 
wide,  and  1  j  feet  high. 

Page  299 

12.   See  Ex.  11,  p.  270.  18.  See  Ex.  12,  p.  270. 
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14.  Let  z  =  number  of  feet  in  width. 
Then,                                  x  =  number  of  feet  in  height, 

and  36  —  2  X  =  number  of  feet  in  length. 

.-.  a;(36-2a;)-a;2  =  60. 

Solving,  ^    X  =  10  or  14, 

and  86  —  2  X  r=  15  or  31). 

Hence,  the  block  is  15  feet  long,  10  feet  wide,  and  10  feet  high,  or  it  is 
31f  feet  long,  1|  feet  wide,  and  If  feet  high. 

15.  Let  X  =  number  of  inches  in  length. 
Then,                                 x  =  number  of  inches  in  width, 

and  58  —  2  X  =  number  of  inches  in  height. 

.-.  x?-x(58-2x)  =  176. 

Solving,  X  =  22  or  -  f, 

and  58-2x  =  14or63J. 

The  second  values  are  inadmissible,  since  the  length  could  not  be  a 
negative  number  of  inches.     Hence,  the  height  of  the  box  is  14  inches. 

16.  Let  X  =  number  of  feet  in  width. 
Then,                           x  +  4  =  number  of  feet  in  thickness. 

.•.4ix(x  +  J)=21. 

Solving,  X  =  2  or  —  }, 

and  x  +  J  =  2Jor  — 2. 

Hence,  rejecting  negative  values,  the  width  of  the  bale  of  cotton  is 
2  feet  and  its  thickness  is  2)  feet.  « 

17.  Let                               X  =  number  of  tons  of  raisins  sold. 
Then,  =  number  of  dollars  received  per  ton. 

X 

.-.  (x  + 2)  ^^-20^  =  480. 

Solving,  X  =  6  or  —  8. 

Hence,  he  sold  6  tons  of  raisins. 

Page  300 

18.  See  Ex.  13,  p.  271.  22.  See  Ex.  18,  p.  272. 

19.  See  Ex.  14,  p.  271.  28.   See  Ex.  19,  p.  272. 

20.  See  Ex.  16,  p.  271.  24.   See  Ex.  20,  p.  272. 

21.  See  Ex.  17,  pp.  271-272. 

25.  Let  X  =  number  of  knots  traveled  per  hour. 

Then,  —  =  number  of  hours  required  to  travel  150 

^  knots. 

.  160        150    ^1 

"    X       x+  IJ     2* 
Solving,  X  =  18|  or  -  20. 

Hence,  th^  rate  of  the  sailing  vessel  is  18}  knots  per  hour. 
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86.   Let 

Then, 


90 

X 


X  =  number  of  miles  the  man  rode  per  hour. 

90 

—  =  number  of  hours  the  journey  lasted. 

X 


90 


=  i. 


Solving,  05=  9^  or  —  10, 

and  —  =  91  or  -  9. 

X 

Hence,  rejecting  the  negative  value,  the  journey  lasted  9^  hours. 

Page  301 

88.   See  Ex.  22,  p.  272. 
*  29.  Let  X  =  number  of  hours  it  takes  larger  pipe. 

Then,  a;  +  1^  =  number  of  hours  it  takes  smaller  pipe. 

x^x  +  H     3J 

Solving,  X  =  6  or  —  4, 

and  a;  +  li  =  7i  or  |. 

The  second  value  is  inadmissible,  smce  it  could  not  take  a  negative 
number  of  hours. 

Hence,  the  larger  pipe  takes  6  hours,  and  the  smaller  pipe,  TJ  hours. 


80.  See  Ex.  23,  pp.  272-273. 

81.  See  Ex.  25,  p.  273. 

82.  See  Ex.  26,  p.  273. 


88.   See  Ex.  27,  p.  273. 
34.   See  Ex.  28,  p.  274. 


Page  302 
1-6.   See  Ex.  1-6,  pp.  274-276. 

Page  304 
8-18.    See  Ex.  3-18,  pp.  276-277 
80-26.    See  Ex.  20-26,  p.  278. 

Page  305 
27-28.   See  Ex.  27-28,  p.  278. 

Page  309 
8-6.   See  Ex.  2-6,  pp.  289-290. 

Page  310 
6-9.   See  Ex.  6-9,  p.  290.  2.   See  Ex.  2,  p.  290. 

Page  311 
4r-13.   See  Ex.  4-13,  pp.  291-293. 


Page  306 
80-88.   See  Ex.  30-33,  p.  279. 

Page  307 
86-66.   See  Ex.  35-56,  pp.  279-283. 

Page  308 
67-78.   See  Ex.  67-78,  pp.  283-289. 
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Page  312 
14-15.  See  Ex.  14-16,  pp.  293-294. 

Page  313 
»-9.  See  Ex.  2-9,  pp.  294-296. 

Page  314 
8-8.   See  Ex.  2-3,  p.  297. 

Page  315 

4-9.  See  Ex.  4-9,  pp.  297-299. 

Page  320 
10-19.   See  Ex.  10-19,  pp.  299-302.        1-8.   See  Ex.  1-3,  pp.  302-303. 

Page  321 
»-84.  See  Ex.  9-34,  pp..  303-310. 

Page  322 
85-60.   See  Ex.  3&-60,  pp.  310-316. 

Page  623 

1.  See  Ex.  1,  p.  316. 

8.  Let  X  =  one  number, 

and  y  =  the  other  number. 

Then,  a;  —  y  =  4, 

and  xy  =  77. 

Solving,  a;  =  11  or  —  7, 

and  y  =  7  or  —  11. 

Hence,  the  numbers  are  11  and  7,  or  —  7  and  —  11. 

8.  Let  X  —  one  number, 

and  y  =  the  other  number. 

Then,  ary  =  108, 

and  -  =  11. 

Solving,  a;  =  ±  12, 

and  y  =  ±  9. 

Hence,  the  numbers  are  12  and  9,  or  —  12  and  —  9. 

4.  See  Ex.  2,  p.  316.  6.   See  Ex.  4,  p.  316. 

5.  See  Ex.  3,  p.  316. 

7.  Let  X  =  number  of  inches  in  length, 

and  y  =  number  of  inches  in  width. 

Then,  2x  +  2y  =  20, 

and  xy  =  24. 

Solving,  a;  =  6  or  4, 

and  y  =  4  or  6. 

Hence,  the  rectangle  is  6  inches  long  and  4  inches  wide. 
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8.  See  Ex. 

6, 

p. 

316. 

9.  Let 

X  =  number  of  rods  in  length. 

and 

y  =  number  of  rods  in  width. 

Then, 

a;  -  y  =  4, 

and 

ay  =  3 .  160. 

Solving, 

a;  =  24  or  —  20, 

and 

y  =  20  or  -  24. 

Hence,  the  field  is  24  rods  long  and  20  rods  wide. 

10.  Let  X  =  number  of  feet  in  length, 
and  y  =  number  of  feet  in  width. 

Then,  xy  =  36, 

and  y  — l  =  i(a;  +  l). 

Solving,  a;  =  7  or  —  10, 

and  y  =  5  or  —  }. 

Hence,  the  blanket  is  7  feet  long  and  5  feet  wide. 

11.  Let  X  =  the  larger  number, 
and  y  =  the  smaller  number. 

Then,  ay  =  10  a;  - 18,  (1) 

and  ay  =  10y--8.  (2) 

Subtracting  (2)  from  (1),  10a;-  lOy—  10  =  0. 
From  (3),  a;  =  y-fl. 

Substituting  (4)  in  (1),  y2-9y  +  8  =  0. 

Solving,  y  =  8  or  1. 

Substituting  (6)  in  (4),  a;  =  9  or  2. 

Hence,  the  numbers  are  9  and  8,  or  2  and  1. 


ft 


12.  Let  X  =  the  tens'  digit, 

and  y  =  the  units'  digit. 

Then,  y(10aj  +  y)=24,  (1) 

and  10a;  -f  y  4-  a;  +  y  =  16.  (2). 

From  (2),  a;=li^.  (3) 

Substituting  (8)  in  (1),  9y2-  160y  +  264  =  0. 
Solving,  y  =  Y  or  2. 

Rejecting  the  first  value,  from  (3),         x  =  1. 
Hence,  the  number  is  12. 

18.  See  Ex.  7,  p.  316. 

Page  324 

14.  Let  X  =  one  number, 

and  y  =  the  other  number. 

Then,  a;  -  y  =  2  a, 
and  xy=:b. 

Solving,  x=za±  y/a^  +  &, 


and  y  =— q  J-V024.6. 

Hence,  the  numbers  are  a  +  y/a^-\-  h  and  —  o  4-  Va^  4-  6,  or  a  —  y/a^-^-h 
and  —  a  —  y/a^  +  6. 
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16.  Let  X  =  number  of  inches  in  length, 

and  y  =  number  of  inches  in  width. 

Then,  ocy  =  882, 

and  a:  —  6  =  y  +  6J. 

Solving,  a;  =  36  cjr  -  24^, 

and  y  =  24J  or  —  36. 

Hence,  the  door  mat  is  36  inches  long  and  24^  inches  wide. 

16.  See  Ex.  15,  p.  318. 

17.  Let  X  =  number  of  yards  of  ribbon  bought, 
and  y  =  number  of  cents  paid  per  yard. 

Then,  xy  =  76,  (1) 

and  (a;  +  2)  (y- 10)  =76.  (2) 

Subtracting  (2)  from  (1), 

10a; -2y +  20  =  0;  (3) 

whence,  y  =  5  a;  +  10.  (4) 

Substituting  (4)  in  (1), 

5a;2+10a:  =  75;  (5) 

whence,  a;  =  3  or  —  6.  (6) 

Substituting  (6)  in  (1),  y  =  26  or  -  15. 

Hence,  I  bought  3  yards  of  ribbon  at  26  cents  per  yard. 

18.  See  Ex.  8,  p.  316.  90.   See  Ex.  10,  p.  317. 

19.  See  Ex.  9,  p.  317. 

81.   Let  X  =  number  of  bunches  of  carrots, 

and  y  =  number  of  cents  paid  per  bunch. 

Then,  a:y  =  440,  (1) 

and  (a;  -  4)(y  -f  1)  =  440.  (2) 

Subtracting  (2)  from  (1), 

4y-a;+4=0;  (3) 

whence,  4  y  =  a;  —  4.  (4) 

From(l),  aj.4y  =  1760.  (6) 

Substituting  (4)  in  (6),     x^—ix  =  1760 ; 
whence,  a;  =  44  or  —  40.  (6) 

Substituting  (6)  in  (1),  y  =  10  or  -  11. 

Hence,  the  price  of  the  carrots  was  10  cents  per  bunch. 

22.   See  Ex.  11,  p.  317. 

28.  Let  X  =  number  of  tons  loaded  per  hour, 

and  y  =  number  of  hours  required. 

Then,  xy  =  2000,  (1) 

and  (x  +  50)  (y  -  IJ)  =  2000.  (2) 

Subtracting  (2)  from  (1),  etc., 

2a;-76y  +  100=0;  (3) 

whence,  2  x  =  76  y  -  100.  (4) 

From  (1),  2X'y  =  4000.  (6) 

Substituting  (4)  in  (5), 

75ya-100y  =  4000; 
whence,  y  =  S  or  —  ^, 

Hence,  it  took  8  hours  to  load  the  coal. 

Page  325 
24.   See  Ex.  13,  p.  318.  26.   See  Ex.  12,  p.  317. 
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26.  Let  X  =  number  of  feet  in  width  of  rug, 
and  y  =  number  of  feet  in  width  of  border. 

Then,  (a;  -h  2y)(a;  +  2y  +  8)=  108,  ,  (1) 

and  x{x  +  3)  =  64.  (2) 

From  (2),  a;  =  6  or  -  9.  (8) 

Kejecttng  the  negative  value  and  substituting  (3)  in  (1), 

(6-f  2y)(94-2y)  =  108. 
Solving,  y  =  1 J  or  —  9. 

Hence,  the  width  of  the  border  is  IJ  feet. 

27.  See  Ex.  16,  p.  318.  29.   See  Ex.  18,  p.  319. 

28.  See  Ex.  19,  p.  319. 

80.  Let  X  =  number  of  dollars  in  the  principal, 
&nd  y  =  number  of  per  cent  in  the  rate. 

Then,  ^  =  ^^'  (^^ 

and  (a;-500)(l^)  =  60.  (2) 

Subtracting  (1)  from  (2), 

a;-600y-600  =  0;  (3) 

Whence,  a;  =  500  y  +  500.  (4) 

Substituting  (4)  in  (1), 

^(500y  +  500)=60. 

Solving,  y  =  3  or  —  4.  (5) 

Substituting  (5)  in  (1),  x  =  2000  or  -  1500. 

Hence,  the  principal  was  $2000  and  the  rate  3  per  cent. 

81.  See  Ex.  22,  p.  320.  82.   See  Ex.  20,  pp.  319-^20. 

GRAPHIC  SOLUTIONS 

Pages  329-338 

As  these  pages  are  identical  in  the  Standard  Algebra  and  the  Standard 
Algebra  Revised,  see  pages  322-337  of  the  Key. 

PROPERTIES  OF  QUADRATIC   EQUATIONS 

Pages  340-349 

As  these  pages  are  identical  in  the  Standard  Algebra  and  the  Standard 
Algebra  Revised,  see  pages  338-363  of  the  Key. 

GENERAL  REVIEW 

Page  353 
1-6.  See  Ex.  1-6,  p.  354.  16.   See  Ex.  16,  p.  355. 

8-14.    See  Ex.  8-14,  pp.  354-365.         19.   See  Ex.  19,  p.  356. 

Page  354 
20-24.   See  Ex.  20-24,  p.  366.  26-86.   See  Ex.  26-36,  pp.  356^57. 
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Page  355 
87-69.   See  Ex.  37-69,  pp.  368-362. 
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1.  Let  X  =  one  number. 
Then,                            72  —  x  =  the  other  number. 

.  72-x     ft 

•  .   ■  :=  o. 

X 

Solving,  X  =  8, 

and  72  -  X  =  64. 

Hence,  the  numbers  are  64  and  8. 

2.  See  Ex.  3,  p.  363. 

3.  Let  X  =  number  of  cents  paid  per  dozen. 


Then, 

2x  =  96^f^. 

Solving, 
Hence,  the 

price 

wasl 

x  =  ±24. 
24  cents  per  dozen. 

4.   See  Ex. 

1, 

p. 

363. 

6.   See  Ex.  6,  p.  363. 

6.  See  Ex. 

4, 

p. 

363. 

7.  See  Ex.  12,  p.  366. 

8.  Let 

and 

X  =  the  larger  number, 
y  =  the  smaller  number. 

Then, 

X     15 

(1) 

and 

(2) 

From  (2), 

x  =  i^y. 

(8) 

Substituting  (3)  in  (1),  etc., 

l^y-7y  =  4t;    .'.  y  =  8. 

Substituting  8  for  y  in  (3),    x  =  60. 
Hence,  the  two  numbers  are  60  and  8. 
9.   Let  X  =  the  larger  number, 

and  y  =  the  smaller  number. 

Then,  ^^:=^  =  r,  (1) 

y 

and  y.  =  t.  (2) 

X 

From  (2),  y  =  to.  (3) 

Substituting  (3)  in  (1), 

Solving,  *  =  ?-^.-  (^) 

Substituting  (4)  in  (3), 

Hence,  the  numbers  are- 


y^ 

t. 

X 

y  = 

to 

X  — s 
tx 

r. 

X  = 

8 

1 

-rt 

y  = 

r 

8t 

«    ^ 

TlH 

8t 

l-rt 
10.   See  Ex.  7,  p.  364. 
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11.  Let     X  =  number  of  revolutions  made  by  first  machine  per  minute, 
and  y  =  number  of  revolutions  made  by  second  machine  per 

minute. 

Then,  aj— y  =  60, 
and  6  05  =  8  y. 

Solving,      X  =  160,  and  y  =  100. 

Hence,  the  rate  of  the  first  machine  is  160  revolutions  per  minute,  and 
of  the  second  machine,  100  revolutions  per  minute. 

12.  Let  X  =  the  numerator  of  the  fraction, 
and  y  =  the  denominator. 

Then,  1  =  1 

y  +  4     4 
Solving,  X  =  49,  and  y  =  56. 

Hence,  the  fraction  is  ^. 


18.   See  Ex. 

10, 

p. 

364.                    15.   See  Ex.  15,  p.  366. 

14.   See  Ex. 

13, 

p. 

366. 

16.  Let 

and 

X  =  number  of  cents  per  dozen  in  first  price, 
a;  —  2  =  number  of  cents  per  dozen  in  second 

Then, 

price. 
60    _60^j 

x-'2      X 

Solving,  aj  =  12  or  -  10. 

Hence,  he  sold  apples  for  12  cents  per  dozen  at  first. 

17.  Let  X  =  number  of  miles  traveled  by  the  train. 

Then,  ~  =  number  of  miles  traveled  per  hour. 

63 

...£iiii=5o. 

Solving,  X  =  1344. 

Hence,  the  train  traveled  1344  miles. 

18.  See  Ex.  16,  p.  366.  19.   See  Ex.  14,  p.  366. 
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20.  See  Ex.  9,  p.  364. 

21.  Let  X  =  number  of  units  in  length, 
and  y  =  number  of  units  in  width. 

Then,  2a;  +  2y  =  8m,  (1) 

and  xy  =  2m^. 

From  (1),  y  =  4m  —  x. 

Substituting  (3)  in  (2),  4  wa  -  a:2  =  2  m^. 

Solving,  x  =  2m±mV2.  (4) 

Substituting  (4)  in  (3),  y  =  2mT  my/2. 

Hence,  the  length  of  the  rectangle  is  2  w»  +  wi V2  and  its  width  is 
2  m  —  my/2,  or  its  length  is  2  m  —  wi  V2  and  its  width  is  2  m  -f  w»  V2* 
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82. ,  Let  X  =  number  of  inches  in  edge  of  larger  cube, 

and  y  =  number  of  inches  in  edge  of  smaller  cube. 

Then,  a:  -  y  =  2, 

and  x»  —  y8  =  296. 

Solving,  X  =  8  or  —  6, 

and  y  =  6  or  —  8. 

Hence,  the  edge  of  one  cube  is  8  inches  and  of  the  other  6  inches. 

88.   Let  X  =  number  of  feet  in  width. 

Then,  as  +  1  =  number  of  feet  in  height, 

and  5  X  =  number  of  feet  in  length. 

.-.  6xa(x+l)=400.  (1) 

Expanding  (1),  6  x»  +  Sx^  =  400 ; 

whence,  ofi  +  x^-SO  =  0. 

Factoring  the  first  member  of  the  equation  by  the  factor  theorem, 
(x-4)(x2-h6x4-20)=0. 

Solving,  X  =  4 or  -5±>/^r-65 

Rejecting  the  last  two  values  of  x, 

X  -f  1  =  6, 
and  6  X  =  20. 

Hence,  the  tank  is  20  feet  long,  4  feet  wide,  and  5  feet  high. 

84.  Let       X  =  number  of  square  feet  C  and  D  do  per  day, 
and  y  =  number  of  square  feet  A  and  B  do  per  day. 

Then,  x  -  y  =  60,  (1) 

and  ?22_?02=:§.  (2) 

y        X       d 

From  (2),  xy  =  1600x  -  1600y. 

Multiplying  (1)  by  1500,        76,000  =  1600  x  -  1600  y. 

Subtracting  (4)  from  (3),  xy  =  75,000.  (6) 

From  (6),  4  xy  =  800,000.  (6) 

Squaring  (1),  x^  -  2  xy  +  y=2  =  2600.  (7) 

Adding  (6)  and  (7),  x^  +  2  xy  +  y2  =  302,600 ; 
whence,  x  +  y  =±  660.  (8) 

Adding  (8)  and  (1),  2 x  =  600  or  —  600 ;  .-.  x  =  800  or  -  250. 

Substituting  300  for  x  in  (1),         y  =  260. 

Hence,  A  and  B  can  do  260  square  feet  per  day,  and  C  and  D,  300 
square  feet  per  day. 

85.  See  Ex.  23,  p.  368.  86.   See  Ex.  21,  p.  367. 
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1-18.   See  Ex.  1-12,  pp.  368-370. 

Page  360 

13.  See  Ex.  13,  p.  370.  16-86.   See  Ex.  15-25,  pp  371-874. 

Pages  366-442 

As  these  pages  are  identical  in  the  Standard  Algebra  and  the  Standard 
Algebra  Revised,  see  pages  374-426  of  the  Key. 
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COMPLEX  NUMBERS 

Page  445 

12-20.   See  Ex.  12-20,  pp.  430-431.       22-27.    See  Ex.  22-27,  p.  431. 

Page  446 
29-88.   See  Ex.  29-38,  p.  432. 

SUPPLEMENTARY  EXERCISES 

Page  450 

7.  Let  X  =  the  number  of  games  won. 
Then,                         a;  —  2  =  the  number  of  games  lost. 

.-.  a;  +  X  -  2  =  26. 
Solving,  X  =  14. 

Hence,  the  team  won  14  games. 

8.  Let  X  =  number  of  points  scored  by  the  captain. 
Then,                       x-\-62  =  number  of  points  scored  by  other  players. 

.-.  a;  +  X  4-  62  =  322. 
Solving,  X  =  130. 

Hence,  the  captain  scored  130  points  in  the  season. 
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11.  Let  X  =  the  number. 
Then,                     12  a;  — 6  =  6a; +  8. 
Solving,  a;  =  2. 

Hence,  the  number  is  2. 

12.  Let  X  =  number  of  feet  in  width  of  rectangle. 
Then,                         a;  +  5  =  number  of  feet  in  length  of  rectangle. 

.-.  a;  +  X  4-  a;  +  6  +  «  +  6  =  26. 
Solving,  a;  =  4, 

and  a;  +  6  =  9. 

Hence,  the  rectangle  is  9  feet  long  and  4  feet  wide. 

13.  Let  X  =  number  of  rods  in  width  of  lawn. 
Then,  a;  +  17  =  number  of  rods  in  length  of  lawn. 
.-.  x-^x  +  x  +  n  +  x  +  l1  =  1M, 

Solving,  X  =  40, 

and  a;  4- 17  =  67. 

Hence,  the  lawn  is  67  rods  long  and  40  rods  wide. 

14.  Let  X  =  one  number. 
Then,                              5  x  =  the  other  number. 

.-.  a;4-6x  =  2.6x  — 28. 
Solving,  x  =  7, 

and  5  X  =  36. 

Hence,  one  of  the  numbers  is  7  and  the  other  36. 
16.  Let  X  =  number  of  boys  who  received  letters. 

Then,  2x4-17=47. 

Solving,  X  =  15. 

Hence,  16  boys  received  letters. 
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16.  Let  X  =  the  number. 
Then,                   2a;  — 8  =  a; +  6. 
Solving,                         a;  =  14. 
Hence,  the  number  is  14. 

17.  Let  X  =  the  number  of  feet  in  the  width  of  the  chasm . 
Then,                  2  a;  -  80  =  300. 

Solving,  X  =  190. 

Hence,  the  width  of  the  chasm  is  190  feet. 

18.  Let  X  =  number  of  dollars  in  initial  cost. 
Then,               8  a;  +  5.09  =  61.41. 

Solving,  X  =  7.04. 

Hence,  the  initial  cost  of  the  2-year-old  heifer  is  $7.04. 

19.  Let  X  =  number  of  dollars  in  cost  of  labor. 
Then,               5  a;  +  2.42  =  24.67. 

Solving,  X  =  4.45. 

Hence,  the  average  cost  of  labor  for  the  care  of  a  yearling  heifer  is  ^  4.45. 

20.  Let  X  =  number  of  dollars  in  cost  of  labor. 
Then,               5  a;  +  1.78  =  40.83. 

Solving,  X  =  7.81. 

Hence,  the  average  cost  of  labor  for  the  care  of  a  2-year-old  heifer  is 
17.81. 
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21.  Let  X  =  number  of  dollars  the  house  cost. 
Then,                        A  *  =  number  of  dollars  gained. 

.•.a;-f-^^a;  =  6500. 
Solving,  X  =  5000, 

and  ^a;  =  1500. 

Hence,  the  dealer  gained  $  1500  on  the  sale  of  the  house. 

22.  Let  X  =  number  of  pounds  in  weight  of  older  horse. 
Then,                         A  ^  =  number  of  pounds  in  weight  of  younger  horse. 

.-.  a;4-i%x  =  1900. 
Solving,  X  =  1000, 

and  A«  =  ^^• 

Hence,  the  older  horse  weighs  1000  pounds  and  the  younger  900  pounds 

28.   Let  X  =  number  of  troiit  caught  the  day  before. 

Then,  2a;- 4  =  48. 

Solving,  a;  =  26. 

Hence,  the  boys  caught  26  trout  the  day  before. 

24.  Let  X  =  number  of  dollars  a  cruise  to  St.  Johns  costs. 

Then,  2  a;- 40  =  110. 

Solving,  X  =  75. 

Hence,  the  cost  of  a  cruise  to  St.  Johns  is  $  75. 


Digitized  by  VjOOQIC 


452]  SUPPLEMENTARY   EXERCISES  485 

25.  Let  as  =  number  of  dollars  first  boy  shall  receive. 
Then,                           2x  =  number  of  dollars  second  boy  shall  receive, 

and  4  X  =  number  of  dollars  third  boy  shall  receive. 

.-.a; +  2  a  +  4a;  =  168. 
Solving,  X  =  24, 

2a:  =  48, 
and  4  a;  =  96. 

Hence,  the  first  boy  shall  receive  $  24,  the  second  $  48,  and  the  third 
.^96. 

26.  Let  X  =  number  of  dollars  A  had. 
Then,                  4  a;  +  16  =  number  of  dollars  B  had, 

and  I  a;  --  35  =  number  of  doUaiB  C  had. 

.-.  x-f  |a;H-16  +  }a;-36  =430. 

Solving,  X  =  180, 

}x  +  16  =  160, 

and  |x-36  =  100. 

Hence,  A  had  $  180,  B  $  160,  and  C  f  100. 

27.  Let  X  =  number  of  dollars  in  average  profit  per  acre. 
Then,                2x- 108  =  766. 

Solving,  X  =  432. 

Hence,  the  average  annual  profit  per  acre  was  $  432. 

28.  Let  X  =  number  of  crates  of  raspberries  raised  the 

second  year. 
Then,  ^x-\-l2=:^2. 

Solving,  X  =  420. 

Hence,  the  farmer  raised  420  crates  of  raspberries  the  second  year. 

29.  Let  X  =  number  of  cents  in  selling  price  of  a  crate  of 

raspberries. 
Then,  ia;+6  =  26. 

Solving,  X  =  120. 

Hence,  the  raspberries  were  sold  at  120  cents,  or  $  1.20,  per  crate. 

30.  Let  X  =  number  of  feet  in  height  of  boiler  stack. 
Then,                 16  a; +  26  =  698. 

Solving,  a;  =  42. 

Hence,  the  height  of  the  boiler  stack  is  42  feet. 

81.   Let  X  =  number  of  pounds  of  butter  fat  in  seven^day 

record. 
Then,  6  x  -  34.6  =  102.6. 

Solving,  X  =  27.4. 

Hence,  the  cow's  seven-day  record  was  27.4  pounds  of  butter  fat. 

32.  Let  X  =  number  of  pounds  of  butter  fat  in  seven-day 

record. 
Then,  4x  +  1.4  =  111.8. 

Solving,  X  =  27.6. 

Hence,  the  cow's  seven-day  record  was  27.6  pounds  of  butter  fat. 
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88.   Let  X  =  number  of  tons  in  the  weight  of  the  pillar  that 

has  been  cored. 
Then,  2  x  =  number  of  tons  in  weight  of  other  pillar. 

.-.a; +  2  a;  =  24. 
Solving,  «  =  8, 

and  2x  =  16. 

Hence,  the  weight  of  the  pillar  that  has  been  cored  is  8  tons,  and  of  the 
other  16  tons. 

84.   Let  X  =  the  number  of  plum  trees. 

Tnen,  2x  =  the  number  of  peach  trees, 

and  X  —  200  =  the  number  of  pear  trees. 

.-.  aj  +  2a;-fa;-200  =  1800. 
Solving,  X  =  600, 

2x=1000, 
and  a:  -  200  =  800. 

Hence,  there  were  500  plum  trees,  1000  peach  trees,  and  300  pear  trees 
in  the  orchard. 

35.  Let  X  =  number  of  feet  of  clay  bored  through. 

Then,  3  x  —  5  =  number  of  feet  of  rock  bored  through. 

.•.x4-3x-6  =  76. 
SolviAg,  X  =  20. 

Hence,  he  bored  through  20  feet  of  clay. 

86.  Let  X  =  number  of  pounds  pressure  per  square  inch 

on  the  bicycle  tire. 
Then,  4  x  -  12  =  92. 

Solving,  X  =  26. 

Hence,  the  pressure  on  the  bicycle  tire  is  26  pounds  per  square  inch. 

87.  Let  X  =  number  of  dollars  the  steam  yacht  cost. 
Then,           J  x  +  6000  =  number  of  dollars  the  motor  boat  cost. 

.-.  X-  10,000  =  ix  4-  6000  +  16,000. 
Solving,  X  =  60,000, 

and  i  X  +  6000  =  35,000. 

Hence,  the  yacht  cost  $  60,000  and  the  motor  boat  $  35,000. 

88.  Let  X  =  number  of  acres  in  farm. 
Then,                J  x  +  2  =  number  of  acres  sold, 

and  I X  —  4  =  number  of  acres  left. 

.•.x-(fx  +  2)  =  ix-4. 
Solving,  X  =  20. 

Hence,  the  farm  contained  20  acres. 

89.  Let  X  =  number  of  feet  in  diameter  at  the  top. 
Then,               x  +  10 J  =  number  of  feet  in  diameter  at  the  base. 

.-.  x  +  10i  =  3x-7i. 
Solving,  X  =  9, 

and  X  +  lOi  =  19i. 

Hence,  the  diameter  of  the  chimney  at  the  base  is  19|  feet. 
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40.  Let  X  =  number  of  years  in  son's  age. 
Then,                3  as  +  4  =  number  of  years  in  father's  age. 

.-.  x-h8a;4-4  =  64. 
Solving,  a  =  15, 

and  3  a:  +  4  =  49. 

Hence,  the  son  is  16  years  old  and  the  father  49  years  old. 

41.  Let  05  =  number  of  feet  in  width  of  ship. 
Then,                6  ac  —  7  =  number  of  feet  in  length  of  ship. 

...  6a;- 7- 345  =  x  + 108. 
Solving,  X  —  92, 

and  6  a:  —  7  =  545. 

Hence,  the  length  of  the  ship  is  545  feet  and  its  width  92  feet. 

42.  Let  X  =r  the  smaller  number. 
Then,                       2  a;  =  the  larger  number. 

.-.  32-a;+ ll  =  50-2a;. 
Solving,  a:  =  7, 

and  2  a;  =  14. 

Hence,  one  number  is  7  and  the  other  14. 
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64.         (io-J6)(io  +  J6)  =  (ia)2-(}6)2  =  Ja2^i62. 
66.         (2  x%  -  y)  (2  x%  +  y)  =  (2  x^hY  -  y^  =  4  x^h^  -  y2. 

66.  (4  a?» -  y2)(4  a?»  +  y2)  =  (4  ^^^2 _  (y2)2  =  I6x2«  -  y*. 

67.  (2  c"»  -  d'»)(2  c"»+  (l»)  =  (2  c"»)2  —  (<?»)2  =  4  c^"*  -  rf2». 

68.  (5  ax  -  6  62)  (5  ax  +  6  62)  =  (6  ax)2-.  (6  62)2  -  25  a2x2  -  36  6*. 


70.      (a  +  6  -  3)(a  +  6  +  4)  =  (a  +  6)2  +  l(a  +  6)  -  12 

=  a2  +  2  a6  +  62  +  a  +  6  -  12. 
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1.   Let                                   X  =  the  smaller  number. 
Then,                            2  x  +  2  =  the  larger  number. 

.-.  x  +  2x  +  2=44. 
Solving,                                   X  =  14, 
and                                     2x  +  2=30. 
Hence,  the  numbers  are  14  and  30. 

2.    Let 

Then, 

X  =  one  part. 
3  X  -  4  =  other  part. 

X  +  3  X  -  4  =  28. 
Solving,  X  =  8, 

and  3  X  -  4  =  20. 

Hence,  the  parts  of  28  are  8  and  20, 
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8.  Let  X  =  number  of  years  in  stones  age. 

Then,  3x4-8  =  number  of  years  in  father's  age. 

.-.  x-f  8x-f  3  =47. 
Solving,  X  =  11, 

and  3x  +  3  =  36. 

Hence,  the  son  is  1 1  years  old  and  the  father  36  years  old. 

4.  Let  X  =  one  number. 

Then,  x  +  1  =  the  other  number. 

.-.  (x4-l)2-x2  =  121. 
Solving,  X  =  60, 

and  x  +  l=61. 

Hence,  the  numbers  are  60  and  61. 

6.  Let  X  =  number  of  inches  in  each  dimension  of  flag. 

Then,     (x  +  4)8  -  x^  =  144. 

Solving,  X  =  16. 

Hence,  the  flag  was  16  inches  square. 

6.  Let  X  =  number  of  marbles  third  boy  had. 
Then,                  x  +  6  =  number  of  marbles  second  boy  had, 

and  2(x  +  6)  =  number  of  marbles  first  boy  had. 

.-.  x  +  x-h6+2(x  +  6)=122. 

Solving,  X  =  26, 

X  +  6  =  82, 

and  2(x  +  6)=64. 

Hence,  the  first  boy  had  64  marbles,  the  second  32,  and  the  third  26. 

7.  Let  X  =  number  of  grains  new  bill  weighs. 
Then,                    27  x  =  number  of  grains  gold  piece  weighs. 

.-.  27x-20x  =  140. 

Solving,  X  =  20, 

and  27  X  =  640. 

Hence,  a  new  one-dollar  bill  weighs  20  grains  and  a  twenty-dollar  gold 
piece  540  grains. 

8.  Let  X  =  number  of  kilometers  in  length  of  shorter  race 

course. 
^    Then,  x  -f  2  =  number  of  kilometers  in  length  of  longer  course. 

.-.  20(x-|-2)=21x. 
Solving,  X  =  40, 

and  X  -h  2  =  42. 

Hence,  the  longer  course  is  42  kilometers  long  and  the  shorter  course 
40  kilometers  long. 

9.  Let  X  =  number  of  feet  in  diameter  of  tower. 
Then,                x  —  15  =  number  of  feet  in  diameter  of  belfrey. 

.-.  2(x-15)=x  +  23. 
Solving,  X  =  53, 

and  X  —  16  =  38. 

Hence^  the  diameter  of  the  tower  is  53  feet,  and  of  the  belfrey  38  feet. 
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10.  Let  X  =  number  of  trees  in  one  tract. 
Then,            16  a  —  15  =  number  of  trees  in  the  other  tract. 

.-.  a;  +  16  a;- 16  =  1473. 
Solving,  X  =  93, 

and  15  a; -16  =  1380. 

Hence,  there  were  93  trees  in  one  tract  and  1380  trees  in  the  other. 

11.  Let  X  =  number  of  eggs  bought. 

Then,  i^  =  number  of  eggs  each  case  contained. 

.-.  2(^x4-2.12)=  768. 
Solving:,  X  =  1080. 

Hence,  the  grocer  bought  1080  eggs. 
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18.  Let  X  =  number  of  years  in  B's  age. 

Then,  a;  4- 12  =  number  of  years  in  A's  age. 

.-.  a;-f  12-4  =  2(a;-4). 
Solving,  X  =  16, 

and  X  -f  12  =  28. 

Hence,  A  is  28  years  old  and  B  is  16  years  old. 

18.   Let  X  =  number  of  years  in  Leon's  age. 

Then,  x  +  26  =  number  of  years  in  father's  age. 

.-.  3(x-2)  =  x  +  26. 
Solving,  X  =  16. 

Hence,  Leon  is  16  years  old. 

14.   Let  X  =  one  number. 

Then,  x  +  2  =  the  other  number. 

.-.  (x  +  2)2-x2  =  64. 

Solving,  X  =  16, 

and  X  -f  2  =  17. 

Hence,  the  numbers  are  16  and  17. 

16.   Let  X  =  the  smaller  part. 

Then,  100  —  x  =  the  larger  part. 

...  100 -  X- 60  =  2(34 -x). 
Solving,  X  =  28, 

and  100  —  X  =  72. 

Hence,  the  two  parts  of  100  are  28  and  72. 

16.  Let  X  =  number  of  feet  in  width  of  boat. 
Then,            9(x  —  10)  =  number  of  feet  in  length  of  boat. 

.-.  9(x-10)=3(x  +  4). 
Solving,  X  =  17, 

and  9(x-10)=63. 

Hence,  the  boat  is  63  feet  long  and  17  feet  wide. 

17.  Let  X  =  number  of  cents  child  receives  per  day. 
Then,                  x  -f  4  =  number  of  cents  woman  receives  per  day. 

.-.  6x-f  6(x-f  4)  =  216. 
Solving,  X  =  16, 

and  X  +  4  =  20. 

Hence,  the  daily  wages  of  a  child  are  16^  and  of  a  woman  20^. 
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18.  Let  X  =  number  of  dollars  in  present  price  of  article. 
Then,                  x  +  3.76  =  number  of  dollars  in  former  price. 

.-.  X  =  .40(a;  +  3.76). 
Solving,  X  =  2.5. 

fHence,  the  present  price  of  the  article  is  $2.60. 

19.  Let  X  =  the  number  of  quarters  in  the  purse. 
Then,                      18  —  a;  =  the  mimber  of  dimes  in  the  purse. 

.-.  .26a;4-.10(18-3c)  =  2.40. 
Solving,  a:  =  4, 

and  18  —  X  =  14. 

Hence,  the  purse  contained  4  quarters  and  14  dimes. 

20.  Let  X  =  number  of  trips  A  made. 
Then,                       x  +  1  =  number  of  trips  B  made, 

and    2(x  +  1)— x,  or  x  +  2  =  number  of  trips  C  made. 
.-.  x-f  x+  l-ha;4-2  =  3(). 
Solving,  X  =  9, 

X  -h  1  =  10, 
and  X  +  2  =  11. 

Hence,  A  made  9  trips,  B  10  trips,  and  C  11  trips. 

21.  Let  X  =  the  first  number. 
Then,                       x  +  1  =  the  second  number, 

and  X  +  2  =  the  third  number. 

.-.  (x4-l)(a;  +  2)-x2  =  47. 

Solving,  X  =  16, 

X  +  1  =  16, 

and  x+2  =  17. 

Hence,  the  three  consecutive  numbers  are  16,  16,  and  17. 

22.  Let  X  =  number  of  inches  in  length  of  box. 
Then,                        x  -  4  =  number  of  inches  in  width  of  box, 

and  X  —  12  =  number  of  inches  in  height  of  box. 

.-.  x(x-4)-(x-4)(x-r2)  =264. 

Solving,  X  =  26, 

X  -  4  =  22, 

and  X  -  12  =  14. 

Hence,  the  box  is  26  inches  long,  22  inches  wide,  and  14  inches  high. 


Page  458 


28.  Let 

X  =±  the  first  number. 

Then, 

X  —  4  =  the  second  number. 

•.  x2 

-(X- 4)2  =  48. 

Solving, 

x  =  8. 

and 

x-4  =  4. 

Hence,  the  numbers  are  8  and  4. 
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94.  Let  %  =  number  of  dollars  paid  for  each  calf. 

Then,  12  a;  =  number  of  dollars  paid  for  12  calves. 

.-.  12  a;  =  16(a;-l). 
Solving,  ^       x  =  b. 

Hence,  the  farmer  paid  $  5  for  each  calf. 

26.   Let  X  =  number  of  meters  in  length  of  central  arch. 

Then,  as  —  36  =  number  of  meters  in  length  of  each  of  the  6 

other  arches. 
.-.  x  +  6(x-36)  =  176. 
Solving,  a;  =  66, 

and  a;  -  36  =  20. 

Hence,  the  central  arch  of  the  bridge  is  66  meters  long,  and  the  other 
arches  are  each  20  meters  long. 

26.  Let  X  =  number  of  14-foot  cuts. 
Then,                     2  a;  +  2  =  number  of  12-foot  cuts. 

.•.  x-f  2x-f  2-1-  1  =  16. 
Solving,  a;  =  4, 

and  2x  +  2=10. 

Hence,  there  were  10  12-foot  cuts  made  from  the  poplar. 

27.  Let  X  =  number  of  feet  in  diameter  of  one  circle. 
Then,                    x  —  lOJ  =  number  of  feet  in  diameter  of  other  circle. 

.•.x  +  7i  =  3(x-10i). 
Solving,  X  =  19i, 

and  X  -  10  J  =  9. 

Hence,  the  diameter  of  one  circle  is  9  feet  and  of  the  other  19J  feet. 

28.  Let  X  =  the  number  of  bushels  of  wheat. 

Then,  ix-\-  6000  =  the  number  of  bushels  of  corn  or  of  barley. 

.-.  X  4-  2(1  x-l-6000)  =  90,000. 

Solving,  X  =  40,000, 

and  i  X  4-  6000  =  26,000. 

Hence,  the  steamer  carried  40,000  bushels  of  wheat,  26,000  bushels  of 
corn,  and  26,000  bushels  of  barley. 

29.  Let    '  X  =  number  of  ounces  larger  nugget  weighed. 
Then,                  4716  —  x  =  number  of  ounces  smaller  nugget  weighed. 

.-.  439  x  =  604(4716-:^. 
Solving,  X  =  2620. 

Hence,  the  larger  nugget  weighed  2620  ounces. 

30.  Let  X  =  number  of  hits  A  makes. 
Then,                      30  —  x  =  number  of  misses  A  makes, 

2  X  =  number  of  hits  B  makes, 
and  30  —  2  X  =  number  of  misses  B  makes. 

.-.  30-x  =  3(30-2x). 
Solving,  X  =  12, 

30  -  X  =  18, 
2x=24, 
.and  80 -  2 X  =  6. 

Hence,  A  made  12  hits  and  18  misses  and  B  made  24  hits  and  6  misses. 
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81.  Let  X  =  number  of  pounds  of  60-cent  tea. 
Then,                            12  —  a  =  number  of  pounds  of  80-cent  tea. 

.-.  60  a;  +  80(12  ~  a)  =  12  x  60. 
Solving,  as  =  8, 

and  12  —  X  =  4. 

Hence,  8  pounds  of  50-cent  tea  and  4  pounds  of  80-cent  tea  are  required. 

82.  Let  X  =  number  of  pounds  of  20-cent  coffee. 
Then,                           40  —  a;  =  number  of  pounds  of  28-cent  coffee. 

.-.  20  a;  +28(40  -  x)  =  40  x  26. 

Solving,  X  =  16, 

and  40  -  X  =  25. 

Hence,  16  pounds  of  20-cent  coffee  and  26  pounds  of  28-cent  coffee  are 
required. 

88.  Let  X  =  number  of  feet  in  height  of  statue. 

Then,  x  +  6  =  number  of  feet  in  height  of  pedestal, 

and  2(x  +  6)  -f  6  =  number  of  feet  in  height  of  shaft. 

.-.  X  +  X  -h  6  +  2(x  +  6)  +  6  =  160. 

Solving,  X  =  35, 

X  +  6  =  40 

and  2(x  +  6)  +  5  =  86.' 

Hence,  the  height  of  the  statue  is  36  feet,  of  the  pedestal  40  feet,  and 
of  the  shaft  86  feet. 
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X2  -  X  +  1 

iCa-H  4-  xa  -f-  Qfi'l 


80.  x«+8  +  x«+i  +  x«-i 

a?»+i  4-  a;«-i 
ay»+g  —  x°+i  +  x« 

Xa+l  -  X«  +  X«-l 
rga+l  ^  gg  -f-  x«-l 

81.  a«  +  6«   I  a  +  6 

-066  +  66 
-  a^b  -  a^b^ 

a^b^  +  6« 

—  a«68  +  6« 

-  ggfts  -  ggfc* 
«264  +  66 
a^b^  +  ab^ 

-  ab^  +  6« 


16.    [(c-(l)2-4]  --  [c-c?-2]  =  [(c-d)2-4]  -r-  [(c-d)  -2] 

=  (c  -  c?)  +  2,  or  c  —  d  +  2. 

16.  [(a  +  6)8+  IJ  ^  [a+  6  +  1]=  [(a  +  6)8  +  1]  -^  [(o  +  6)  +  1] 

=  («  +  6)2  -  (a  +  ft)  +  1. 

17.  [8  -  (c  +  (1)8]  H-[2  -  c  -  d]  =  [8  -  (c  +  d)8]  ^  [2  -  (c  +  d)] 

=  4  +  2(c  +  d)  +  (c  +  d)2. 
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18.    lix+yy-^m^  -4-  [x+2/+10]  =  [(x+2/)2-100]-[(x+y)  +  10] 

=  (ac  +  y)  —  10,  or  X  +  y  —  10. 
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1.  Let  x  =  number  of  years  in  man^s  present  age. 
Then,                              x  -  14  =  J  x. 

Solving,  X  =  21. 

Hence,  the,  nian  is  21  years  old. 

2.  Let  X  =  number  of  games  the  team  played. 
Then,                                     f  x  =  99. 

Solving,  X  =  165. 

Hence,  the  team  played  165  games  that  year. 

3.  Let  X  =  one  number. 
Then,                              42  —  x  =  the  other  numbed 

.-.  i[x-.(42-x;]  =  4. 
Solving,  X  =  25, 

and  42  —  X  =  17. 

Plence,  the  numbers  are  25  and  17. 

4.  Let  X  =  number  of  years  in  Ruth's  age. 
Then,                                    i  x  =  number  of  years  in  Mary's' age. 

.'.  Jx  +  6  =  }(x-f  6). 
Solving,  X  =  12, 

and  Jx=:6. 

Hence,  Mary  is  6  years  old  and  Ruth  is  12  years  old. 

6.   Let  X  =  number  of  years  in  son's  age. 

Then,  mx  =  number  of  years  in  father's  age. 

.'.  mx-^p  =  n(x  +  p). 

Solving,      ^  a;  =  ^^z:P, 

wi  —  n 

and  mx=MMzif). 

m  —  n 

Hence,  the  son's  age  is  ^^P  ~  P  years  and  the  father's  ^(^P  ~  P)  years. 
m  —  71  m  —  n 

6.  Let  X  =  the  larger  part. 
Then,                              25  —  x  =  the  smaller  part. 

.-.  ix  =  2(25-.x). 
Solving,  X  =  20, 

and  25  —  X  =  5. 

Hence,  the  parts  of  25  are  20  and  5. 

7.  Let  X  =  the  larger  part. 
Then,                                c  —  x  =  the  smaller  part. 

.*.  ox  =  6(c  —  x). 
Solving,  ^-    be 


and  c-x  =  -^^. 

a-f  6 

Hence,  the  parts  of  c  are  and     ^^    . 

a-\-  b         a  +  b 
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8.  Let  X  =  number  of  pounds  in  latter  boy^s  weight. 
Then,                 Jx  +  86  =  100. 

Solving,  X  =  76. 

Hence,  the  boy  weighed  75  pounds. 

9.  Let  X  =  number  of  feet  in  length  of  each  of  the  two 

equal  parts. 
Then,  \x  =  number  of  feet  in  length  of  butt. 

.-.  2a;  +  Ja;  =  7. 

Solving,  ac  =  8, 

and  |x  =  l. 

Hence,  the  butt  of  the  rod  is  1  foot  long,  and  each  of  the  other  two  parts 
is  3  feet  long. 

10.  Let  X  =  number  of  games  won. 
Then,                          1  ac  =  number  of  games  lost, 

and  *   I  ^  =  number  of  drawn  games. 

.-.  x  + Jx  +  |a;  =  17. 
Solving,  x  =  12. 

Hence,  he  won  12  games. 

11.  Let  X  =  number  of  years  in  son*s  age. 
Then,                  3  a;  +  3  =  number  of  years  in  father^s  age. 

.-.  x-6  =  i(3x  +  3). 
Solving,  X  =  14, 

and  8x  +  3=46. 

Hence,  the  son  is  14  years  old  and  the  father  45  years  old. 

12.  Let  X  =  number  of  feet  in  height  of  house. 
Then,                         i  x  =  number  of  feet  in  length  of  flagstaff. 

.-.  x  +  |x  =  180. 
Solving,  X  =  160, 

and  Jx  =  30. 

Hence,  the  house  is  150  feet  high  and  the  flagstaff  30  feet  long. 

18.  Let  X  =  number  of  bats  that  are  used. 

Then,  x  +  30,000  =  number  of  balls  that  are  used. 

.-.  2(x +  30,000)=  6  X. 
Solving,  X  =  20,000. 

Hence,  20,000  bats  are  used  per  year. 
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14.  Let  X  =  number  of  pages  in  the  index. 

Then,  65  x  +  34  =  number  of  pages  in  the  body  of  the  book. 

.-.  x+66x  +  34  =  496. 
Solving,  X  =  7. 

Hence,  there  are  7  pages  in  the  index  of  the  book. 

16.   Let  X  =  number  of  muffs  in  storage  room. 

Then,  2  x  =  number  of  coats  in  storage  room. 

.-.  |(2x)=x-5000. 
Solving,  X  =  15,000, 

and  2x  =  30,000. 

Hence,  the  storage  room  contains  15,000  muffs  and  30,000  coats. 
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16.  Let  X  =  number  of  pairs  of  blinds  made. 
Then,                x  +  1000  =  number  of  doors  made, 

and  4  X  =  number  of  windows  made. 

.-.  4a; -600  =  a; +1000. 
Solving,  X  =  600, 

X  +  1000  =  1600, 
and  4  a  =  2000. 

Hence,  the  daily  output  of  the  factory  was  600  pairs  of  blinds,  1600 
doors,  and  2000  windows. 

17.  Let  X  =  number  of  inches  in  width  of  card. 
Then,                     as  +  4  =  number  of  inches  in  length  of  card. 

.".  a;  +  4  +  2  =  2(x-l). 
Solving,  a;  =  8, 

and  a;  +  4  =  12. 

Hence,  the  card  is  12  inches  long  and  8  inches  wide. 

18.  Let  X  =  number  of  feet  in  width  of  ship. 
Ihen,                  X  +  384  =  number  of  feet  in  length  of  ship. 

.-.  14x  =  J(x  +  384)-10. 
Solving,  a;  =  64, 

and  a; +  884  =  438. 

Hence,  the  ship  is  438  feet  long. 

19.  Let  X  =  number  of  feet  in  width  of  stadium. 
Then,                  a;  +  196  =  number  of  feet  in  length  of  stadium. 

•      .-.  x  +  26  =  f(x+196-70). 
Solving,      '  X  =  474, 

and  a;  +  196  =  670. 

Hence,  the  stadium  is  670  feet  long  and  474  feet  wide. 

20.  Let  X  =  number  of  inches  in  width  of  first  picture. 
Then,                      x  +  4  =  number  of  inches  in  length  of  first  picture, 

X  —  6  =  number  of  inches  in  width  of  second  picture, 
and  X  +  4  +  12,  or  X  +  16  =  number  of  inches  in  length  of  second  picture. 
.-.  x(x  +  4)  =  (x-6)(x  +  16). 
Solving,  X  =  16, 

X  +  4  =  20, 
x-6  =  10, 
and  X  +  16  =  32. 

Hence,  the  first  picture  is  20  inches  by  16  inches  and  the  second  picture 
32  inches  by  10  inches. 

21.  Let  X  =  nimiber  of  dollars  gas  cost. 
Then,                         4  x  =  number  of  dollars  balloon  cost, 

and  X  +  26  =  number  of  dollars  rest  of  outfit  cost. 

.-.  x+4x  +  x  +  26  =  776. 

Solving,  X  =  125, 

and  4x  =  600. 

Hence,  the  balloon  cost  $  600. 
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28.  Let  X  =  number  of  inches  in  diameter  of  projectile. 

Then,  4  x  —  4  =  number  of  inches  in  length  of  projectile. 

.-.  x-4  =  i(4x-4). 
Solving,  X  =  16, 

and  4x  — 4  =  60. 

Hence,  the  projectile  was  60  inches  long  and  16  inches  in  diameter. 

83.  Let  X  =  number  of  vessels  that  passed  through  the 

canal  the  preceding  year. 
Then,    34(4116  -  x)  +  2  =  4116. 
Solving,  X  =  3995. 

Hence,  3996  vessels  passed  through  the  Suez  Canal  the  preceding  year. 
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19.  3a  +  a6  -h  36  +  b^  =  a(3  +  6)+  6(8  -f-  6)  =  (a  +  &)(3  +  b). 

80.  x*  +  xy  +  X0  +  y«  =  x(x  +  y)  +  «(x  +  y)  =  (x  +  2r)(x  +  y). 

81.  x'-'  +  3x  -f  xy  +  3y  =  x(x  +  3)  -h  y(x  +  3)  =  (x  +  y)(x  +  3). 
88.  ac-ad  +  bc-bd=:  a(c -d)+  b(c  -  d[)  =  (a  +  6)(c  -  d). 
88.  ex  —  dx -^  cy  -\- dy  =  x(c  —  d)—  y(c  —  (l)  =  (x  —  y)(c  —  d). 

84.  2y2+4y_y2._2«r  =  2y(y +  2)-«(y  +  2)  =  (2y-2)(y  H-2). 

85.  2m  +  am  +  2a  +  a^  =^(2  +  a)+  a(2  +  a)  =  (m  +  a)(2  -f  a). 

86.  2a+36  +  2am  +  3  6w  =  l(2a  +  3  6)+m(2a  +  36) 

=  (l4-m)(2a  +  36), 

87.  3a;p2«^g2_^35p2_6g2^<j(3p2«g2)+5(8p2_g2) 

=  (a  +  6)(3i>2-g2). 

88.  2x2y2-2y«  +  x2y«2_2r8  =  2y(x^  -  z)-{- z^x^- ^)' 

={2y -^  z^)(^x^  -  z). 

89.  3 a6  -  ac  +  66d  -  2cd  =  a(3  6  -  c)+  2(1(3  6  -  c) 

=  (a  +  2(l)(3  6-c). 
80.  aM  +  2  ar2«  -  a26r«  -  2  6*2  =  ar^(^a'^r  +  2  «)  -  6«(a2r  +  2  «) 

=  (ar«-6s)(aV4-2s). 
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79.  4x2-llx--3=(4x2-llx-3)x  ^^^^^^  "  ^^'- '^^ 

_(4x)2-ll(4x)-12^(4x-12)(4x4-  1) 

=  ii^-=-^Ki^±ii=(x-3)(4x+l). 
4 

80.  6  +  6r-6r2=- l(6r2-5r-6). 

To  factor6r2-6r-6,  try  6r +  8,      6r-3,  3r-2,  3  r  +  2,  .- 

multiplied  by                               r  — 2,         r  +  2,  2r -f  3,  2r— 3,  ••• 

Products,  2d  terms,                 —  9r,         +  9r,  +5r,  *  —  6r,  — 

.     .-.  6  +  6r-6r^  =  -l(3r  +  2)(2r-3)  =  (2  +  3r)(3-2r). 

81.  First  factor,  try  6y4-l,  6yH-2,  4y-|-2,  4y4-l,  ... 
Second  factor,  try  2  y  +  2,  2  t/  +  1,  Sy  +  1,  3y  -h  2,  ••• 
Products,  2d  terms,  4-  14y,  +  lOy,  +  lOy,  +  11 «/,  ••• 
.-.  12  y2  +  iiy  +  2  =  (4y  +  l)(3y  +  2). 
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82.  4x2-|-16a;+15=(2a;)2  +  8(2a;)+16=(2a;  +  6)(2x  +  8). 

83.  First  factor,  try  8x  +  5,  8a; +3,  4a; +  6,  4a;  +  8,..- 
Second  factor,  try  a;  +  3,  a;  +  6,  2x4-8,  2x+_6,  ... 
Products,  2d  terms,  +  29  x,  +  43  x,  +  22  x,  +  26  x,  •  •  . 
.-.  8x2  +  26x+16=(4x  +  3)(2x-f-5). 

84.  First  factor,  try  6x8-7,  6x»-6,  6x8  +  5,  6x8  +  7,... 
Second  factor,  try  x8  ^5^  x^  +  7,  x8  — 7,  x8  —  6,  ... 
Products,  2d  terms,  +  23  x8,  +  37  x^,  -  37  x8,  -  23  x8,  • . . 
.-.  6x6  -  23x8  -  86  =(6x8  4.  i^^gS  _  5). 

85.  8xV-8xy-6  =  2(4x2y2-4x2^-3)=2[(2xy)2-2(2xy)-3] 

=  2(2xy  +  l)(2x2/-3). 

86.  -162r2  +  20y  +  24=-(163^2_202^-24)=-[(4y)2-6(4y)-24] 

=  -(4y+8)(4y-8)  =  -4(y-2)(4y+3) 
=  4(2-y)(3  +  42/). 

87.  First  factor,  try  2  a  -  6,  2  a  +  6,  ... 
Second  factor,  try  a  +  2b,  g  —  26,  ... 
Products,  2d  terms,  +  3a&,  —  3  a&,  ••* 
.-.  2a2-3a6-2  62=:(2a+  6)(a-2  6). 

88.  First  factor,  try  6a  +  6c,  6a  — 6  c,  3a-4c,  3a  +  4c,  ... 
Second  factor,  try  a  — 4c,  a  +  4c,  2 g  +  6 c,  2 g  —  6 c,  ... 
Products,  2d  terms,  —  19 ac,  +  19gc,  +7gc,  —  7gc,  ... 
.-.  6g2-7gc-20c2=(3g  +4c)(2g-5c). 

89.  5gp-p2-6g2  =  -(6g2-6gp+i)2). 

To  factor  6g2  —  6 op  -^p^,  try     6  g  —  p,        8g  —p, 
multiplied  by  g  -  j?,        2g  — p. 

Products,  2d  terms,  —  7  gp,         —  6  gp. 

...  6gp-p2„6a2__(3a_p)(2g-|,)  =  (p_8g)(2g-p). 

90.  First  factor,  try  3x»  +  7,  3x'»-7,  3x»  +  2,  3x»-2,  ... 
Second  factor,  try  x»—  2,  ar*  +  2,  x"  —  7,  x"  +  7,  ... 
Products,  2d  terms,  +  x",  -x«,  —  19x»,  +19x»,  ... 
.-.  3x2«  +  19x»-  14  =(x»  +  7)(3x»  -  2). 

91.  6x2 +  2xy- 482/2-- 2(3x2 +xy-24y2). 

To  factor  3x2  +  a;y  _  24  y^,  try         3x  +  8 y,  3x  -  8y,  ... 

multiplied  by                                             x-3y,  x  +  3y,  ... 

Products,  2d  terms,                                  —  xy,  +  «y»  •  •  • 
.-.  6x2  +  2xy-48y2  =  2(x+3y)(3x-8y). 

92.  g2x2 -^Sabx  -  462  =(gx)2  _  3  6(gx)-  462  =(gx  +  6)(gx-  46). 

93.  4  x22^2  4.  6  xy  -  40  =  (2x2^)2+  3(2  xy)  -  40 

=  (2xy  +  8)(2xi/  -  6)=  2(xy  +  4)(2xy  -  5). 

94.  16g2  ^  Spq  -  3p2  =(^q)2  +  2p(4g)-  3p2  =(4  q  +  Sp){iq--p). 
96.  9x2+21dx  +  10d2=(3x)2+7c?(3x)  +  10d^  =  (3x+2(l)(3x  +  5(?). 
96.    186^  I  3a62     io^.^36  6*  ^6g62-20g2^  (662)2  +  g(662)-20g2 

2  2 


2 
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=  («»^  +  5«K«&'-<t«)  =(66»+6a)(86»-2a). 
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97.  10a»-26aft«-606*  =  6(2a2«5a63_i264). 
Tofactor2a2- 5a&2- 12  6S  try         2a-3&^        2a  +  362,  ... 

multiplied  by  g  +  4  &»,  o  -  4  ft^,  .- 

Products,  2d  terms,  +  5a6=2,  —  5  afe'^,  ••- 

.-.  10a2-26a62-606*=:6(2a  +  8  62)(a-462). 

98.  First  factor,  try  6a6  4-  cd,  6a&  +  2c(!,  5aft+4cd,  ••• 
Second  factor,  try  aft  -f-  4  cd,  qft  +  2  cd,  qft  -h  cd^  — 
Products,  2d  terms,  +  21  abed,  +  12  abed,  H-  9  a&cd,  — 
.-.  6  a^fta  +  0  abed  +  4  c'^d^  =  (6  aft  +  4  cd)(a6  +  cd). 

101.  16a»-2  =  2(8a8-  1)  =2(2a  -  l)(4a2  +  2a  +  1). 

102.  arw  +  3cy«  =  a;(x»  +  y»)  =  «(«»  +  y)(a<  -  x»y  +  y^j. 
108.  m8  -  216  =  TO«  -  6»  =  (m  -  6)(m2  +  6  tn  +  36). 
104.  a:«  +  126  =  x8+6«=(x  +  6)(a;«-6a;  +  26). 

106.   64-8y«=8(8-y»)=8C2-y)(4  +  2y  +  y2). 

106.  8a8-ft»c»=  (2  a-2)8  -  ft»c»  =  (2  a^  -  ftc)(4  a*  +  2  a^ftc  +  ft^c*). 

107.  64  c8  +  d8=  (4  c)8  +  (d2)8  =  (4  c  +  d^)(16 c^  -  4 cd^  -f  d*). 

108.  27a8-5cV  =  (8a)«-«V  =  (8a-ai^)(»a^  +  3oxy  4-a:V)- 

109.  y««+i -  y  =  y(y8" -  1)  =y(jr-  l)(y2*  + JT  +  1). 

110.  3  a»  +  81  6»  =  3(a8  +  27  ft«)  ^  3(a  +  3  ft)(a2  -  3  aft  +  9  62). 

111.  8  x»  +  27  y8  =  (2  x)*  +  (8  y)»  =  (2 a;  +3  y) (4  x*  -  6  ay  +  9  y^) . 

112.  64a:«+126y»=(4x)8+(6y)«=(4x-h6y)(16a;2-20ary4-26y»). 
118.  27(a  +  6)8  +  8  =  [3(a  +  6)  +  2][9(a  +  6)^  -  6(a  +  6)  +  41 

=  (8  a+3  6  +  2)(9  a'H  18  a6+9  62-6  a-6  b  +  4). 
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19.  y«-8  =  (y2)«-2«=(y2«2)(y*+2y2  +  4). 

20.  ft8  -  81  =  (ft*  +  9)(ft*  -  9)  =  (6*  +  9)(ft2  -I-  3)(ft2  -  3). 

21.  c8d8-l  =  (cd- l)(c2d*  +  cd+l). 

22.  x*yi2  -  2?8=  (x2y6+  «*)(x2y6-  z*)  =  (x^f^^-h  z*)(xy^-h z^Kxy*  -  z^). 
28.  c*  +  64  d*  =  c*  +  16  c2d-2  +  64  d*  -  16  c2d^  =  (c2  +  8  d^y  -  16  c«d^ 

=  (c2  +  4  cd  +  8 d2)(c2  -  4 cd  +8 d^). 

24.  a868  -  1  =  (aft2)8  -  1  =  (aft^  -  l)(a264  +  aft2  +  l). 

26.  3  x8  _  12  x  =  3  x(a;2  -  4)  =  3  x{x  +  2) (x  -  2). 

26.  x4y-  y6=y(x*-  y*)=y(x2+  y^)ix^-y^)==y{x^+^^)(x  +  y)(x-y). 

27.  27  ft*  +  ftc8  =  ft(27  68  +  c8)  =  ft(3  ft  +  c)(9  ft2  -  3  6c  +  c2). 

28.  x2'»+i  —  x2/2«  =  x(x2»  —  y2n)  _  x(x!^  +  ir)  (a^  -  2/" ) . 
80.  a8ft  -  ftc8  =  ft(a8  -  c8)  =  6(a  -  c) (a2  +  ac -\-  c^). 

82.   64p8«g3_  (4p)8-.g8_-  (4p_g)(i6p2_f.4pg4.^2). 

88.  ftx*  -  16  a*6  =  6(x*  -  16  a*)  =  6(x2  +  4  a-^)(x2  -  4  a2) 

=  ft(x2  +  4a2)(x  +2a)(x-2a). 
87.   X*  +  y*  -  7  x2y2  =  x4  +  2  x2y2  ^  y*  ^  Qx^^=  (x^  +  y2)2  _  g  ^^^2 
=  (x2  +  3xy  +2/2)(a.2  ^sxy  +  y^), 

89.  4  a2  +  32  a  4-  39  =  (2  a)2  +  16(2  a)  +  89  =  (2  a  +  13)(2  a  +  3). 
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40.  d^^d^-d-{-l  =  d%d-'l)  -l(d-l)  =(d2-l)(d-l) 

=  (d-l)(d+  l)(<f-l). 
42.   16  aH8  a6  - 15  62=(4  a)2+2  6(4  a)  -15  62  =  (4  a+6  6)(4  a-3  b). 

44.  3a*-30a262^75  54=3(«4_i0a262+26  6*)=3(a2-6  62)(a2_5  52). 

45.  28a;-16-12a;2=_  (I2x2-28a;  +  16). 

To  factor  12 0^2  -  28 a;  +  15,  try  4 a; -  3,  6x-  5,  ... 

multiplied  by  3x  —  5,  2x  —  8,  ... 

Products,  2d  terms,  —  29 «,  —  28 ac,  ... 

...  28rB-15-12x2  =  -  (6x  -  6)(2a;- 3)  =  (5  -  6«)(2a;  -  3). 

46.  (m-2a)2-4(a+6)2=[(m-.2a)+2(a+6)][(tn-2a)-2(a+6)] 

=  (w  +  2  6)(m  -  4  a  -  2  &). 

47.  First  factor,  try  4  a  -  3  d,  Qa  +  6d,  4  a  +  3 d,  ... 
Second  factor,  try  3  a  +  5  d,  2  g  —  3  d,  3  g  —  5  d ,  ... 
Products,  2d  terms,  +  11  ad,  —  8  ad,  —  11  ad,  ... 
.-.  12  a2  -  11  ad  -  15  d2  =  (4  a  +  3  d)(3  a  -  6  d). 

48.  a2  +  2  ac  -  62  +  c2  =  (a2  +  2  ac  +  e^)  '-b^=(^a  +  c-\-  6)(a+c-6). 

49.  6ax-6y+3ay-2  6x  =  3a(2x+y)-6(2a;+2/)  =  (3a-6)(2aj+3^). 

60.  8x2-8c2-32x  +  32  =  8(a:2_c2-4a;+4)=8[(x2-4a;4-4)-c2] 

=  8(a;-2  +  c)(a;-2-  c). 

61.  81  j)2  -  54 pg  +  9g2  =  9(9 p2-  Qpq  +  ^2)  =  9(3^  _  q)(Sp  -  q). 

62.  3  ex  +  9  q^  —  4  dx  -  12  dy  =  3  c(ic  +  3  y)  -  4  d(x  +  3  y) 

=  (3c-4d)(«H-3  2/). 
68.  4  x8  -  y«  +  «2y  -  4  «y2  =  3.2(4  a;+  y)-y2(4  a;  +y)  =^  (x2-.  y2)  (4  x+y) 

64.  36  c  -  21  ex  -  135  cx2  =  8  c(12-  7  x  -  45  x^). 
Tofactor  12-7x-46x2,  try  6  +  6x,    6-5x,    3-6x,    3  +  6x,  ... 
multiplied  by  2  — 9x,    2  +  9x,    4  +  9x,    4~9x,  ... 

Products,  2d  terms,  —  44  x,     +  44  x,       4-  7  x,       —  7  x,    ... 

.-.  36  e  -  21  ex  -  135  cx2  =  3  e(3  +  5  x)(4  -  9  x). 

66.  9 a262c  +  6  ab^c  +  6*e  =  62c(9 a2-|-6  ab  +  62)  =62e(3 a  +  6)(3 a4-6). 

66.  12d2x2-4d^xy-  16d2y2=:4d2(3x2-xj/-4y2). 

To  f actor  3 x2  —  xy  —  4  y2,  try    3x  +  4y,        3x  — 4y,  ... 
multiplied  by  x—    y,  x  +    y,  ... 

Products,  2d  terras,  +  «y»  —  a^,     ••• 

. •.  12  d=2x2  -  4  d2xy  -•  16  d2y2  =  4  d2(x  +  y)  (3  x  -  4  y). 

67.  48  x2  -  72  axy  4-  27  a2y2  =  3(  16  x2  -  24  axy  +  9  a2y2) 

=  3(4x-3ay)(4x-3ay). 

68.  6  a*x2  +  a^x  -  6  a^ofi-  a^^  =  a^[6  a2x  +  a  -  6  ax2  -  x] 

=  a2x[a(6  ax  +  1)-  x(6 ax  +  1)] 
=  a2x(a-x)(6ax  +  1). 

69.  X*  -  2  x2(a  ^y)-\-{a-'  yY  =  [x2  -  (a  -  y)][x2  -  (a  -  y)] 

=  (x2  -  a  4-  y)(x2  -  a  +  y). 

60.  apq  +  bcpq  —  az  —  bcz  =pq(a  +  6c)  —  z(a  +  bc)  =  (pq—z)(a-\-bc). 

61.  (a-x)2  +  8(a-x)x  +  16x2=  [(«  _  a;)  +  4x][(a- x)  +4x] 

=  (a4-3x)(a  +  3x). 
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6.  The  L.  C.  D.  is  c»  -  (P. 

.       3ft     _     36  _^^^^      1     _c^d 


6.  The  L.  C.  D.  is  24  x^^z. 

'  3g  +  2_3xg(8g+2)_9xz2  ^  Q xz 
sVy^  24xV«  24«2y2«     ' 

and  3y-2^2y^(3y~2)^6y8-4y«. 

12  x2«  24  a;V«  24  x^^ 

7.  TheL.C.  D.  i8  3a(x  +  y)2. 

2c      _3q'2c     _        6ac 
(x+y)2~3a(x  +  y)2     8a(z  +  y)a' 
and  4         ^    4(x  +  y)    ^   4a;  +  4y 

8a(a;  +  y)     3a(x  +  y)3     8a(x+y)2      • 

8.  The  L.  CD.  i8r«-«». 

...   _i_  =  _A_,and— 2 ^2(r^.)^2r~2^, 

r3-s8     r'J-««  r2  +  r«  +  «^       r^  - ««        r*  — «« 

9.  The  L.  C.  D.  is  (x  -  l)(x  -  2)(x  -  3). 

.         x-1       ^        (a.-i)(x-l)        ^  x^-'2x-^l 

"  a:2-.6x  +  6      (x- l)(x- 2)(x  -  3)      (x  -  l)(x- 2)(x  -  3)  ' 

and         a:-2       ^        (x-2)(x-2)        ^  x'^-.4x+4 

x2  -  4x  +  3      (X  -  l)(x  -  2)(x  -  3)      (X  -  l)(x  -  2)(x  -  3) 

10.  The  L.  C.  D.  is  b(a^  -  f^). 

bda^^b^)     b{a:^-b^y 
ab^    __       a&8 
a* -62     6(a2-62)' 
and  «'      ^  gS(a  -t-  6)  _   o^  +  g«6   ^ 

a6  -  6-^     6(a2  _  52)      6(a2  -  62)  ' 

11.  The  L.  C.  D.  is  (1  4-  z)(l  -  ««). 
.        1      _       1  4-  g  +  g'"^ 

1-.5.2         (l_,.^)(l_-j3)' 

3     ^        3(1  4- g)        ^         3  +  8g 

l-;j3         (H.-j)(l   _;j3)         (1  4-;j)(l-;j8)'   ' 

and        ^^   =  _ 4q(l  4-g)(l  +  g  +  g^)  _ _ 4 a  +  8  gg  +  8 qg^  4-  4  qg« 
2r-l  (l4-g)(l-g«)  (l+«)(l-a3) 

12.  TheL.C.D.  is  (x-l)(x-2)(x  +  2). 

.  6g 5a(x—  2) 6  ffx  —  10  g 

a;2  +  X  -  2  ~  (x  -  1  )(x  -  2)(x  4-  2)  ~  (x  -  l)(x  -  2)(x  4-  2) ' 
3a    __  3a(x-l)  ^  3qx-3g 

x2  _  4      (a;  _  i)(a:  -  2)(x  4-2)      (x  -  l)(x  -  2)(x  4-  2)  ' 
and  q&    _,      q6(x-2)(x4-2)      ^  a6xg ->  4  a6 

x-1      (x-l)(x-2)(x4-2)      (x-l)(x-2)(x4-2)* 
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16  y  +  2     y  +  3^6y  +  10  +  3y4-9^8y+19 

3  6  15  16      * 

17  q-26     a  +  7&_4a-8&+a4-76_5q-6 

2a  %a  8a  8a 

Ig     a?  +  7a2g  +  a__6a;  +  36a  —  4x  —  2a_a;-f-33a 
2fo  56     ~  106  106 

19  2a;  +  6 13^ 1   ^16a;2  +  40a;-39-12a;^16x2+28a;-39 

3a:         8a;2     2a;  24a;2  24a;2 

20  <g-as  I  g  +  g  .  a2-g2_2a2-2aa;H-2aa;+2a;2-fa2-a:2__3a2+a;2 

X  a  2  aa;  2  ax  2  ax 
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87         3a2         3a- 6_      Sa^  3(a-2)^    9 

5a-10'     4a8        6(a  -  2)   *       4a8         20a* 
3g     x2+2x  +  l  ,    4y2    ^(x  +  l)(x  +  l)  4y2  3,4y(x+l) 

y  'x2-l  y  •  (a;  +  l)(x-l)         x-1 

89  g*-y*  4        ^(x2+y2)(a;2-y2)  4         ^1 

'8x3  +  8x^2     x2-y2  8x(x2  +  y2)  x2-y2     2x 

c  +  d  10x2  ac-2a<i 


41 


42. 


6x       c2_cd[-2(r'»  2x 

=  c+<^  .  10x2  a(c->2d)  _  ^ 

5x     *  (c-2d)(c  +  d)   *         2a; 
a- 6       a2-62  4 


43. 


(a  +  6)2  3  a2  _  2  a6  +  62 

a-6       (a  +  6)(a-  6)  4^4 

(a +  6)2  '  3  *  (a- 6)2     3(a  +  6)' 

a;2^-as--2  3  x-3 

4X--  12     '  X2-X-6  '  X- 1 

^(x  +  2)(x-l)  3  x-3_        3 

4(x-3)        '  (x-3)Cx  +  2)  '  x-1     4(x-3)' 

60.    _J^l^?_-H(2+x)=(2  +  x)(2^^^^L^^L_. 
*   2-3x  +  x2      ^    ^    ^      (2-x)(l-x)      2  +  x     1-x 

gj    xy  -  x2y2  ^    g  ,  gxy  ^xy(l  -  xy)  ^  a\x  +  y)  ^  3,  ,  y^ 

axy  cC^x  +  a2y  axy  a(l  —  xy) 

62.      x8  +  y8     .  x2-<gy +  y2_(x  +  y)(x2— xy  +  y2)  ^         gg         _a 

ahx  +  ahy  a^  ab(x -\- y)  x^—xy  +  y^     6 

63    a6  -  62  .  a2  -  2  a6  +  62  ^  6(a  -.6)  27  x^         ^  9  6x2 

3xy8     ■         27  xV  3xy8        (a-6)(a-6)      a-6' 
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54.  l=4^+(4a?  +  2x-f-l) 

a(l-2a;)  4a:«H-2a;  +  l      a 

=  8a(a;-2y«). 

56  ^fl-8&  I  g'~<>&-2&^^4Ca-26)y.   (a-fe)(a4-ft)   ^     4 
(a-6)a  a2_52  (a-by       (a-26)(aH-6)      a-6 

57  (r-2.y2^r«-r.-2^^(r-28)^^    ^r-sXr^s)   ^^^g, 

r-«  r2-»2  ^_g         (r  — 2«)(r  +  s) 

x2  +  2a^  +  y2""     je  +  y         (x  +  y)(x  +  y)       (x-3y)2 
^      1 
x-8y' 
^-.      2ag  +  q6-36a    .  gg  -  6« 


2a«  +  6a6  +  3&^      a  +  6 

^(2a  +  36)(q-5)  ^ g  +  & 

(2  a  +  3  6)(a  +  6)      (a  -  6)(aa  +  a6  +  6^) 

1 
a^  +  ab  +  b^' 
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7.  Let  X  =  number  of  dollars  of  tax  B  pays. 

Then,  2x  =  number  of  dollars  of  tax  A  pays. 

.-.  a  +  2a;  =  126. 
Solving,  X  =  42, 

and  2x  =  84. 

Hence,  A  pays  a  tax  of  $84  and  B  one  of  3  42. 

8.  Let  X  =  number  of  votes  B  received. 
Then,                      a  +  72  =  number  of  votes  A  received. 

.-.  a;  +  «  +  72  =684. 
Solving,  X  =  256, 

and  a;  4-  72  =  328. 

Hence,  328  votes  were  cast  for  A  and  256  votes  for  B. 

9.  Let  X  =  number  of  dollars  in  original  price. 
Then,                      x  +  40  =  number  of  dollars  in  present  price. 

.-.  2x- 20  =  x  +  40. 
Solving,  X  =  60. 

Hence,  the  original  price  of  the  typewriter  was  $60. 

10.  Let  X  =  number  of  dollars  mahogany  basket  costs. 

Then,  x  -  .20  x  =  8. 

Solving,  X  =  10. 

Hence,  the  cost  of  the  mahogany  waste  basket  is  $  10. 
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11.  Let  X  =  number  of  years  latter  kind  of  shoe  had 

been  manufactured. 
Then,  2a;  +  4  =  30. 

Solving,  x  =  lS. 

Hence,  the  firm  had  made  the  latter  kind  of  shoe  for  13  years. 

12.  Let  X  =  number  of  miles  traveled  by  trail. 
Then,                    2x-\-6  =  number  of  miles  traveled  by  wagon. 

.-.  a;  +  2a;  +  6  =  50.  ^ 

Solving,  X  =  15, 

and  2  X  -h  5  =  36. 

Hence,  the  distance  traveled  by  trail  is  15  miles  and  by  wagon  is  35 
miles. 
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18.   Let  z  =  number  of  dollars  in  selling  price  in  the 

United  States. 
Then,  x  +  .20  x  =  3. 

Solving,  X  =  2.5. 

Hence,  the  selling  price  of  the  clock  in  the  United  States  is  $2.50. 

14.  Let  X  =  number  of  feet  in  width  of  rectangle. 

Then,  x  +  8  =  number  of  feet  In  length  of  rectangle. 

.-.  2x+2(x  +  8)=112. 
Solving,  X  =  24, 

and  X  +  8  =  82. 

Hence,  the  rectangle  is  32  feet  long  and  24  feet  wide. 

16.   Let  X  =  number  of  rods  in  width  of  field. 

Then,  x  +  10  =  number  of  rods  in  length  of  field. 

.-.  2x  +  2(x  +  10)=132. 
Solving,  '  X  =  28, 

and  X  -f- 10  =  38. 

Hence,  the  field  is  38  rods  long  and  28  rods  wide. 

16.  Let  X  =  number  of  feet  in  side  of  square. 
Then,                   x  +  120  =  number  of  feet  in  length  of  rectangle, 

and  X  —  40  =  number  of  feet  in  width  of  rectangle. 

.-.  (x  +  120)(x-40)=x2. 
Solving,  X  =  60, 

X  +  120  =  180, 
and  X  —  40  =  20. 

Hence,  the  rectangle  is  180  feet  by  20  feet  and  the  square  60  feet  by 
60  feet. 

17.  Let  X  =  number  of  rods  in  width  of  field. 
Then,                       x  +  6  =  number  of  rods  in  length  of  field, 

X  -f  4  =  number  of  rods  in  width  when  increased, 
and        x  +  5  +  3,  orx4-8  =  number  of  rods  in  length  when  increased. 
.-.  x(x  +  5) 4- 116  =(x  +  4) (X  +  8). 
Solving,  X  =  12, 

and  X  4-  5  =  17. 

Hence,  the  field  is  17  rods  long  and  12  rods  wide. 
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18.  Let  X  =  Dumber  of  feet  in  width  of  rectangle. 
Then,                       z  +  4  =  number  of  feet  in  length  of  rectangle, 

a;  4-  5  =  number  of  feet  in  width  when  increased, 
and        z  +  4  —  3,  orx  +  l=  number  of  feet  in  length  when  decreased. 
.-.  a:(a:  +  4)+29=(a;  +  6)(a;+l). 
Solving,  X  =  12, 

and  X  +  4  =  16. 

Hence,  the  rectangle  is  16  feet  long  and  12  feet  wide. 

19.  Let  z  =  number  of  feet  in  width  of  rug. 
Then,                        x  4-  3  =  number  of  feet  in  length  of  rug, 

X  4-  3  =  number  of  feet  in  width  if  increased, 
and        X  -I-  3  +  3,  or  X  4-  6  =  number  of  feet  in  length  if  increased. 
.-.  x(x  +  3)-h  72  =(x  +  3)(x  +  6). 
Solving,  X  =  9, 

and  X  +  3  =  12. 

Hence,  the  rug  \s  12  feet  long  and  0  feet  wide. 

20.  Let  X  =  number  of  yards  in  width  of  first  field. 
Then,                            mx  =  number  of  yards  in  length  of  first  field, 

X  +  &  =  number  of  yards  in  width  of  second  field, 
and  mx  ^  a  =  number  of  yards  in  length  of  second  field. 

.'.  x(mx)+  c*  =r(x  4-  b)(mx  +  a). 

Solving,  *  =  ^^. 

a  +  bm 
and  ^^m(«^-a6). 

a4-  6w 
Hence,  the  length  of  the  first  field  is  ^(<^'  -  ^^)  yards  and  the  width 

^i^l«5  yards.  ^  "^  **" 

a  +  bm 

21.  Let  X  =  number  of  feet  in  height  of  tower. 

Then,  x  +  69  =  number  of  feet  in  height  of  main  stmctiu^. 

.-.  X  4- a; +  69  =  909. 
Solving,  X  =  420. 

Hence,  the  height  of  the  tower  is  420  feet. 

22.  Let  X  =  number  of  miles  in  length  of  run. 

Then ,  }  x  =  number  of  extra  gallons  of  gasoline  required, 

if  3  quarts  more  per  mile  were  used. 
.-.220  4- fa;  =  362. 
Solvmg,  X  =  176. 

Hence,  the  length  of  the  run  was  176  miles. 

28.   Let  X  =  number  of  feet  in  width  of  bridge. 

Then,  10  x  =  number  of  feet  in  length  of  bridge. 

.-.  10x-60  =  6(x4-6). 
Solving,  X  =  15, 

and  10x  =  160. 

Hence,  the  bridge  is  160  feet  long. 
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24.  Let  X  —  number  of  cents  B  has. 
Then,             .    A  a;  +  n  =  number  of  cents  A  has. 

.•.  X  +  Ja;  +  n  =  TO. 
Solving,  ^^2TO-2n^ 

and  lx  +  n=ri±ll^. 

2  3 

Hence,  A  has  ^Ltl^  ^ents  and  B  has  ^^"~^^  cents. 
3  a 

25.  Let  X  =  number  of  trees  removed. 
Then,                x  —  200  =  number  of  trees  left. 

.-.  X  +  X  -  200  =  2868. 
Solving,  x  =:  1634. 

Hence,  1634  trees  were  removed  from  the  maple  grove. 

26.  Let  X  =  number  of  miles  of  paved  streets. 
Then,                606  —  x  =  number  of  miles  of  unpaved  streets. 

.-.  X -20  =  80(606 -X). 
Solving,  X  =  600. 

Hence,  there  were  600  miles  of  paved  streets  in  the  city. 

27.  Let  X  =  number  of  miles  the  train  traveled  per  minute. 
Then,                        6  x  =  number  of  miles  the  train  traveled  in  6  minutes. 

.-.  5x  =  4i(x  +  i). 
Solving,  X  =  14. 

Hence,  the  train  traveled  l|  miles  per  minute. 

28.  Let  X  =  number  of  feet  in  original  depth  of  well. 
Then,                 2  x  -f-  4  =  number  of  feet  in  depth  of  well  after  it  was 

deepened. 
.-.  2x  +  4  =  x  +  22. 
Solving,  X  =  18, 

and  2  X  4-  4  =  40. 

Hence,  the  depth  of  the  well  after  it  was  deepened  was  40  feet. 

29.  Let  X  =  number  of  per  cent  of  tin  in  bronze. 
Then,                        f  x  =  number  of  per  cent  of  zinc  in  bronze, 

and  30(J  x)  =  number  of  per  cent  of  copper  in  bronze. 

.-.  x-f-M  +  30(Jx)=100. 
Solving,  X  =  7, 

fx  =  3, 
and  80(Jx)=90. 

Hence,  bronze  is  90%  copper,  3%  zinc,  and  7%  tin. 

80.  Let  X  =  number  of  per  cent  of  nickel  in  a  6-cent  piece. 

Then,  8  x  =  number  of  per  cent  of  copper  in  a  6-cent  piece. 

.-.  x  +  3x  =  100. 
Solving,  X  =  26, 

and  3x  =  76. 

Hence,  a  6-cent  piece  is  26%  nickel  and  76%  copper. 
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81.  Let  '  X  =  number  of  cents  in  cost  of  beef. 
Then,               2x  +  ll  =  a;+  LOlfx. 

Solving,  X  =  800. 

Hence,  tlie  loin  of  beef  cost  800^,  or  $8. 

82.  Let  X  =  number  of  dollars  of  capital, 
llien,                        ix  =  number  of  dollars  invested  at  4^%, 

and  i^  =  number  of  dollars  invested  at  4%. 

.*.    — *-  •  -x  H •  -x  =  17o. 

100     6        100     5 
Solving,  X  =  4000.     Hence,  his  capital  was  $  4000. 

88.  Let  X  =  number  of  per  cent  income. 

Then,  -^  •  a  =  the  annual  income  from  the  investment. 


100 

"   100 
Solving,  X  = 


a  =  12  n. 
1200  n 


a 

Hence,  the  annual  income  is %  of  the  investment. 

a 

84.  Let  X  =  number  of  minute  spaces  the  minute  hand 

travels   after  7  o'clock  before  the  hands 
come  together. 

Then ,  —  =  number  of  minute  spaces  the  hour  hand  travels 

12        in  the  same  time. 
Since  the  hands  are  35  minute  spaces  apart  at  7  o'clock, 

JL- 

12' 
Solving,  x  =  i 

Hence,  at  7 :  SS^  o'clock  the'Eands  are  together. 

85.  Let  X  =  number  of  minute  spaces  the  minute  hand 

travels  after  5  o'clock  before  it  is  15  minute 
spaces  behind  the  hour  hand. 

Then,  —  =  number  of  minute  spaces  the  hour  hand  travels 

12  in  the  same  time. 

Since  the  minute  hand  gains  25  —  15,  or  10,  minute  spaces, 

x-^=10. 

Solving,*  X  =  lOff ,  the  number  of  minutes  after  5  o'clock. 

Again,  let  x  =  number  of  minute  spaces  the  minute  hand 

travels  before  it  is  15  minute  spaces  ahead 

of  the  hour  hand. 

Then,  —  =  number  of  minute  spaces  the  hour  hand  travels 

12        in  the  same  time. 
Since  the  minute  hand  gains  25  +  15,  or  40,  minute  spaces, 

X 

12' 

Solving,  X  =  4S^,  the  nimiber  of  minutes  after  5  o'clock. 

Hence,  the  required  times  are  6 :  lOJf  o'clock  and  5  :  48^^  o'clock. 
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36.   Let  z  =  number  of  minute  spaces  the  minute  hand  travels 

after  7  o'clock  before  it  is  14  minute  spaces  behind 
the  hour  hand. 

Then,  —  =  number  of  minute  spaces  the  hour  hand  travels  in 

12         the  same  time. 
Since  the  minute  hand  gains  35  —  14,  or  21,  minute  spaces, 
x__ 
12" 
Solving,  X  =  22{^,  the  number  of  minutes  after  7  o'clock. 

Again,  let  x  =  number  of  minute  spaces  the  minute  hand  travels 
after  7  o'clock  before  it  is  14  minute  spaces  ahead 
of  the  hour  hand. 

Then,.  —  =  number  of  minute  spaces  the  hour  hand  travels  in 

12         the  same  time. 
Since  the  minute  hand  gains  85  +  14,  or  49,  minute  spaces. 

Solving,  X  =  58^^,  the  number  of  minutes  after  7  o'clock. 

Hence,  the  required  times  are  7  :  22 J^  o'clock  and  7  :  58^^  o'clock. 
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87.   Let  X  =  the  required  number  of  days. 

Then,  -  =  the  part  of  the  work  all  can  do  in  1  day. 

X 

X     4J^5^7i 
Solving,  «  =  1|. 

Hence,  A,  B,  and  C  together  can  do  the  work  in  If  days. 

38.   Let  X  =  the  required  number  of  days. 

Then,  -  =  the  part  of  the  work  all  can  do  in  1  day. 

X 

X.     c     e      r 
Solving,  x=-       ^^^ 


er  -h  cr  -\-  ce 

Hence,  A,  B,  and  C  together  can  do  the  work  in  ^^ days. 

er  -\-  cr  -\-  ce 

39.   Let  X  =  the  required  number  of  hours. 

Then,  i  =  the  part  of  the  cistern  that  can  be  filled  in  1  hour. 

X 

.-.1=1+1. 

X     m     n 

Solving,  a;  =  -^^^. 

m  +  n 

Hence,  both  pipes  flowing  together  fill  the  cistern  in    ^^     hours. 


m  -\-  n 
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40.  Let  X  =  the  digit  in  tens'  place. 
Tlien,                           jc  -f  2  =  the  digit  in  units'  place, 

and  10  a;  +  a;  +  2,  or  11 X  4-  2  =  the  number. 
lla;  +  2-6_^ 
*  '    x  +  x  +  2 
Solving,  jc  =  4, 

and  X  +  2  =  6. 

Hence,  the  number  is  46. 

41.  Let  X  =  the  di^^t  in  units'  place. 
Then,                          x  +  4  =  the  digit  in  tens'  place, 
10(x  +  4)  +  X,  or  11 X  +  40  =  the  number, 

and  10  X  +  X  +  4,  or  11 X  +  4  =  the  number  with  digits  reversed. 
.-.  11x4-4  =  ^(11  x  + 40). 

Solving,  X  =  4, 

and  X  +  4  =  8. 

Hence,  the  number  is  84. 

42.  Let  X  =  number  of  dollars  at  which  property  b 

valued. 
Then,  i  ^  =  number  of  dollars  invested  at  4  %, 

}  X  =  number  of  dollars  invested  at  5  %, 
and  A  ^  =  number  of  dollars  invested  at  3  %. 

•••TJ(F-*a;  +  Tk-i«  +  db-Aa;  =  610. 
Solving,  X  =  16,000. 

Hence,  the  man's  property  was  valued  at  $  16,000. 

48.   Let  X  =  number  of  miles  first  man  travels  per  hou: 

Then,  3  x  =  number  of  miles  second  man  travels  ptr 

hour. 
.-.  6(3x)+6x  =  360. 
Solving,  X  =  16, 

and  3  X  =  46. 

Hence,  the  first  man  travels  16  miles  per  hour,  and  the  second  46  mile> 
per  hour. 

44.  Let  X  =  number  of  miles  in  distance  to  village. 

Then,  -  =  number  of  hours  required  to  walk  to  village 

4 

and  I  =  the  number  of  hours  required  to  ride  back 

Solving,  X  =  4^. 

Hence,  the  village  was  4^*^  miles  away. 

45.  Let  X  =  number  of  ounces  of  copper  to  be  addi 
Then,                         40  +  x  =  number  of  ounces  in  new  alloy, 

Q 

and  =  part  of  the  new  alloy  that  is  silver. 

40  +  X 
8  4 


40  -f  X     60 
Solving,  X  =  80. 

Hence,  80  ounces  of  copper  must  be  added. 
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46.   Let  X  =  number  of  ounces  of  alcohol  to  be  added. 

Then,  x  +  1  =  number  of  ounces  of  alcohol  in  new  mixture, 

and  X  -I-  6  =  number  of  ounces  new  mixture  weighs. 

X  +  1  _  40 

"x  +  6      100* 
Solving,  X  =  IJ. 

Hence,  1|  ounces  of  alcohol  must  be  added. 


47.  Let 

Then, 

and 

Solving, 
and 


X  =  number  of  men  on  a  side  at  first, 
x^  =  number  of  men  at  first, 
X  —  1  =  number  of  men  on  a  side  when  rearranged, 
(x  —  1)2  +  1  =  number  of  men  left  after  the  battle. 
.•.x2-60  =  (X-  1)3  +  1. 
x  =  31, 
x2  =  961. 


Hence,  there  were  961  men  in  the  regiment. 
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(l)-(2), 


f8x-|-4y 
1    8x- 


y 

by 

y- 


Substituting  (3)  in  (2),  x  =  3. 


=  29,  (1) 

:4.  (2) 

:26. 

:  5.  (3) 


f    2x  +  y: 

u     - 


I5x  +  ; 

(l)x3,  6x  +  3y: 

(3)- (2),  X: 

Substituting  (4)  in  (1),  y  = 


(2)xi, 
(l)-(3), 


(6x  +  6y  : 

}4x-fr 


2y: 

ex  +  Sy  : 

2y: 

y- 

Substituting (4)  in (2),  x : 


(    4x  +  y: 
}6x  +  r 


2y 

(l)x2,  8x-|-2y 

[(3)-(2)]-^2,  X 

Substituting  (4)  m  (1),  y 


=  -2,  (1) 

:-3.  (2) 

:-6.  (3) 

:-3.  (4) 
:  4. 


:18,  (1) 

:10.  (2) 

:16.  (3) 

:-2. 

-1.  (4) 
3. 


7,      (1 

13.  (2 

14.  (3) 
(4) 


zi 


^'  |3x4-2y 

(1)X2,  2x-f2y: 

(2)-(3),  x: 

Subptitu^ijpg  (4)  in  (1),  y  -. 


=  -6,    m 
=  -13.(2) 

:-10.(3) 
:-3.  (4) 
:-2. 


(2x-4y  =  6, 

jr 


®-  |6x  +  8y=17. 

(I)x2,  4x-8y  =  10. 

(2) +  (3),  9x  =  27. 

x  =  3. 
Substituting  (4)  in  (1),  y  =  J. 

^  (3o-6  =  26, 

^'  i4o-3  =  36. 

(I)x3,  9  o- 18  =  6  6. 

(2)x2,  8o-6  =  66. 

(3)- (4),  o  =  12. 

Substituting  (6)  in  (1),  b  =  15. 


(2) 
(8) 

(4) 


(8) 

Si 


8. 


(2)x.2, 
(l)  +  (3), 


|.6x  +  .2y  =  2,       (1) 
1         x-y  =  lS.     (2) 


.2x- 


.2y  =  3.6.    (3) 
7x  =  6.6. 
x  =  8.       (4) 
Substituting  (4)  in  (2),  y  =  -  10. 


9. 


f3w  +  6n  =  6, 
I    6w  +  4=:9n. 

(I)x2,  6m+12n  =  10. 

(3) -(2),  21n  =  14. 

n  =  f 

Substituting (4)  in (1),  m  =  J. 


(1) 
(8) 
(4) 


10. 

(2)-(l), 


(.4r-.35=-l,    (1) 


.6  r -.3  8  =  0.       (2) 
2r=  1. 
r  =  6.       (3) 
Substituting  (3)  in  (!),«=  10. 
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II  )3p-f4g=100, 

"•  i8p-3g  =  48. 

(1)X3,  9p  +  12g  =  300. 
(2)x4,  32j9-12g  =  192. 
(3) +  (4),  41p  =  492. 

p=12. 
Substituting  (6)  in  (1), 

g  =  16. 

-^  j8a+81=~66, 

^*-  I  4a +  23  =  6. 

(2)x2,  8a+46  =  26. 
(l)-(3),  -76  =  36. 

6  =—  6. 
Substituting  (4)  in  (2), 

o=-7. 

*^-  }2x  +  4y  =  14. 

From  (1),  x=9  — 8y. 

Substituting  (3)  in  (2), 
18-6y  +  4y=14. 
y  =  2. 
Substituting  (4)  in  (3), 

3B  =  3. 

-.  (3a  +  4y  =  34, 

From  (2),  a;  =  y—  6. 

Substituting  (3)  in  (1), 
3y  _  16  +  4y  =  34. 

y  =  7. 
Substituting  (4)  in  (3), 

a;  =  2. 

IS  J       x-6  =  2y, 

"•  |2x  +  6y  =  16. 

From  (1),  a;  =  2y  +  6. 

Substituting  (3)  in  (2), 
4y+10  +  6y=  16. 

y  =  h 

Substituting  (4)  in  (3), 
x  =  6. 


16 


fy  +  2x=-8, 
la:4-2y=-7. 
From  (1),  y  =  -2x— 8. 

Substituting  (3)  in  (2), 

x-4a-  16  =-7. 
aj=-3. 
Substituting  (4)  in  (3), 

y=-2. 


(1) 
(2) 
(3) 
(4) 

(6) 


(1) 
(2) 
(3) 

(4) 


(1) 
(2) 
(3) 


(4) 


(2) 
(8) 

(4) 


(3) 
(4) 


(1) 
(2) 
(3) 


(4) 


From  (1),  a  =  ib. 

Substituting  (3)  in  (2), 

J6  =  6  +  10. 

6  =  6. 
Substituting  (4)  in  (3), 

0  =  8. 

,g  (4c-3<i  =  l, 

Substituting  (2)  in  (1), 
6d-3d=l. 
d  =  i. 
Substituting  (3)  in  (2), 
c  =  J. 


(1) 
(2) 
(3) 


(4) 


(1) 
(2) 


(3) 


19                     y-^^  =  }^' 

(1) 

^»-               jx  +  3y  =  l. 

(2) 

From  (1),              y  =  a;  +  ll. 

(3) 

Substituting  (3)  in  (2), 

flc  +  3a;  +  33  =  l. 

x=-8. 

(4) 

Substituting  (4)  in  (3), 

y  =  3. 

fiA          f     X  4-  y  =  0, 

(1) 

(2) 

From  (1),                «=— y. 

(3) 

Substituting  (3)  in  (2), 

Sy-2y  =  4. 

2/ =  4. 

(4) 

Substituting  (4)  in  (1), 

x=-4. 

21. 

From  (2), 


(48  =  3p+2g,     (1) 
j    4  =  6p-3g.     (2) 


^  =  ^-±±±. 


(3) 


Substituting  (3)  in  (1), 

48=3(-^)  +  2,. 

g  =  12.  (4) 

Substituting  (4)  in  (3), 
p  =  8. 


92. 


(  4  X  -  13  =  ^  y, 


1) 
y  -  8  =  16  x.  (2) 


(1) 


From  (2),  y  =  16x  +  8.   (3) 

Substituting  (3)  in  (1), 

4x-13=-16x-8. 

x  =  J.  (4) 

Substituting  (4)  in  (3), 
y=12. 
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1.  Let  X  =  the  larger  number, 
and  y  =  the  smaller  number. 

Then,  jc  +  y  =  24, 

and  X  —  y  =  12. 

Adding  (1)  and  (2),         2  x  =  36  ;  .•.  x=18,  the  lai^ger  number. 
Substituting  18  for  x  in  (1), 

18  -h  y  =  24 ;  .«.  y =6,  the  smaller  number. 

2.  Let  X  =  the  larger  number, 
and                         •  y  =  the  smaller  number. 

Then,  x+y  =  18,  (1) 

and  J(x-y)=2.  (2) 

Multiplying  (2)  by  8,    x  -  y  =  6.  (3) 

Adding  (1)  and  (3),         2  x  =  24 ;  .-.  x= 12,  the  larger  number. 
Substituting  12  for  x  in  (1), 

12  4-  y  =  18 ;  .-.  y  =  6,  the  smaller  number. 

3.  Let  X  =  the  larger  number, 
and  y  =  the  smaller  number. 

Then,  x  +  y  =  5,  (1) 

and  X  —  y  =  d.  (2) 

Adding  (1)  and  (2),         2  x  =  5  +  d ;  .*.  x  =  ^jt^^  the  larger  number. 

2 

^  o /? 

Subtracting  (2)  from  (1),  2y  =  8—d;  .*.  y  =  —^ — -,  the  smaller  number. 

4.  Let  X  =  number  of  inches  in  length  of  rectangle, 
and  y  =  number  of  inches  in  width  of  rectangle. 

Then,  x  -  y  =  14,  (1) 

and  2x+2y  =  124.  (2) 

Dividing  (2)  by  2,        x  +  y  =  62.  (3) 

Adding  (1)  and  (3),         2x  =  76 ;  .-.  x  =  38. 
Substituting  38  for  x  in  (1), 

38-y  =  14;  .-.  y  =  24. 
Hence,  the  rectangle  is  38  Inches  long  and  24  inches  wide. 

5.  Let  X  =  number  of  2-dollar  bills, 
and  y  =  number  of  5-dollar  bills. 

Then,  x  +  y  =  36,  (1) 

and  2x  +  6y  =  100.  (2) 

Multiplying  (1)  by  2,  2  x  +  2  y  =  70.  (3) 

Subtracting  (3)  from  (2),  3y  =  30  ;  .-.  y  =  10. 

Substituting  10  for  y  in  (1),     x  -f  10  =  36 ;  .-.  x  =  26. 
Hence,  the  man  deposited  26  2^ollar  bills  and  10  6-dollar  bills. 

6.  Let  X  =  number  of  pounds  one  woman  shelled, 
and  y  =  number  of  pounds  other  woman  shelled. 

Then,  x  +  y  =  166,  (1) 

and  X  -h  10  =  y  —  6.  (2) 

Adding  (1)  and  (2),         2x  =  160  ;  .-.  x  =  76. 

Substituting  76  for  x  in  (1), 

75  + y  =  166;  .-.  y  =  90. 

Hence,  one  woman  shelled  76  pounds  of  hazelnuts  and  the  other  woman 
shelled  90  pounds.  » 


_  Digitized  by  VjOOQ IC 


612     KEY  TO  STANDARD  ALGEBRA  REVISED     [472,473 

7.  Let  X  =  number  of  ounces  larger  apple  weighed, 
and  y  =  number  of  ounces  smaller  apple  weighed. 

Then,  a;  +  y  =  64,  (1) 

and  y  —  13  =  J  jc. 

From  (2),  «  =  2^-26. 

Substituting  (8)  in  (1),  2  y  -  26  -f  y  =  64 ;  .•.  y  =  80. 
Substituting  30  for  y  in  (1),  «  +  30  =  64 ;  .-.  x  =  34. 
Hence,  the  larger  apple  weighed  34  ounces  and  the  smaller  30  ounces. 

8.  Let  X  =  number  of  dollars  in  one  man's  weekly  wage, 
and  y  =  number  of  dollars  in  other's  weekly  wage. 

Then,  a;-y  =  6,  -  (1) 

and  6a;  =  8y.  (2) 

From(l),  a;  =  y+6.  (3) 

Substituting  (3)  in  (2),  5y  +  30  =  8 y ;  .-.  y  =  10. 
Substitutfaig  10  for  y  in  H),  a;  -  10  =  6 ;  .-.  a;  =  16. 
Hence,  one  man  earned  $  16  per  week  and  the  other  $  10  per  week. 

9.  Let  X  =  one  number, 

and  y  =  the  other  number. 

Then,  2a;-|-5y  =  20,  (1) 

and  3x-|-4y  =  23.  (2) 

Multiplying  ( 1 )  by  3,       6  x  -f  16  y  =  60.  (3) - 

Multiplying  (2)  by  2,       6  x  +    8  y  =  46.  (4) 

Subtracting  (4)  from  (3),  7  y  =  14 ;  .-.  y  =  2. 

Substituting  2  for  y  in  (1),  2  x  +  10  =  20 ;  .-.  x  =  6. 

Hence,  one  number  is  5  and  the  other  2. 

10.  Let  X  =  number  of  knots  liner  made  the  first  day, 
and  y  =  number  of  knots  liner  made  the  second  day. 

Then,  x  +  y  =  762,  (1) 

and  y  -  X  =  162.  (2) 

Adding  (1)  and  (2),  2  y  =  914 ;  .-.  y  =  467. 

Substituting  467  for  y  in  (1),  x  +  467  =  762  ;  .-.  x  =  306. 

Hence,  the  liner  made  306  knots  the  first  day  and  467  knots  the  second 
day. 

11.  Let  X  =  number  of  feet  in  length  of  lock, 
and  y  =  number  of  feet  in  width  of  lock. 

Then,  «  =  7i2/»  (1) 

and  y-6  =  ix.  (2) 

Substituting  (1)  in  (2),  y  -  6  =  |(7i  y);  .\  y  =  80. 

Substituting  80  for  y  in  (1),  x  =  7i(80) ;  .-.  x  =  600. 

Hence,  the  lock  is  600  feet  long  and  80  feet  wide. 

Page  473 

12.  Let  X  =  number  of  cents  in  cost  of  ribbon  per  yard, 
and                                   y  =  number  of  cents  in  cost  of  lace  per  yard. 

Then,  3x-|-2y  =  164,  (1) 

and  2x  — 8y  =  l.  (2) 

Multiplying  (1)  by  2,  6x  +  4y  =  328. 
Multiplying  (2)  by  3,  6  x  -  9  y  =  3. 
Subtracting  (4)  from  (3),  13  y  =  326  ;  .*.  y  =  26. 
Substituting  26  for  y  in  (2),  2  x  —  76  =  1  ;  .-.  x  =  38. 
Hence,  ribbon  cost  38  f  per  yard  and  lace  26^. 


(8) 
(4) 


Digitized  by  VjOOQIC 


473]  SUPPLEMENTARY  EXERCISES  613 

18.  Let  .  X  =  number  of  bushels  a  cotton  bag  holds, 

and  1^  =  number  of  bushels  a  burlap  bag  holds. 

Then,  3a;  +  2y  =  16J,  (1) 

and  4x  +  Sy  =  22,  (2) 

Multiplying  (1)  by  4,  12  ac  +  8  j/  =  62.  (8) 

Multiplying  (2)  by  3,  12  «+  9  2/  =  ^^^  (4) 

Subtracting  (3)  from  (4),       y  =  4. 

Substituting  4  for  y  in  (2),  4  aj  +  12  =  22  ;  .  •.  a:  =  2^, 

Hence,  a.cotton  grain  bag  holds  2|  bushels  and  a  burlap  bag  4  bushels. 

14.   Let  X  =  number    of    cents    best   quality   of 

matches  cost  per  box, 
and  y  =  number  of  cents  poorest  quality  of 

matches  cost. 

Then,  10a:  +  4y  =  24,  (1) 

and  8a;  +  8y  =  24.  (2) 

Multiplying  (1)  by  2,  20aj  +  8  y  =  48.  (3) 

Subtracting  (2)  from  (3),  12  ac  =  24  ;  ,\x  =  2. 

Substituting  2  for  x  in  (2),  16  +  8  j/  =  24  ;  .-.  y  =  1. 

Hence,  the  best  quality  of  matches  cost  2  ^  per  box,  and  the  poorest  1  ^. 

16.  Let  X  =  rate  of  bird  in  miles  per  hour,  ^ 

y  =  rate  of  wind  in  miles  per  hour  in  first  case, 
and  2  y  =  rate  of  wind  in  miles  per  hour  in  second  case. 

Then,  flc  +  y  =  66,  (1) 

and  a:  -  2  y  =  30.  (2) 

Subtracting  (2)  from  (1),     3  y  =  26  ;  .  •.  y  =  8J,  and  2  y  =  16J. 

Hence,  the  rate  of  the  wind  was  8J  miles  per  hour  in  the  first  case  and 
16f  miles  -per  hour  in  the  second  case. 

16.  Let  X  =  rate  of  rowing  in  still  water  in  miles 

per  hour, 
and  y  =  rate  of  current  in  miles  per  hour. 

Then,  a:  +  y  =  ^,  (1) 

c 

and  a:-y  =  ^.  (2) 

Adding  (1)  and  (2),  2a;  =  ^  +^;  .-.  x=^^*  +  ^^. 

c       d  2  cd 

Subtracting  (2)  from  (1),     2y=^-^^;  .•.y  =  ^^"^^. 

c      d  2  cd 

Hence,  the  man's  rate  of  rowing  in  still  water  is  ^^"'"        miles  per 

hour,  and  the  rate  of  the  current  is        ""  ^^  miles  per  hour. 

2cd 

17.  Let  X  =  number  of  feet  in  length  of  pipe  line, 
and                                             y  =  number  of  feet  in  diameter  of  pipe 

line. 
Then,  x  + 100  =  200  y,  (1) 

and  aj=100(y  +  ll).  (2) 

Substituting  (2)  in  (1),  100(y  +  H)  +  100  =  200y ;  .-.  y  =  12. 
Substituting  12  for  y  in  (1),  a;  +  100  =  2400  ;  .-.  a;  =  2300. 
Hence,  the  pipe  line  is  2300  feet  long  and  12  feet  in  diameter. 

STAND.    ALG.    REV.    KEY  —  33  r^r^^r^T^ 
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IS.  Let  X  =  weight  of  cast   iron   in   pounds  per 

cubic  foot, 
and  y  =  weiglit  of  wrought  iron  in  pounds  per 

cubic  foot. 

Then,  y-aj  =  30,  (1 

and  16x=16y.  (2 

From  (2),  x  =  Uy.  (3- 

SubsUtutmg  (8)  in  (1),  y-{i  y  =  80  ;  .-.  y  =  480. 

Substituting  480  for  y  in  (1),  480  -  x  =  30 ;  ..  x  =  450. 

Hence,  cast  iron  weighs  450  pounds  per  cubic  foot  and  wrought  iron 
480  pounds  per  cubic  foot. 

19.  Let  X  =  number  of  per  cent  of  water  in  watermelons, 
and  y  =  number  of  per  cent  of  water  in  currants. 

Then,  x  -  y  =  10,  (1 

and  17  x  =  19  y.  (2 

From  (2),  x  =  ^y,  (oi 

Substituting  (8)  m  (1),  if  y  -  y  =  10 ;  .\  y  =  85. 
Substituting  85  for  y  in  (1),  x  -  85  =  10 ;  .  •.  x  =  05. 
Hence,  watermelons  are  05%  water  and  currants  are  85%  water. 

20.  Let  X  =  weight  of  larger  brick  in  pounds, 
and  y  =  weight  of  smaller  brick  in  ponnds. 

Then,  x-y  =  21,  (1 

and  6x  +  5y  =  92.  (2 

Multiplying  (1)  by  6,  6  x  -  6  y  =  15.  (3 

Subtracting  (3)  from  (2),  lly  =  77  ;   .-.  y  =  7. 
Substituting  7  for  y  in  (1),  x  —  7  =  2i  ;   . •.  x  =  9J. 
Hence,  the  larger  brick  weighs  9^  pounds  and  the  smaller  7  pounds. 
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51.  Let  X  =  Qne  number, 

and  y  =  the  other  number. 

Then,  1  +  1  =  4J,  (1 

X     y       •  ^ 

and  x  =  32y.  (2 

Substituting  (2)  in  (1),  -i-  +  i  =  4i . 

u2  y     y 
Solving,  J'  =  J- 

Substituting  J  for  y  in  (2),     x  =  8. 
Hence,  the  numbers  are  8  and  J. 

52.  Let  X  =  one  number, 

and  y  =  the  other  number. 

Then,  l  +  i  =  m,  (1 

X     y  ^ 

and  X  =  ly.  (2 

Substituting  (2)  in  (1),    1  +  i  =  m  ;  .-.  y  =  ^-i^ . 
ly     y  ml 

Substituting  ^-±i  for  y  in  (2),  x  =  ^i?^. 
ml  m 

Hence,  the  numbers  are  ^-i-l  and  ^-^ . 
m  ml 

Digitized  by  VjOOQ IC 


474] 


SUPPLEMENTARY  EXERCISES 


615 


23.   Let 

X  =  the  digit  in  tens' 

place. 

and 

y  =  the  digit  in  units' 

place. 

Then, 

x  +  y  =  l2, 

(1) 

and 

y  =  2x. 

(2) 

Substituting  (2)  in  (1), 
Substituting  4  for  ac  in  (2), 
Hence,  the  number  is  48. 

flc  +  2a;=  12;  .-.  a  =  4. 

y  =  8. 

24.  Let 

X  =  the  digit  in  tens'  place. 

and 

y  =  the  digit  in  units' 

place. 

Then, 

10  a;  +  y  =  the  number, 

and 

10  y  +  a:  =  the  number  with 

digits  reversed. 

,*, 

10x  +  y  =  S(x-\-y), 

(1) 

and                                   l0x-\-y-46  =  lOy  +  x. 

(2) 

Reducing  (1), 

x  =  iy. 

s 

Reducing  (2), 

x^y  =  b. 

Substituting  (3)  in  (4), 
Substituting  2  for  y  in  (3), 

iy-y  =  6;  .-.  y  =  2. 

x  =  7. 

Hence,  the  number  is  72. 

25.   Let 

X  =  one  number, 

and 

y  =  the  other  number 

. 

Then, 

^  +  5  =  4, 
X     y 

(1) 

and 

,    l=^iy' 

(2) 

Substituting  (2)  in  (1), 

Hy    y 
y  =  2. 

Solving, 

Substituting  2  for  y  in  (2), 
Hence,  the  numbers  are  3  i 

x  =  S. 

and  2. 

26.  Let 

-  =  the  fraction. 

y 

x-1     6 
y     "6' 

Then, 

(1) 

and 

X           1 

(2) 

y+ 10     2 

Reducing  (1), 

6x-6y  =  6. 

(3) 

Reducing  (2), 

2x-y  =  10. 

(4) 

Multiplying  (4)  by  3, 
Subtracting  (3)  from  (6), 

6x-3y=:30. 

(5) 

2y  =  24;  .-.  y  =  12. 

Substituting  12  for  y  in  (4), 

,2a;- 12  =  10;  .-.  a;=ll. 

Hence,  the  fraction  is  JJ. 

27.  Let 

X  =  number  of  smallest 

pound, 
y  =  number  of  largest  i 

size  of  nuts  per 

and 

jize  of  nuts 

1  per 

pound. 

Then, 

«  -  y  =  76, 

(1) 

and 

2x  +  3y  =  276. 

(2) 

Multiplying  (1)  by  3, 

3x-3y  =  226. 

(8) 

Adding  (2)  and  (3), 

6x  =  600;  .-.  x=100. 

Substituting  100  for  a  in  (1),  100  -  y  =  76  ;  .-.  y  =  25. 

Hence,  there  are  100  of  the  smallest  size  of  nuts  per  pound  and  25  of 

the  largest  size  of  nuts  per  pound. 
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88.   Let  X  =  number  of  minutes  required  to 

unload  a  car  of  grain  in  bulk, 
and  y  =  number  of  minutes  required  to 

unload  a  car  of  sacked  grain. 

Then,  ac  — y  =  50,  (1) 

and  9y  =  4x,  (2) 

From  (2),  y  =  fx.  (8) 

Substituting  (3)  in  (1),  x  -  f  a;  =  60 ;  /.  x  =  90. 

Substituting  90  for  a;  in  (3),  y  =  40. 

Hence,  it  takes  40  minutes  to  unload  a  car  of  sacked  grain  and  90  min- 
utes to  unload  a  car  of  grain  in  bulk. 

29.  Let  X  =  number  of  tons  of  steel  in  the 

bridge, 
and  y  =  number  of  tons  of  iron  in  the 

bridge. 
Then,  flc  +  y  =  6600, 

and  17x  =  lly. 

From  (2),  x  =  Uy, 

Substituting  (3)  in  (1),         Jj  y  +  y  =  6600  ;  .'.  y  =  3400. 
Substituting  3400  for  y  in  (3),        x  =  2200. 
Hence,  there  are  2200  tons  of  steel  and  3400  tons  of  iron  in  the  bridge. 

30.  Let  X  =  number  of  seats  in  the  bleachers, 
and  y  =  the  total  number  of  seats  at  the 

grounds. 


Then,  x  -  2000  =  J  y,  (1) 

"»=4a;.  (2) 

From  (2),  y  =  4«-1000.  (3) 


and  y  +  1000  =  4a;.  (2) 


Substituting  (3)  in  (1),       x  -  2000  =  K4a;  -  1000). 
Solving,  X  =  9000. 

Hence,  the  bleachers  will  seat  9000  people. 
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81 .  Let  X  =  number  of  dollars  invested  at  6  ^J, 
and  y  =  number  of  dollars  invested  at  3 

Then,  «  -f  y  =  3260,  (1) 

and  .06  X  +  .03y  =  117.60.  .    (2) 

Multiplying  (1)  by  .03,  .03x  +  .03y  =  97.50.  (3) 

Subtracting  (3)  from  (2),  .02  x  =  20 ;  .-.  x  =  1000. 

Substituting  1000  for  x  in  (1), 

1000  +  y  =  3260 ;  .-.  y  =  2260. 
Hence,  the  man  invested  $  1000  at  5  %  and  $  2260  at  3%. 

82.  Let  X  =  number  of  dollars  invested  at  4tOJ, 
and  y  =  number  of  dollars  invested  at  3 

Then,  x  +  y  =  3600,  (1) 

and  .04x  =  .03y.  (2) 

From  (2),  x  =  fy.  (3) 

Substituting  (3)  m  (1),  f  y  +  y  =  3500  ;  .".  y  =  2000. 

Substituting  2000  for  y  in  (3),        x  =  1600. 
Hence,  the  man  invested  $  1600  at  4%  and  $2000  at  3%. 


Digitized  by  VjOOQIC 


r5]  SDPl»LEMENTARY  EXERCISES  617 

38.    Let  %  =  the  number  of  bridges, 

ad  ,    y  =  the  number  of  tunnels. 

Then,  x-16y  =  23,  (1) 

nd  y  +  ^  =  i\x. 

From  (2),  a;  =  14y +70. 

Substituting  (3)  in  (1),    14y-|-70-16y  =  23  ;  .-.  y  =  47. 

Substituting  47  for  y  in  (3) ,  a;  =  668  -f  70 ;  .  •.  a  =  728. 

Hence,  there  were  728  bridges  and  47  tunnels  on  the  railroad. 

84.   Let  X  —  number  of  pounds  of  tin, 

,nd  y  =  number  of  pounds  of  lead. 

Then,  ac  +  y  =  24,  (1) 

nd  .  137  a:  +  .089  y  =  2.904.  (2) 

Multiplying  (1)  by  .089,    .089  x-\-  .089  y  =  2. 136.  (3) 

Subtracting  (3)  from  (2),  .048 x  =  .768  ;  .-.  a;  =  16. 

Substituting  16  for  x  in  (1),        16  +  y  =  24 ;  .•.  y  =  8. 

Hence,  there  were  16  pounds  of  tin  and  8  pounds  of  lead  in  the  piece. 

35.  Let  X  =  number  of  feet  in  length  of 

pier  over  land, 
i,nd  y  =  number  of  feet  in«  length  of 

pier  over  water. 
Then,  x-y  =  70,  (1) 

ind  Kx  +  y)  =  y +  190.  (2) 

Clearing  (2)  of  fractions,  etc.,   2  a;  —  y  =  670.  (3) 

From  (1),  yi=a;— 70.  (4) 

Substituting  (4)  in  (3),    2  x  -  (a;  -  70)  =  670  ;  .-.  a:  =  600. 
Substituting  600  for  a;  in  (4) ,  y  =  430. 

Hence,  the  total  length  of  the  pier  is  600  feet  +  430  feet,  or  930  feet. 

36.  Let      X  =  number  of  pounds  of  Canadian  bluegrass  seed, 
sind  y  =  number  of  pounds  of  Kentucky  bluegrass  seed. 

Then,  «  -  y  =  3,  (1) 

and  6a  +  16y  =  7(a;  +  y).  (2) 

Reducing  (2),  a;  =  4y.  (3) 

Substituting  (3)  in  (1),  4  y  -  y  =  3;  .-.  y  =  1. 

Substituting  1  for  y  in  (3),  a;  =  4. 

Hence,  the  mixture  contained  4  pounds  of  Canadian  bluegrass  seed  and 
1  pound  of  Kentucky  bluegrass  seed. 

37.  Let  X  =  capacity  of  first  pipe  in  gallons  per  minute, 
and    •  y  =  capacity  of  second  pipe  in  gallons  per  minute. 

Then,  rx  —  sy  =  t^ 

and  8X  —  uy  =  v. 

Multiplying  (1)  by  m,  rux  —  sny  =  tu. 

Multiplying  (2)  by  »,  a'h^  —  suy  =  sv.                        tu-^av     ^^^ 

Subtracting  (4)  from  (3),  rux  —  8^=  tu^  sv  ;  .  •.  x  =  — — —  • 

Multiplying  (1)  by  5,  rsx  —  s^y  =  st.                        rw  —  »*     ^^^ 

Multiplying  (2)  by  r,  rsx  —  ray  =  rv,                        .                (6) 

Subtracting  (6)  from  (6),  my  -  s'^y  =  st  ~  rv \  . •.  y  =  ^^'"^» 

Hence,  the  capacity  of  the  first  pipe  is  gallons  per  minute  and 

of  the  second  ^  gallons  per  minute. 

ru  —  f^ 


s 
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88.   Let  X  =  the  digit  in  tens'  place, 

.  and  y  =  the  digit  in  units'  place. 

Then,  10  x  +  y  =  total  height  of  monument  in 

feet, 
and  lOy  +  se  =  height  of  shaft  in  feet. 

Also,  x-|-y  =  16,  (1) 

and         ,  lOx+y -(10y  +  x)=27.  (2) 

Reducing  (2),  aj  -  y  =  3.  (3) 

Adding  (1)  and  (3),  2a;  =  18  ;  .-.  x  =  9. 

Substituting  9  for  «  in  (1),  9  +  y  =  16  ;  . •.  y  =  6. 

Hence,  the  total  height  of  the  monument  is  90  feet. 
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1.  Let  X  =  first  part, 

y  =  second  part, 
and  z  =  third  part. 

Then,  x  +  y  +  «=432,  (1) 

x  +  iy  +  i«  =  267,  ^  (2) 

and  «  +  iy  +  ix  =  267.  (3) 

Multiplying  (3)  by  2,  2 «  +  y  +  x  =  534.  (4) 

Subtracting  (1)  from  (4),  z  =  102.  (6) 

Substituting  (6)  in  (1),  x  +  y  =  330. 

Substituting  (6 )  in  (2) ,  x  +  i  y  =  200. 

Subtracting  (7)  from  (6),  |y  =  124;  .-.  y  =  156. 

Substituting  156  for  y  in  (6),    x  +  156  =  330 ;  .-.  x  =  175. 
Hence,  the  parts  of  432  are  176,  156,  and  102. 

8.  Let  X  =  number  of  cents  Henry  has, 

y  =  number  of  cents  James  has, 
and  z  =  number  of  cents  Ralph  has. 

Then,  x  +  y  +  «  =  50,  (1) 

X  +  2?  =  35,  (2) 

and  y  4- « =  40.  (3) 

Subtracting  (3)  from  (1),  x  =  10.  (4) 

Subtracting  (2)  from  (1),         ,  y  =  15.  (6) 

Substituting  (4)  and  (5)  in  (1),  z  =  26. 

Hence,  Henry  has  10  ^,  James  has  15^,  and  Ralph  has  25^. 
3.    Let 


and 

Then, 

and 
Transposing  in  (2), 
Transposing  in  (3), 
Adding  (4)  and  (1), 
Adding  (6)  and  (6), 
Substituting  25  for  x  in  (4), 
Substituting  25  for  x  in  (5), 
Hence,  the  first  boy  had  26  marbles,  the  second  18,  and  the  third  14. 


X: 

=  number  of  marbles  first  boy 

has. 

y 

=  number    of   marbles 
boy  has, 

second 

Z  : 

=  number  of  marbles  third  boy 

has. 

X 

+  y  +  e- 

=  67, 

(1) 

X 

-1- 

-5: 

=  2/  +  li 

(2) 
(3) 
(4) 

X 

-1- 

-5: 

=  z  +  6. 

X- 

-y 

=  7. 

X' 

—  « 

=  11. 

(6) 

2x  +  z 

=  64. 

(6) 

3x 

=  75;  .-.  x  =  25. 

26 

-  y 

=  7  ;  .-.  y  =  18. 

25 

—  z 

=  11;  .-.  ^=14. 
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4.  Let  X  =  daily  wages  of  A  in  dollars, 

y  =  daily  wages  of  B  in  dollars, 
and  z  =  daily  wages  of  C  in  dollars. 

Then,  jc  +  y  +  ar  =  7.60,  (1) 

x-\-y  =  2z,  (2) 

and  flc  +  «  =  y  +  1.60.  (3) 

Subtracting  (2)  from  (1),  Sz  =  7.60  ;.•.«=  2.60. 

Subtracting  (8)  from  (1),  2  y  =  6  ;  .-.  y  =  3. 

Substituting  3  for  y  and  2.60  for  «  in  (1), 

X  +  3  +  2.60  =  7.60  ;  .'.x  =  2. 
Hence,  A  earns  $2  per  day,  B  $3,  and  C  $2.60. 

5.  Let  X  =  number  of  dollars  house  cost^ 

y  =  number  of  dollars  garden  cost, 
and  z  =  number  of  dollars  stable  cost. 

Then,  a;  +  y  +  «  =  12,000,  (1 ) 

x  =  2z,  (2) 

and  y  +  260  =  i  «.  (8) 

From  (3),  y  =  i«-260.  (4) 

Substituting  (2)  and  (4)  in  (1), 

2«  +  i0 -260  +  «*=  12,000;  .-.  «  =  3600. 
Substituting  3500  for  z  in  (2)»  x  =  7000. 

Substituting  3600  for  z  in  (4),  y  =  1760  -  260  =  1600. 

Hence,  the  house  cost  $  7000,  the  garden  $  1600,  and  the  stable  f$  3600. 

6.  Let  X  =  first  part,  y  =  second  part,  and  z  =  third  part. 

Then,  x-^y-^zz^n,  (1) 

-  =  a,  (2) 

y 

and  y-  =  b.  (3) 

z 
From  (2),  x  =  ay.  (4) 

From  (3),  «  =  ?•  (6) 

0 

(4)  and  (5)  in  (1),            ay  +  y+l  =  n;  .:  y  =   .  J*"     ,  • 
^ in  (4)  and  (6),  x  = ^^^  and  z  =  '      \       •. 

7.  Let  a  =  digit  in  hundreds'  place, 

y  =  digit  in  tens'  place, 
and  z  =  digit  in  units'  place. 

Then,  100  «  +  10  y  +  «  =  the  number, 

and  100  «  +  10  y  +  »  =  the  number  with  digits  reversed. 

Also,  «  +  y  +  «  =  8,  (1) 

z-y  =  S,  (2) 

and  100x+10y  +  2;  +  396  =  1002J-|-10y+x. 

Transposing  in  (3),  etc.,  a;  —  «  =—  4. 

Adding  (1)  and  (2),  x  +  2  «  =  11. 

Subtracting  (4)  from  (6),  Sz  =  lb;  .\  z  =6. 

Substituting  6  for  z  in  (4),         x  —  6  =—  4 ;  .•.  x  =  1. 

Substituting  6  for  «  in  (2),         6  —  y  =  3  ;  .•.  y  =  2. 

Hence,  the  number  is  126. 
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8.  Let  z  =  number  of  l-doUar  bills, 

y  =  number  of  lO^oUar  bills, 
and  z  =  number  of  2-dollar  bills. 

Then,  a5+y  +  «  =  20,  (1) 

x+10y  +  2a  =  52,  (2) 

and  X  =  4  y.  (3) 

Multiplying  (1)  by  2  and  subtracting  the  result  from  (2), 

8y-x  =  12.  (4) 

Substitutmg  (3)  in  (4),  -  8  y  -  4  y  =  12 ;  .-.  y  =  3. 
Substituting  3  for  y  in  r3),  x  =  12. 

Substituting  3  for  y  ana  12  for  x  in  (1), 

12  +  3-|-«  =  20;  .-.  «  =  6. 
Hence,  the  man  deposited  12  1-dollar  bills,  3  10-dollar  bills,  and  6 
2-doUar  bills. 

9.  Let  X  =  capacity  of  smallest  box  in  pounds, 

y  =  capacity  of  middle-sized  box  in 
pounds, 
and  z  =  capacity  of  largest  box  in  pounds. 

Then,  3x  +  2«  =  66,  (1) 

2y  +  4x  =  50,  f2) 

and  £r  +  3y  =  66.  (3) 

Multiplying  (3)  by  2,        2  «  +  6  y  =  130. 
Subtracting  (1 )  from  (4),  6y  -  3x  =  75. 
Dividing  (6)  by  3,  2  y  -  x  =  26. 

Subtracting  (6)  from  (2),  6  x  =  25  ;  .-.  x  =  5. 

Substituting  6  for  x  in  (2),  2  y  +  20  =  60 ;  .-.  y  =  16. 
Substituting  16  for  y  in  (3),  «  +  46  =  66  ;.-.«  =  20. 
Hence,  the  smallest  box  holds  6  pounds,  the  middle-sized  16  pounds, 
and  the  largest  20  pounds. 
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1.  V76-|->/l2  +  V243  =  5>/3  +  2v^  +  9v^=16V3. 
S.  v^l28+ v^250  +  v^  =  4v^2  +  6v^  +  iv''2=y\/2. 
8-    V^  +  Vj  +  Vf+V6  =  i  +  4v^  +  jV6+V6  =  i  +  fV6. 

4.  \/448-Vl76  +  3V63  =  8V7-6V7+9V7=12V7. 

5.  (4)i_2v^  +  (6)-i-V6  =  iV6-jV6  +  jV6-V6=-i|V6. 

6.  6.3~*  +  9i-3.2-i.3*+v^=6.Jv^  +  3-3.i.^^+  v^ 

=  2  \/3  +  3  -  f  v^  +  v^  =  I  \/5  +  3. 

7.  VxyS  —  v^x2y2«2  _^  ^g  x^y'^^  =  ^/xyz  —  Vxyz  +  V2  xyz  =  V2  xyz, 

8.  V2  o8  -  12  a^b  +  18  ab'^  -  V2  a^  +  16  a^b  +  32  ab^ 

=  (a-3  6)V^-(o  +  46)V^=-76v^. 

9.  \/6xV8=V40  =  2VlO. 

10.  3V7  X  2>/l2  =  6\/84  =  12\/2l. 

11.  6V8x6\/T6  =  15\/i28  =  120\/2. 

Digitized  by  VjOOQIC 


88 

88. 
84 


477,478]  SUPPLEMENTARY  EXERCISES  621 

18.  2V7  x8Vl6  =  6\/i06; 

18.  4v/9x3\^2l  =  12\/l89  =  36v^. 

14.  y/xifxTy/o^=7Vo^=7  xyy/x, 

16.  2\^x2Vl8  =  2v^x6v^  =  12v^288: 

16.  VI6  X  8 V24  =  3 V860  =  18>/l0. 

17.  Vc^xVcfib=^V¥b^xVi?b  =  \^€fi¥  =  aW. 

18.  v^x2V32  =  2v^x8^=16v^. 

19.  4^x'v^  =  4^x'^^=4*^^[28. 

80.  3v^x4\/l2  =  3v^x8v^=24v/972. 

81.  Vix^xVi=VixixVi  =  iVii=:iVi  =  ^</SQ. 

(12)*  X  (6)*  X  (8)*  =  2v^38x\^x\^  =  2v^3«x6*_x  8 

=  2v'38  x  2*  X  3*  X  28  =  2 v'37  X  27  =  12v^. 

( V7  +  V2)(  V7  -  \/2)  =  V49  -  2  =  V47. 
86.    (2V6  +  6 V2)(3 v^  -  4V2)  =  36  +  7\/l2  -  40  =  UVS  -  4. 

86.  V^  + V6=VV  =  \/|  =  fV2. 

87.  V30^2V3  =  i>/lO. 

88.  5V6+ v^  =  6v^  =  6Vj=}. 

89.  V126h- V6  =  v^=6. 

80.  VT2^y/S  =  y/TM^2</S  =  iVlS, 

81.  3v^-*-\^  =  3v^+ v'l2  =  3\^^  =  3v^  =  i  v^48: 

88.  •  Vox  H- Va6  =  Vr  =  7  V6«- 

88.  ^-VSi  =  ^5W^-^I^&^=>/g  =  >/g  =  ^^ 

84.  Vf -f-Vf  =Vf  =JV2. 

86.  ^-</|=^  =  i^6. 

86.  Vi^^=i^^^=^  =  i^t^. 

87.  v^4-\/|=  v^H- v/|=  vT=i\/250. 

88.  (\/6-6V8+9)^-\/3  =  V^-6  +  3\/3. 

89.  (v^+6V6)-i-(v^4-V30)===(^/42+Vl80)-i-(v^^-v^)  =  \/6. 
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1.  Let  X  =  the  number. 

Then,  I « •  a*-  =  216. 

Solving,  X  =  i  30. 

Hence,  the  number  is  36  or  —  36. 
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8.   Let  X  =  the  n amber. 

Then,  {ofi  =  the  sqaare  of  I  of  the  number. 

.-.  a;«  +  (ia;)2  =  8Q. 
Solving,  x=  ±S, 

Hence,  the  namber  is  8  or  —  8. 

8.  Let  X  =  number  of  inches  in  width  of  blotter. 

Then,  2  «  =  number  of  inches  in  length  of  blotter. 

.•.  2X'X  =  B2.    . 

Solving,  a:  =  ±  4, 

and  2x=  ±S. 

Hence,  rejecting  negative  values,  the  length  of  the  blotter  is  8  inches 
and  its  width  4  inches. 

4.  Let  6  -h  a*  =  one  number, 

and  6  —  a;  =  the  other  number. 

Then,  (5  +  a;)(5-x)=  24. 

Solving,  «  =  ±  1, 

whence,  6  +  a;  =  6  or  4,  and  5  —  at  =  4  or  6. 

Hence,  the  numbers  are  0  and  4. 

5.  Let  X  +  3  =  one  number, 

and  X  —  3  =  the  other  number. 

Then,  (x+3)2  +  (x-3)2  =  68. 

Solving,  X  =  i  6, 

whence,  x  +  8  =  8  or  —  -2,  and  x  —  3  =  2  or  —  8. 

Hence,  the  numbers  are  8  and  2,  or  —  2  and  —  8. 

6.  Let  -^  +  X  =  number  of  feet  in  length  of  room, 
and  ^  —  X  =  number  of  feet  in  width  of  room. 

Then,  (^  +  x){»i  -  x)  =  110. 

Solving,  X  =  ±  J, 

whence,  y  +  x  =  11  or  10,  and  V^-^x  =  10ot  11. 

Hence,  the  room  is  11  feet  long  and  10  feet  wide. 

7.  Let  X  =  cost  of  seed  in  cents  per  pound. 
Then,                               10  x  =  number  of  pounds  of  seed  in  a  bushel. 

.-.  10x.x=  90. 

Solving,  X  =  i  3, 

and  10  x=  ±30. 

Hence,  rejecting  the  negative  value,  the  weight  of  a  bushel  of  the  seed 
was  30  pounds. 

8.  Let  X  =  number  of  pounds  each  box  weighed. 
Then,                                  3  x  =  the  number  of  boxes. 

.-.  3x.x=192. 
Solving,  X  =  ±  8, 

and  3  X  =  ±  24. 

Hence,  rejecting  the  negative  value,  there  were  24  boxes. 

9.  Let  X  =  number  of  days. 
Then,                                 6  x  =  daily  output  in  tons. 

.-.  x.6x  =  180. 
Solving,  X  =  ±  6, 

and  6  X  =  ±30. 

Hence,  rejecting  the  negative  value,  the  daily  output  was  30  tons. 
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10.  Let  X  =  cost  of  butter  in  cents  per  pound. 
Then,                        30  a  =  annual  yield  of  butter  in  pounds. 

.•.30a;.  05=  8000. 

Solving,  x=  i  10, 

and  30a;  =  ±300. 

Hence,  rejecting  the  negative  value,  the  annual  yield  of  butter  was  300 
pounds. 

11.  Let  X  =  number  of  needles  in  each  package. 
Then,                         i  «  =  number  of  packages  in  a  bundle. 

.'.  f  a;  •  a  =  250. 
Solving,  x=  ±26. 

Hence,  rejecting  the  negative  value,  there  are  25  needles  in  a  package. 
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24.  x(x  —  5)  =  104. 

Completing  the  square,        a?^-5a;+(|)2  =  104  +  ^  =  i^fi. 
Extracting  the  square  root,  a;  —  |  =  ±  V- 

Taking  the  upper  sign,  x  =  f  ±  ^  =  13. 

Taking  the  lower  sign,  a:  =  |  —  ^=—  8. 

36.  r2-3r  +  2  =  0. 

Completing  the  square,         f^-Sr  +  (1)^=  —  2  +  f  =  J. 
Extracting  the  square  root,  r  —  f  =  ±  J. 

Taking  the  upper  sign,  r  =  |  +  J  =  2. 

Taking  the  lower  sign,  r  =  |  —  |  =  1. 

26.  2a;2-5a  +  3  =  0. 
Dividing  by  2,  etc.,  x^  —  ^xz=z  —  |. 
Completing  the  square,        x^  —  ix  +  (|)2  =  —  |  ±  fj  =  ^. 
Extracting  the  square  root,  »  —  J  =  ±  J. 
Taking  the  upper  sign,  a;  =  {  +  J  =  f . 
Taking  the  lower  sign,                              a;  =  j  —  J  =  1. 

27.  3x2  ±  8a; -28  =  0. 
Dividing  by  3,  etc. ,  x^  +  ix  =  ^-^. 
Completing  the  square,        a;2  +  f «  +  (4)2  =  i^  +  i^  =  ijn. 
Extracting  the  square  root,  a;  +  J  =  ±  \<^-. 
Taking  the  upper  sign,  a5=— 4  +  J^  =  2. 
Taking  the  lower  sign,  a;=— |— J^=—  J^. 

28.  5»2+2a;-51  =  0. 
Dividing  by  5,  etc.,  a;2  +  | a;  =  -^ . 
Completing  the  square,        a?^  +  J  «  +  (i)'-^  =  ^  +  ^  =  W- 
Extracting  the  square  root,  x  ±  J  =  ±  J^. 
Taking  the  upper  sign,  x=  — i  +  ^  =  3. 
Taking  the  lower  sign,  x  =  —  J  —  J^=  —  J^. 
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89.  2a;2  4-a;-6  =  0. 

86.   8a;2  =  7a;-2. 

3a;2_7a.^2=0. 

.    ^_7±V49-4.3.2 

.           -l±Vl-4.2.(. 
•                             2.2 

-6) 

-1±7     8    ,      o 

2.3 

-       4       -2"^^      '• 

6                  3 

80.   2x2- 6a; +  2  =  0. 

87.  6x2  + 8a;  =-3. 

.    ^      6±V26-4.2.2 

6»2-f.8x  +  3  =  0. 

2.2 

.    ^      -8±V64-4.6.3 

-'j'-2ori. 

2.6 

4                  2 

10              6 

81.    16x2 -x- 2  =  0. 

.           1±V1-4.16.(- 

2) 

88.  x2  =  3(i_2x). 

2 .  16 

x2  +  6x-3  =  0. 

=  l^il  =  2  1  .  -6±V36-4-l.(-8) 

80         6  8  ■■  21 


S2.   12a!»-6x-2  =  0. 


=  -«±^^  =  -3±2v/3. 


,     6±V26-4.12(-2)  ,      „ 


6  ±11     2,1  .  -9±V81-4.1-4 

=  -2r-  =  3°'-i-  ■  2.1 


2  2 


88.    11x2- lOx- 1=0. 

.  10  i:  VIOO  -  4 . 1 1 .  ( -"T) 

2  .  11 

=  10^12^1  or -i. 
22  11 


84.    16x(x4-l)  =  -3. 

16x2+16x4-3  =  0^ 

16+V266-4.16.3  ^^  "I  4  +  Wl  4  .  2  .  (- 6) 

2.16  •    ^= ^ ~ 


40. 

4x2  +  7x  +  3  =  0. 
^      _7+V49-4.4 

rs 

41. 

2 

'^-                2.4 

2(x2  +  2x)=6. 
a;2  +  4x-6=0. 

-1. 

=  -^e±8  =  -lor-§. 


2.2 


^-4±_2V14^1(_2^^jjj 
4  2 


36.    14x2  =  26(l-x).  *     42-   ^("^'-^2  +  ^5  =  2- 

14x2  +  26x  -  25  =  0.  3x2  +  6x-3  =  0. 


^      -25+V626-4.14.C-26)  .  -  6  ±  V25  -  4  .  3  .  (- 3) 

X  = i— — — — i^ i  . .  X  - 


2.14 


2.3 


=  -26+46^6  ^^  ^5.  =:zM-^=l(-6±V6l). 

28  7  2  a  6^  "^ 
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1.  Let  X  =  one  part. 
Then,                           26  —  »  =  the  other  part. 

.-.  x(26  -  «)  =  166. 
Solving,  ic  =  16  or  11, 

and  26  —  a;  =  11  or  15. 

Hence,  the  parts  are  15  and  11. 

2.  Let  X  =  one  integer. 
Then,                             x  -\-  1  =  the  other  integer. 

.-.  x(x  +  1)  =  272. 

Solving,  a;  =  16  or  —  17, 

and  a;  +  1  =  17  or  -  16. 

Hence,  the  two  consecutive  integers  are  16  and  17,  or  —  17  and  —  16. 

8.   Let  X  =  one  integer. 

Then,  jc  +  1  =  the  other  integer. 

.-.  a;2+(a;  +  l)2  =  113. 

Solving,  ic  =  7  or  —  8, 

and  a;  +  l  =  8or  —  7. 

Hence,  the  two  consecutive  integers  are  7  and  8,  or  —  8  and  —  7. 

4.  Let  X  =  one  integer. 
Then,                             x  +  2  =  the  other  integer. 

...  x2+(x  +  2)2  =  2(a2+i). 

Solvmg,  a;  =  rt  —  lor  —  a—  1, 

and  a;4.2  =  a-f-lor-a-hl. 

Hence,  the  two  consecutive  odd  integers  are  a  —  1  and  a  +  1,  or  —  a 
—  1  and  —  a  +  1. 

5.  Let  X  =  number  of  feet  in  width  of  floor. 
Then,                         3  x  +  12  =  number  of  feet  in  length  of  floor. 

.-.  a;(3a;  +12)  =  180. 

Solving,  »  =  6  or  —  10, 

and  3  x  +  12  =  30  or  —  18. 

Hence,  rejecting  negative  values,  the  floor  is  30  feet  long  and  6  feet 
wide. 

6.  Let  X  =  number  of  feet  in  side  of  ventilator. 
Then,               (a;  +  4)  (x  -  6)  =  200. 

Solving,  X  =  16  or  —  14. 

Hence,  rejecting  the  negative  value,  the  ventilator  is  16  feet  square. 

7.  Let  X  =  number  of  boxes  of  glass. 

Then,  x-\-2  =  number  of  sheets  of  glass  in  each  box. 

.-.  x(x4-2)  =80. 

Solving,  X  =  8  or  —  10, 

and  X  +  2  =  10  or  —  8. 

Hence,  rejecting  the  negative  value,  there  were  10  sheets  of  glass  in 
each  box. 

8.  Let  X  =  cost  of  wood  in  cents  per  cord. 
Then,                            x  —  30  =  number  of  cords  of  wood  bought. 

.-.  x(x  -  30)  =  13,000. 

Solving,  X  =  130  or  -  100, 

and  X  —  30  =  100  or  ^  130. 

Hence,  rejecting  the  negative  value,  the  amount  of  wood  bought  was 
100  cords. 
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9.  Let  X  =  number  of  rows  of  pins  in  the  paper. 

Then,  2  as  +  6  =  number  of  pins  per  row. 

.-.  a;(2a;  +  6)  =  360. 
Solving,  jc  =  12  or  -  16, 

and  2a;  +  6  =  30or  —  24. 

Hence,  rejecting  the  negative  value,  there  are  30  pins  in  each  rovir. 

10.  Let  X  =  length  of  box  in  inches. 
Then,                              5  —  »  =  width  of  box  in  inches, 

and  2  X  =  height  of  box  in  inches. 

.-.  x(5-a;)=6i. 
Solving,  X  =  2J, 

6-x  =  2i, 
and  2  a;  =  5. 

Hence,  the  box  is  2}  inches  long,  2^  inches  wide,  and  6  inches  high. 

11.  Let  X  =  width  of  paper  in  centimeters. 
Then,                         2  a;  —  10  =  length  of  paper  in  centimeters. 

.-.  «(2ar-10)  =  208. 

Solving,  X  =  13  or  —  8, 

and  2x  — 10  =  16  or  -  26. 

Hence,  rejecting  negative  values,  the  length  of  the  sheet  of  paper  is  16 
centimeters  and  its  width  is  13  centimeters. 

18.  Let  X  =  number  of  cars. 

Then,  7  x  +  40  =  number  of  barrels  in  each  car. 

.-.  x(7  X  +  40)  =  12,800. 

Solving,  X  =  40  or  -  a^, 

and  7  X  4-  40  =  320  or  -  280. 

Hence,  rejecting  negative  values,  there  were  40  cars  and  320  barrels  in 
each  car. 
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18.   Let  X  =  the  number. 

Then,  —  =  the  reciprocal  of  the  number. 

X       o 
Solving,  X  =  f  or  |. 

Hence,  the  number  is  i  or  }. 

14.  Let  X  =  one  integer. 
Then,                              x  +  1  =  the  other  integer. 

.  1  .      1^5 
" X     x+1     q\ 
Solving,  X  =  2  of  —  J, 

and  X  4- 1  =  3  or  |. 

Hence,  the  integers  are  2  and  3,  the  other  results  being  inadmissible. 

15.  Let  X  =  the  number.  I 

Then,  x--  =  c-l.  \ 

X  I 


Solving,  X  =  c  or  —  1. 

Hence,  the  number  is  c  or  —  1. 
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16.  Let  X  =  number  of  fowls  in  each  crate. 
Then,                  2  »  —  8  =  number  of  crates. 

.•.a;(2a;-8)=6720. 

Solving,  »  =  60  or  -  66, 

and  2a;  —  8  =  112  or  -  120. 

Hence,  the  negative  results  being  inadmissible,  there  are  60  fowls  in 
each  crate  and  112  crates  in  a  car. 

17.  Let  x  =  number  of  tons  of  sand /the  dredge  can  lift 

per  minute. 

Then,     IMOO.IMOO^IO. 

X         jc  +  SO 
Solving,  jc  =  200  or  —  250. 

Hence,  the  negative  value  being  inadmissible,  the  dredge  can  lift  200 
"tons  of  sand  per  minute. 

18.  Let  X  =  the  required  number  of  hours. 
Then,             ?0_J0_     5 

X      X4-2     6 
Solving,  »  =  6  or  —  8. 

Hence,  the  negative  value  being  inadmissible,  it  took  the  dogs  6  hours. 

19.  Let  X  =  number  of  baskets  filled. 

Then,  ^§5-_16?  =  2. 

x  +  6       X 
Solving,  ic  =  20  or  20. 

Hence,  the  man  tilled  20  baskets  with  cherries. 

20.  Let  X  =  number  of  inches  in  width  of  paper. 
Then,                 3  ac  +  50  =  number  of  feet  in  length  of  paper. 

...  ^(3xH-50)=6250. 
12 

Solvmg,  a;  =  150  or -^, 

o 

and  3fl5  +  50  =  500or  —  450. 

Hence,  the  negative  value  being  inadmissible,  the  length  of  the  paper 
is  600  feet. 

21.  Let  X  =  number  of  persons  in  the  party. 
Then,              ^2__12^1 

a;-2      X      2 
Solving,  X  =  8  or  —  6. 

Hence,  rejecting  the  negative  value,  there  were  8  persons  in  the  party. 

22.  Let  X  =  number  of  minutes  required  by  larger  pipe. 
Then,                   ac  -f-  24  =  number  of  minutes  required  by  smaller  pipe. 

X     a;  +  24     35 

Solving,  »  =  60  or  —  14, 

and  x  -f  24  =  84  or  10. 

Hence,  the  second  values  being  inadmissible,  it  takes  the  larger  pipe 
00  minutes  and  the  smaller  84  minutes  to  lill  the  tank. 
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28.  Let  X  =  number  of  pineapples  in  each  crate. 

Then,  13i^_lM40=112. 

X  — 4  X 

Solving,  a;  =  24  or  —  20. 

Hence,  rejecting  the  negative  value,  there  were  24  pineapples  in  each 
crate. 
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1.  Let  X  =  one  number, 

and  y  =  the  other  number. 

Then,  a;  +  y  =  8, 

and  a;2  +  j^  =  40. 

Solving,  X  =  6  or  2, 

and  y  =  2  or  6. 

Hence,  the  numbers  are  6  and  2. 

8.  Let  X  =  the  larger  number, 

and  y  =  the  smaller  number. 

Then,  x  —  y  =  2, 

and  x»  -  y»  =  26. 

Solving,  X  =  3  or  —  1, 

and  y  =  1  or  —  3. 

Hence,  the  numbers  are  3  and  1,  or  —  1  and  ->  3. 

8.  Let  X  =  the  larger  number, 

and  y  =  the  smaller  number. 

Then,  xy  =  8^, 

and  X  — y  =  8y. 

Solving,  X  =  3  «  or  —  8  «, 

and  V=lor-i. 

Hence,  the  numbers  are  3 8  and  ^,  or  —  3  s  and  —  | . 

3  3 

4.  Let  X  =  length  of  floor  in  feet, 
and  y  =  width  of  floor  in  feet. 

Then,  2x  +  2y  =  44, 

and  xy  =  120. 

Solving,  X  =  12  or  10, 

and  y  =  10  or  12. 

Hence,  the  floor  is  12  feet  long  and  10  feet  wide. 

5.  Let  X  =  length  of  sign  in  feet, 
and                                                y  =  width  of  sign  in  feet. 

Then,  x  -  y  =  10, 

and  xy  =  6375. 

Solving,  X  =  86  or  —  75, 

and  y  =  76  or  —  85. 

Hence,  the  negative  values  being  inadmissible,  the  sign  is  86  feet  long 
and  75  feet  wide. 
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6.  Let  X  =  base  of  right  triangle  in  feet, 
and  y  =  altitude  of  right  triangle  in  feet. 

Then,  x  +  1  =  hypotenuse  of  triangle  in  feet. 

.-.  a;  +  y  +  »  +  l  =  12,  (1) 

and  x^  +  y2  =  (x  +  1)2.  (2) 

Transposing  in  (1),  etc.,     2  x  -f  y  =  11.  (3) 

Reducing  (2),  etc.,  2  x  =  y^  - 1.  (4) 

Substituting  (4)  in  (3),        y^  +  y  =  12. 

Solving,  ^  =  3  or  —  4. 

Substituting  the  values  of  y  in  (3), 

X  =  4  or  7J. 

Hence,  the  second  value  being  inadmissible,  the  base  of  the  triangle  is 
4  feet. 

7.  Let  X  =  the  digit  in  tens'  place, 
and  y  =  the  digit  in  units'  place. 

Then,  10  x  +  ?/  =  the  number. 

.-.  (x4-y)(10x  +  2;)=198,  (1) 

and  lOx^^gj  (2) 

x  +  y 
Reducing  (2),  ^  x  =  y.  (8) 

Substituting  (3)  in  (1),  22 y^  =  198  ;  .-.  y=±B, 

Substituting  ±  3  for  y  in  (3),       x  =  ±  3. 
Hence,  rejecting  the  negative  values,  the  number  is  33. 

8.  Let  '    X  =  the  numerator, 
and  y  =  the  denonimator. 

Then,  y-x=l,  (1) 

and  ?  (x  +  y)  =3  J.  (2) 

From(l),  y=»  +  l.  (3) 

Clearing  (2),  3  x^  +  3  xy  =  10  y,  (4) 

Substituting  (3)  m  (4),  6  x2  -  7  x  =  10. 
Solving,  X  =  2  or  —  J. 

Substituting  the  values  of  x  in  (3), 

y  =  3  or  J. 
Hence,  the  second  values  being  inadmissible,  the  fraction  is  f . 

9.  Let  X  =  number  of  dollars  in  the  principal, 
and  y  =  number  of  per  cent  in  the  rate. 

Then,  x  +  -^.x=3990,  (1) 

and  X  +  200  +  ^^^  (x  +  200)  =  4160.  (2) 

100 
Clearing  (1),  100x  +  xy  =  399,000.  (3) 

Clearing  (2),        99x-{- xy -\-200y  =  396,200.  (4) 

'Subtracting  (4)  from  (3),  x-200y  =  2800.  (5) 

From  (5),  x  =  200  y  +  2800.  (6) 

Substituting  (6)  in  (3),  etc., 

y2  +  ll4y  =  595. 
Solving,  y  =  6  or  -  119.  (7) 

Substituting  (7)  in  (6),  x  =  3800  or  -  21,000. 

Hence,  the  negative  values  being  inadmissible,  the  principal  v^as  $  3800 
and  the  rate  6  %. 

STAND.    ALO.    REV.   KEY 34  ^  , 
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10.  Let  z  =  number  of  boxes  used, 

and  y  =  number  of  pounds  of  cherrie; 

per  box. 

Then,  ?^  =  x,  (1, 

y 

and  2000  ^^_^g  ^2 

y  +  6 

Clearing  (1),  xy  =  2000.  (3) 

Clearing  (2),  etc.,  6a;  +  xy  —  75 y  =  2460.  (4) 

Subtracting  (3)  from  (4),     6 a;  —  76  y  =  460.  (5 

From  (6),  ^^26y^l60,  ^^ 

Substituting  (6)  in  (3),    25  y«  +  160y  =  4000. 

Solving,  y  =  10  or  — 16.  (7 

Substituting  (7)  in  (1),  a;  =  200  or  -  125. 

Hence,  the  negative  values  being  inadmissible,  200  boxes  were  used  and 
each  box  contained  10  pounds  of  cherries. 

11.  Let  X  =  number  of  bushels  of  oats  sold. 

and  •  y  =  number  of  bushels  of  rye  sold. 

460 
Then,  —  =  number  of  cents  in  price  of  oats 

^  per  bushel, 

420 
and  —  =  number  of  cents  in  price  of  rye 

y  per  bushel. 

.-.  a;-y  =  3,  (1} 

and  .       i20,460^2^j 

y        X 

From  (1),  a;  =  y-f-3.  (31 

Clearing  (2),  etc.,     42a;  -  46y  -  2xy  =  0.  (4} 

Substituting  (3)  in  (4),  2  yH  9  y  -  126  =  0. 

Solving,  y  =  6  or  -  lOJ ;  (5; 

whence,  —=70  or— 40. 

y 

Substituting  (5)  in  (3),  a;  =  9  or  -  7} ; 

whence,  ^  =  50  or  -  60. 

X 

Hence,  the  negative  values  being  inadmissible,  the  farmer  sold  6  bushels 
of  rye  at  70^  per  bushel  and  9  bushels  of  oats  at  60  ^  per  bushel. 
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1.  Let 

X  =  the  larger  part. 

and 

y  =  the  smaller  part. 

Then, 

X  +  y  =  60, 

(1^ 

and 

Jx-Jy  =  6. 

(2' 

From  (1), 

a;  =  60  -  y. 

(3, 

Clearing  (2), 

4a;-3y  =  72. 

{^> 

Substituting  (3)  in  (4),   240  —  4  y  -  3  y  =  72  ;  .-.  y  =  24. 
Substituting  24  for  y  in  (3),  a;  =  60  —  24  =  86. 

Hence,  the  parts  of  60  are  36  and  24. 
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2.  Let  X  =  the  larger  number, 
SLxid  y  =  the  smaller  number. 

Then,  sc  +  y  =  85,  (1) 

and  a  -  y  =  19.  (2) 

Adding  (1)  and  (2),  2  «  =  104 ;   .-.  «  =  62. 

Substituting  62  for  x  in  (1),  62  +  y  =  86 ;  .-.  y  =  33. 

Hence,  the  numbers  are  62  and  33. 

3.  Let  X  =  the  number. 

Then,  _i^  =  ?x. 

a:-6     2 
Clearing  the  equation,  3  a;^  —  36  «  =  0. 

Solving,  X  =  0  or  12. 

Hence,  the  number  is  either  0  or  12. 

4.  Let  X  =  the  larger  number, 
and  y  =  the  smaller  number. 

Then,                                                ac  —  y  =  a,_  (1) 

and                                                Vx  -  Vy  =  Vb.  (2) 

From  (1),                                                X  =  y  4-  a.  (3) 

Substituting  (3)  in  (2),  Vy-t-q-Vy  =  VS.  (4) 

Squaring  (4),  etc.,  —  2  Vy'^  +  ay  =  6  -  a  —  2  y.  (5) 

Squaring  (6),  etc.,                             4  6y  =  a2-2  ab  +  b^;  r.  y=  ^^^jp- 

Substituting  (^     ^)^  for  y  in  (3),       x  =  (^i-^ . 
4  6  4  0 

Hence,  the  numbers  are  ^^  "'"^    and  ^^^^^^^ — ^  . 
46  46 

5.  Let  X  =  side  of  square  in  feet. 
Then,                                                x  +  6  =  length  of  rectangle  in  feet, 

and  X  —  3  =  width  of  rectangle  in  feet. 

.-.  x2  =  (x  +  6)(x-3). 
Solving,  X  =  6, 

X  +  6  =  12, 
and  X  -  3  =  3. 

Hence,  the  rectangle  is  12  feet  long  and  3  feet  wide. 

6.  Let  X  =  side  of  square  in  feet. 
Then,                                               x  +  m  =  length  of  rectangle  in  feet, 

and  X  —  r  =  width  of  rectangle  in  feet. 

.-.  x2=  (x-f  w)(x  — r). 

Solving,  a;=-?^. 

ti  — « 

Hence,  the  side  of  the  square  is     ^^     feet. 

u  —  V 

7.  Let  X  =  weight  of  seed  in  pounds. 
Then,                                                 .16  x  =  600. 

Solving,  X  =  4000. 

Hence,  the  cotton  seed  weighed  4000  pounds. 
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8.   Let  X  =  number  of  per  cent  of  copper  in  the  bronze. 

Then,  x  —  6  =  number  of  per  cent  of  iron  in  the  bronze, 

—  =  number  of  per  cent  of  aluminium  in  the  bronze, 


,-1 


and =  number  of  per  cent  of  nickel  in  the  bronze. 

2 

.•.aj  +  x-6+-^+^=100. 

4^         2 
Solving,  X  =  39, 

X  -  5  =  34, 

-^  =  9, 

X    1 
and  ^^^  =  18. 

2 
Hence,  the  bronze  is  39%  copper,  34%  iron,  9%  aluminium,  and  18% 
nickel. 

9.   Let  X  =  side  of  square  in  feet. 

Then,        (x  +  i)(x  -  i)  =  2J  x  9  =  20. 
Solving,  x  =  ±^. 

Hence,  the  negative  value  being  inadmissible,  the  side  of  the  square  is 
4^  feet. 

10.  Let  x  =  number  of  seconds  required. 
Then,                     il320^j0 

x-7 
Solving,  X  =  167. 

Hence,  the  time  required  was  167  seconds,  or  2  minutes  47  seconds. 

11.  Let  X  =  the  larger  number, 
and  y  =  the  smaller  number. 

Then,  ^-^=4,  (1) 

and  X  —  y  =  50.  (2) 

From  (1),  X  =  4  y  4-  2.  (3) 

Substituting  (3)  in  (2),  4  y  +  2  -  y  =  60  ;  . •.  y  =  16. 
Substituting  16  for  y  in  (3),  x  =  64  +  2  =  66. 
Hence,  the  numbers  are  66  and  16. 
18.   Let  x=  width  of  block  in  inches. 

Then,  2  x  =  length  of  block  in  inches, 

112 
and  -— -  =  height  of  block  in  inches. 

2x^ 

140 

But  r— ; — -  =  height  of  block  in  inches. 

2x(x  +  1) 

.    112^       140 
'  '2x2     2x(x+l)* 
Solving,  X  =  4  or  0. 

Rejecting  the  second  value  of  x, 
2x=8, 

and  ^,  =  8i. 

2x-^        * 

Hence,  the  block  is  8  indies  long,  4  inches  wide,  and  3J  inches  high. 
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18.  Let  X  =  number  of  cents  in  price  of  rye  per  bushel, 

and  y  =  number  of  cents  in  price  of  com  per  bushel. 

Then,  20  a;  -  16  y  =  600,  (1) 

and  16ar-6y  =  760.  (2) 

Dividing  (l)by6,  4a;~3y  =  100.  (3) 

Multiplying  (2)  by  f ,  9 « -  3  y  =  460.  (4) 

Subtracting  (3)  from  (4),  6  x  =  360  ;  .  •.  a;  =  70. 

Substituting  70  for  x  in  (3),  280  -  3  y  =  100  ;  .-.  y  =  60. 

Hence,  the  price  of  rye  was  70  ^  per  bushel  and  of  com  60  ^  per  bushel. 

14.    Let  X  =  length  of  viaduct  in  feet. 

Then,  .16  ic  —  6  =  height  of  viaduct  in  feet. 

.-.  10(.16a;-6)  =  a;  +  1030. 

Solving,  X  =  2180, 

and  .15a;- 6  =  321. 

Hence,  the  viaduct  is  2180  feet  long  and  321  feet  high. 

16.   Let  X  =  the  required  number  of  days. 

2      111 

Then,  from  conditions  of  problem,    -  =  -  H h  — . 

X      I     m      n 

Solving,  --         2^"*^ 


mn  -\-  In  +  Im 


Hence,  A,  B,  and  C  together  can  do  the  work  in  -^^ days. 

WW  +  In  4-  Im 

16.  Let  X  =  number  of  packages  in  the  box. 

Then,  a;  +  24  =  number  of  firecrackers  in  each 


.-.  x(a;4-24)  =2660. 
Solving,  a;  =  40  or  —  64. 

Hence,  rejecting  the  negative  value,  there  are  40  packages  in  the  box. 

17.  Let  X  =  width  of  box  in  inches, 
and  y  =  height  of  box  in  inches. 

Then,  x  +  y  =  length  of  box  in  inches. 

.•,xyix  +  y)  =  120,  (1) 

and  6(a;  +  y)=Sy.  (2) 

From  (2),  a:=Jy.  (3) 

Substituting  (3)  in  (1),  ^  y^  =  120 ;  ,\  y  =  6. 

Substituting  6  f  or  y  m  (3),  a;  =  |x6;  .-.  x  =  3. 

»  -f  2/  =  8. 
Hence,  the  box  is  8  inches  long,  3  inches  wide,  and  6  inches  high. 

18 .  Let  X  =  number  of  days  the  man  worked. 
Then,                                         3  a;  —  4  =  number  of  cents  earned  per  day. 

.-.  x(3a;-4)  =  900. 
Solving,  ar  =  18  or  -  16f 

Hence,  since  the  negative  value  is  inadmissible,  the  man  worked  18  days. 

19.  Let  X  =  width  of  sign  in  feet. 
Then,                                      3(a;  +  6)  =  length  of  sign  in  feet. 

.-.  3a:(a;  +  6)  =2260. 
Solving,  ar  =  26  or  -  30. 

Rejecting  the  second  value,  3(a;  +  6)  =90. 
Hence,  the  electric  sign  was  90  feet  long  and  26  feet  wide. 
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90.  Let  X  =  number  of  days  it  takes  C  alone. 

Then,  -  =  part  of  work  C  csan  do  in  1  day. 

X 

Since  A  and  B  can  do  the  work  in  4i  days,  they  do  J  of  the  work  in  1 
day  and  3  x  ),  or  },  of  the  work  in  3  days.  Hence,  there  was  |  of  the 
work  left  to  be  done  in  }  of  a  day. 

.  7     17    2^1 
"S'x     8*9     8* 
Solving,  X  =  6A. 

Hence,  C  can  do  the  work  alone  in  hf^  days. 

81.  Let  X  =  number  of   gallons   of    water  that 

flowed  into  the  well  per  minute. 
Then,  3760    ,3760^^ 

'  a;-126        x 

Solving,  x  =  760  or  -  626. 

Hence,  since  the  second  value  is  inadmissible,  760  gallons  of  water  flow 
into  the  well  per  minute. 

88.   Let  x  =  yield  in  cratefuls  per  acre, 

and  y  =  number  of  acres. 

•     Then,  a;y  =  8600,  (1) 

and  (x  +  212i)(y-2)  =  8600.  ,  (2) 

Reducing  (2), 

icy4-212iy-2a;  =  8026.  (8) 

Subtracting  (3)  from  (1), 

2a:-212Jy=-426.  (4) 

From  (4),  x  =  i(212}  y  -  426).  (6) 

Substituting  (6)  in  (1)  and  reducing, 
y2-2y  =  80. 
Solving,  y  =  10  or  —  8.  (6) 

Substituting  (6)  in  (1),  a;  =  860  or  -  1062 J. 

Hence,  the  man  had  10  acres  of  celery  from  which  the  yield  was  850 
cratefuls  per  acre. 
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1.  ?_^=12-^±i-x. 

3         3  2 

Clearing,  2  ac  -  2(ic  -  .3)  =  72  -  3(x  +  4)  -  6  x. 

2»-2a;  +  6  =  72-3x~12-6x. 
Solving,  a  =  6. 

Verifying,  j_|  =  l2-J^-6, 

which  reduces  to  1  =  1. 

8.  4c4-4c8  +  6c2-2c  +  l    |2c«-c  +  l 

4  c* 

4c2 


4c2-c 


■4c8  +  6c2 

4C8+      C2 


4  c2  -  2  c 
4  c2  -  2c  +  1 


+  4  c-2  -  2  c  4- 1 
+  4c2~2c+  1 
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a;  +  2  y  =  a, 
2  a;-    y  =  b. 


(1) 
(2) 


Multiplying  (2)  by  2,      4  a:  -  2  y  =  2  6.  „  ,  (3) 

Adding  (1)  and  (3),  6a;  =  a  +  26;  .■.z=^  +  ^^. 

Multiplying  (1)  by  2,      2  a;  -h  4  y  =  2  a.  ^  (4) 

Subtracting  (2)  from  (4),        5y  =  2o-6;  /.  y  =  ^  ^  ""  ^ . 

5 

4.  V}  +  VJ  =  iV3+jV3  =  {V3^ 

(  v^  -  \^)(2\/6  +  3\/2)  =  10  +  VlO  -  6  =  4  +  VlO. 

5.  Let  X  =  number  of  years  in  A's  age, 
and  y  =  number  of  years  in  B^s  age. 

Then,  a;  +  5  =  2(y  +  5),  (1) 

and  a-5  =  3(y-5).  (2) 

Transposing  in  (1),  etc.,  a;  —  2  y  =  6. 
Transposing  in  (2),  etc.,    a;  —  3  y  =  —  10. 
Subtracting  (4)  from  (3),  y  =  15. 

Substituting  (6)  in  (3),  x  =  35. 

Hence,  A  is  35  years  old  and  B  is  15  years  old. 

6.  Rearranging    terms,    dividend  =  30a*  +  11  a*  —  82a2  -  5a  +  12; 
divi8or  =  3a2  +  2a  — 4. 


(3) 

(4) 

5) 


3  gg  4-  2  g  -  4 


10  ga  -  3  g  -  12 


30  g*  +  11  g8  -  82  g2  -.  6  g  +  12 
30g*  +  20g8-40gg 

-9g8-    6g2+12g 

-36g2-  17g+12 
->36g2->24g  +  48 

7  g  —  86,  rem. 

8.  Let  X  =  number  of  days  it  would  take  B. 
Then,                                    x-{-9  =  number  of  days  it  would  take  A. 

x  a;  H-  9  20 
Clearing,  etc.,  x^  -  31  a;  -  180  =  0. 
Solving,  a;  =  36  or  —  5. 

Hence,  it  would  take  B  36  days  to  dig  the  trench. 

9.  Let  X  =  the  first  number. 
Then,                                     a;  +  2  =  the  second  number, 

and  ,  x  4-  4  =  the  third  number. 

.-.  a;  4- «  +  2  +  a;  +  4  =  I  X  x(x  +  2). 
Reducmg,  etc.,        a:^  -  6  a;  —  16  =  0. 
Solving,  a;  =  8  or  —  2, 

a:  +  2  =  10  or  0, 
and  X  -f-  4  =  12  or  2. 

Hence,  the  numbers  are  8,  10,  and  12  or  —  2,  0,  and  2. 

x«-l 
10  *     _  x'*  -  1  .  a;2  4-  X  +  1 


a:4.l4.1  *  ^ 

X        _(x-l)(x2  4-x4-l) 


■  =  a;-l. 


X  x^  -{-x-\-l 
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1.  a*  4-  05268  +  6*  =  0*  +  2  a^fta  +  ^4  _  ^26*  =  (a^  -f  h^)^  -  0252 

=  (a2  4.  06  4.  62) (^2  _  aft  +  68). 
4  08  +  4  6«  =  4 (a*  +  68)  =  4(a  +  6)  (a^  -  a6  +  62) . 
2a2c  -  2a6c  -f  2  62c  =  2c(a2  -  a6  +  62). 
A  H.  C.F.  =a2-a6  +  62, 
and  L.  C.  M.  =  4  c(a  +  6)(a2  +  a6  +  62)(a2  _  ^6  +  62). 

2.  (a)  V3xv^xv^  =  v^xv^2x  v^2~5  =  v^l850.  

(6)  3  4-V-2_  (3  4->/-2)(2  +  vCr2)_6+5V-2-2  __4+6\/~2, 


(c) 


2^V^    (2-y:r2)(2  +  v^^^) 

:  =  -jV3. 


-3V-2     -3V2V^:^ 

2a;8  +g2-25a;  +  12 


3a^  4- 6x2 -34a;- 24 
Factoring  the  numerator  by  the  factor  theorem,  we  have 

2«8  +  a;2-26»  +  12=(x-3)(a;+4)(2x- 1). 
By  trial,  it  is  found  that  x  —  3  and  x  +  4  are  factors  also  of  the  denom- 
inator, whose  other  factor  is  3  x  +  2. 

.    2g8  -f  x^r-  26x  4-  12   ^  (x-  3)(x  +  4)(2x-  1)  ^2x  -  1 
'  *3x8  +  6«2-34x-24      (x  -  3)(x  +  4)(3x  + 2)      3x4-2* 

4.    (a)  Putting  x2  =  2x  +  3  in  the  form  x2  —  2x  -  3  =0,  shice  the 
coeflBcient  of  x  is  —  2,  first  substitute  1  for  x. 


y  = 

:a^-2x- 

-3 

OB 

y 

Points 

1 

-4 

A 

0,2 

-3 

B,B' 

-1,3 

0 

C,  C 

-2,4 

6 

A  D' 

1                       t 

D                       -^^ 

L               1 

I            7 

4         f 

C,            _jC 

X       7 

^    -it 

B^^S 

Ji 

Plotting  these  points  and  drawing  a  smooth  curve  through  them,  we 
have  the  graph  of  y  =  x2 —  2x  —  3,  which  crosses  the  x-axis  at  3  and  —  1. 
Hence,  the  roots  of  x2  =  2x  +  3  are  3  and  —  1. 

(6)  x2  4-  a;  +  1  =0.  

-?=i(-l±V^)- 


,lj.Vl_4.1.  l__~l:fc- 


2.1  2 

6.  ax2  +  6x  +  c  =  3x2  -  5  X  +  3  =  0. 

Since  62  —  4  ac  =  25  —  36  =  -  11,  a  negative  number,  by  §  429,  Prin.  8, 
both  roots  are  imaginary. 

7.  (a)  x"*:2  =  l:x*. 
§476,  x-i  =  2. 
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J' 


§307,  J- =  2. 


Squaring,  -  =  4  ;  .  •.  x  =  J. 


1 

X 


g-^bVc  .  ,/a26^_5c^  .  ac*_6c*^  6^  _  6* 


(6)   «I^^^^_^   _._,,_ 

flS  ^  a*       6^       a*      ac*     a'c 

8.  (a)  The  equation  is  (a;  -  6)(x  +  J)  =  0,  or  a;a  —  ^  ^  -  ¥  =  ^t  or 
multiplying  by  3,  3  x^  -  13  x  -  10  =  0. 

9.  Let  X  =  number  of  barrels  of  apples  bought. 

120 
Then,  -i^  =  number  of  dollars  in  cost  per  barrel, 

X 

X  —  2  =  number  of  barrels  of  apples  sold, 

120 
and  ^^^  +  2  =  number  of  dollars  received  per  barrel. 

X 


.-.  (x-2)^l??4-2\  =  164. 
g,  etc.,     x2  -  19  X  -  120  =  0. 


Clearing,  etc.,     x^  -  19  x  -  120  =  0, 
Solving,  X  =  24  or  —  6. 

Hence,  rejecting  the  negative  value,  he  bought  24  barrels  of  apples. 
10.   Let  X  =  rate  of  train  in  miles  per  hour. 

Then,  ^Z8_.?Z3  =  1. 

x-3  X  2 
Clearing,  etc.,  x^  -  3  x  -  1638  =  0. 
Solving,  X  =  42  or  —  89. 

Hence,  rejecting  the  negative  value,  the  train  traveled  42  miles  per  hour. 
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1.   (a)        12x2  +  x-6=(3x-2)(4x  +  3) 
6x2-19x  +  10  =  (8x-2)(2x-5) 
3  x8  -  2  xg  ~  12  X  4-  8  =  (3  X  -  2)  (X  +  2)  (X  -  2) 

.     jj    ri    p    o  rt.  __"~2 

and  '  *  L.'c.'m!  =  (3x  -  2)(4x  +  3)(2x-  5)(x  +  2)(x  -  2). 

(h)  3  8c2  +  7^2  2c^6h 

^  (12  c^-6ch  +  3  ^2)  -  (8  eg  +7  h^)-  (4  c^  -  10  ch  ^6h^) 

8084-^8 
^ 4c^  +  2fe2 _  2 ;i(2 c  4-  h)  _'  2^ 

8  c»  +  A»       (2  c  +  ^)  (4  c2  -  2  c^  +  ^^2)     4  c2  -  2  c^i  +  hP^" 
Substituting  c  =  0  and  X  =  1, 

3  8C2  4-7A2  2c~6^       _        8  8>  0  +  7.1 


2C4-A       8084-^8       4c2-2cyi4-^2     2 
2.0-6.1        ^3_7+6=2 


4.0-2.0.14-  1 
and  27.  _  2.1 


4c2-.2c7^4-7^^     4.0-2.0.14-1 
hence,  the  answer  is  correct. 


04-1       8.04-1 
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•   ^  ^  x  +  3        1-x        xa-f2x-3  ' 

Clearing  of  fractions  by  multiplying  by  the  L.  C.  D.,  (x  +  3)(x  -  1), 

8x2-4x  +  l+2a52  +  9x  +  9  =  6x«-2x-l. 
Transposing,  etc.,  7  x  =—  11 ;  .-.  x  =—  V'. 

.,v  x  +  g  — ft  .  X  — g  — 6_,2a(2c~x) 

^  '  g-6  g  +  6  g^-ft* 

Clearing,        gx  +  a^+ftx  —  6*  +  gx  —  g^— 6x+  62  =  4gc  —  2gx. 
Transposing,  etc.,  ^ax  =  ^ac;  r.  x  =  c. 

2x  — 8y+    «  =  -2,  (1) 

4z-4y-3«  =  2,  (2) 

6x+     y-4«  =  6.  (3)' 

Multiplying  (1)  by  2,  '4x- 6y  +  22f  =-4.  (4)' 

Subtracting  (4)  from  (2),  2  y  -  6  «  =  6.  (5) 

Multiplying  (1)  by  3,  6x-9y  +  3  «  =- 6.  (6) 

Subtracting  (6)  from  (3),  10  y  -  7  «  =  12.  (7) 

Multiplying  (6)  by  6,  10  y  -  26  «  =  30.  (8) 

Subtracting  (8)  from  (7),  18«  =  -18;  .-.  «=— 1. 

Substituting  —  1  for  «  in  (6),  2y  +  5  =  6;      .-.  y  =  J. 

Substituting  —  1  for  «  and  J  for  y  in  (1),   2x  —  f— 1=— 2;    .•.  x=|. 

4.    (a)  (3x-ll)*-2  =  K27x-243)4. 

Squaring,    3  x  -  11  -  4(3  x  -  11)*  -f  4  =  i(27  x  -  243). 

Transposing,  etc.,  (3x  —  11)*  =  5. 

Squaring,  3  x  -  11  =  26. 

Transi>osing,  etc.,  x  =  12. 

(6)  Substituting  =ll±^  for  X, 

a^.2x+l=f:^l±^y-2(^l±^Ul  =  (V5-2)-(-l+V^^ 

\        ^       I         ^       ^        I       =V6-2  +  1-a/6  +  1=0. 

•^^a-i-6-i  g-6  l_i  «-& 

a     b 
_    ab     ■     aft    __  —  gft  +  q6 _     0     _q 
6— a     a— 6    ,    a— 6         a— 6 
(6)  8"*  X  16*  X  20  =  J  X  8  X  1  =  2. 

6.   Let  X  =  the  tens'  digit, 

and  y  =  the  units'  digit. 

Then,  10  x  +  y  =  the  number, 

and  10  y  +  a;  =  the  number  with  its  digits  interchanged. 

.-.  10y4-a=2(10x  +  y)-6,  (1) 

x  +  y  =  i(10x-^y).  (2) 

Transposing  in  (1),  etc.,  8  y  —  19  x  =  —  6.  (3) 

From  (2),  y=2x.  (4) 

Substituting  (4)  in  (3) ,  16  x  -  19  x  =  —  6 ;  .  • .  x  =  2. 

Substituting  2  forx  in  (4),  y  =  4. 

Hence,  the  number  is  24. 
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7.   Let  X  =  number  of  hours  before  the  passenger  train  overtakes  the 

freight  train. 
Then,  x-\-t  =  number  of  hours  freight  travels  before  being  overtaken. 

.*.  r{x  +  t)  =mx. 
Transposing,  etc.,    mx  -  rsc  =  rt. 

Tt 

Solving,  X  =  — —  . 


(3) 
(4) 


Hence,  the  passenger  train  will  overtake  the  freight  train  in     ^^    hours. 

m  —  r 

8.   Let  X  =  number  of  A's  supporters, 

and  y  =  number  of  B's  supporters. 

Then,  a;  +  y  =  740,  (1) 

and  ?4.y-=76.  (2) 

8      12  ^  ^ 

From  (1),  y  =  740  — X. 

Clearing  (2),  3  x  -h  2  y  =  1800. 

Substituting  (3)  in  (4),  8x  +  1480-  2x  =  1800;  .-.  x  =  320. 
Substituting  320  for  x  in  (1),  y  =  420. 

Hence,  B  won  the  election  by  a  majority  of  420  —  320,  or  100. 

Page  488 

1.  (a)  .1^«     2  2     ^^ 

^   ^  x-2     x  +  3     2-x 

Clearing  of  fractions  by  multiplying  by  the  L.C.D.,  (x  —  2)(x  -f  3), 

3x2-1-  9x  — 2x+4  — 2x  — 6  =  0. 
Combining,  3  x^  +  6x-2  =  0. 

SolTing by  formula,       ^^ -6±  V25-4 -a-j-g)^ -5^7^  1  ^  _  ^ 

Z  •  o  O  O 

y     X     6'  ^  ^ 

Clearing  (2),  6  x'-*  -  6 y2  =  6 xy.  (3) 

From  (1),  y  =  x-l.  (4) 

Substituting  (4)  in  (3),  etc.,  6 x^-lT  x-f «  =  0. 

Solving,  x=3or|.  (6) 

Substituting  (6)  in  (4),  y  =  2  or  —  |. 

These  values  of  x  and  y  when  substituted  in  the  given  equations  are 
found  to  satisfy  the  equations.     Hence,  the  results  are  correct. 


2.    (a)  V7x  +  l~V3x-H0  =  l. 

Transposing,  VTx-f  1  =  \/3  x  -f  10  4-  \ 

Squaring,  7x  +  l  =  3  x  +  10  +  2\/3x+10  +  1. 

Transposing,  etc.,  V3  x  +  10  =  2  x  —  6. 

Squaring,  etc.,  4 x^  —  23 x  -f  16  =  0.- 

Solving,  X  =  6  or  |. 

Substituting  the  values  of  x  in  the  given  equation,  the  value  6  is  found 
to  satisfy  the  equation,  but  the  value  }  does  not  satisfy  the  equation 
according  to  the  convention  that  only  principal  roots  are  to  be  taken. 
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(6)  3(x2  +  3x  +  1)2 -7(x2-h  8x4- 1)4-4=0. 
Put  p  for  (a;2  +  3«  4- 1)  and  p^  for  (x^+Sx+  1)2. 


3p'2-7p+4  =  0. 

p  =  I  or  1 ; 
a;2  4.3x  +  l  =:|orl. 
3r2  +  3x-J  =  0, 
x2  +  3x  =  0. 

«  =  i(-9±  V93). 

X  =  0  or  —  3. 

X  =  A's  rate  in  miles  per  hour, 

y  =  B's  rate  in  miles  per  hour. 

6x-6y  =  6,  (1) 

(5x)2+(6y)2  =  262.  (2) 

x  =  y4-l.  (3) 

x2  +  y2  =  25.  (4) 


Then, 

Solving, 
that  is. 

Transposing,  etc. ,         x2  +  3x  —  J  =  6,  (1) 

or  x2  +  3x  =  0.  (2) 

Solving  (1),  "        '^         '^^ 

Solving  (2), 

8.   Let 
and 

Then, 
and 

From  (1), 

Reducing  (2), 

Substituting  (3)  in  (4),  y2  4.  2y  +  1  -f  y2  _  26. 

Transposing,  etc.,  y*-^  +  y  —  12  =  0. 

Solving,  y  =  3  or  —  4.  (6) 

Substituting  (6)  in  (3),  x  =  4  or  —  3. 

Hence,  since  the  negative  values  are  inadmissible,  A^s  rate  is  4  miles 
per  hour  and  B^s  3  miles  per  hour. 


4.   Let 
Then, 


and 


X  =  number  of  days  the  man  worked. 
—  =  number  of  dollars  received  per  day, 

X 

=  number  of  dollars  received  per  day  if 


he  had  earned  $76  in  5  days  less. 


x-5 
.      75     _  76  ^  1 
'  *  X— 6      X      2* 
Clearing,  etc.,    x2  —  6 x  —  750  =  0. 
Solving,  X  =  30  or  -  26. 

Hence,  the  negative  value  being  inadmissible,  the  man  worked  30  days. 

6.   Solving  y  4-  2  x2  -  3x  —  9  =  0  for  y,  we  have  y=— 2x2  +  3x  +  9. 

Putting  -  2  x2  4-  3  X  4-  9  =  0  in  the  form 
x2-|x  — 1=0,  §  418,  first  substitute  f 
for  X  in  y  =  —  2  x2  4-  3  X  4-  9,  and  then  the 
other  values  of  x  as  shown  in  the  table, 
finding  the  corresponding  values  of  y. 


X 

y 

i 
0,  li 

-l,2i 
-2,3i 

10.1 
9 
4 

-6 

Pli 

till it# 
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Plotting  these  points  and  drawing  a  smooth  curve  through  them,  we 
have  the  graph  ofy  +  2a^— 3a5  —  9  =  0  which  is  a  parabola. 

The  graph  of  x  +  y  —  S  =  0  (§  267)  is  a  straight  line  which  intersects 
the  parabola  at  the  points  (~  1,  4)  and  (3,  0). 

(  X  z=:—  1     3- 

Hence,  the  roots  of  the  given  equations  are  J  '     ' 


\y  =  4,0. 


6.  Since  the  elastic  ball  is  thrown  to  a  height  of  15  feet,  falls  to  the 
ground,  bounces  to  |  the  height  it  was  thrown,  and  so  on  until  it  comes 
to  rest,  the  distance  it  travels  is  twice  the  sum  of  an  infinite  geometrical 
series  in  which  the  first  term  is  16  and  the  ratio  }. 

Substituting  15  for  a  and  |  for  r  in  the  formula,  s  =  — ^  ,  s  = 

1-r         l-i 

=  —  =  60.     Hence,  2  «  =  2  X  60  =  120. 

Therefore,  the  ball  traveled  120  feet  before  coming  to  rest. 
■    7.    (a)  Since  (2x«-±)'  =  p(2-X)]'  =  xi.(2_J-,)',  every 

term  of  the  series  expanded  from  (2 ]    will  be  multiplied  by  x^^. 

\        4x8/ 

Hence,  the  term  sought  is  that  which  contains  ( —]  ,  or  ; 

V     4ic8/  '       266x12' 
that  is,  the  (4  4-  l)th,  or  5th,  term. 

5th  term  =xi«  .  «  •  7  •  6  .  6  .^,.  /      1      \     §5^ 
1.2.3.4^     ^\266xi2/      8 
Hence,  the  coefficient  of  the  term  sought  is  y. 
(6)  x2  +  6x +  d  =  0. 


._-6±V25~4.  Ld. 


Solving  by  formula,      x  =  ""*'^^^"~*'  ^'^  =  j  (  -  5  ±  V25  -  4  d) . 

In  order  to  have  the  roots  imaginary  4d  must  be  greater  than  26. 
Hence,  the  smallest  integer  which,  when  substituted  for  d,  makes  the 
roots  imaginary  is  7. 

8.   Let  the  three  numbers  in  geometrical  progression  be  x^,  xy,  and  y2. 
Then,  x^  +  xy  +  y'^  =  10,  (1) 

and  6  xy  —  4  x2  =  4  y2  __  5  jcy.  (2) 

Transposing  (2),  etc.,         2 x^— 6 xy 4-2 ys  =  0.  .    (3) 

Multiplying  (1)  by  2,      2x^-\-2xy-{-2y^=  140.  (4) 

Subtracting  (3)  from  (4),        7  xy  :f  140. 

Dividing  by  7,  xy  =  20.  (6) 

Adding  (5)  and  (1),  x2  +  2  xy  4-  y^  =  90.      _ 

Extracting  the  square  root,  x  4-  y  =  i  3"\/l0,  (6) 

Multiplying  (5)  by  3,  3  xy  =  60.  (7) 

Subtracting  (7)  from  (1),     x^  -  2xy  4-  y^  =  10. 

Extracting  the  square  root,  x  —  y  =  ±  VIO.  (8) 

Adding  (6)  and  (8),  2  x  =  4\/l0,  2  VlO,  -2\/i0,  or  -  WW. 

.-.  x  =  2VlO,  >/lO,  -\/l0,  or  -2\/l0. 
x2  =  40,  10,  10,  or  40.    * 
Putting  40  for  x^  and  20  for  xy  in  (1),      40  4-  20  4-  y^  =  70 ;  .-.  y«  =  10. 
Putting  10  for  x^  and  20  for  xy  in  (1),      10  4-  20  4-  y2  =  70;  .-.  y2  =  40. 
Hence,  the  three  numbers  in  geometrical  progression  are  10,  20,  and  40. 
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1.  a(x—  a)  =  b(x  —  6). 

Expanding,  etc.,  ax  —  bx  =  a^^b^. 

Dividing  by  a  —  6,  x  =  a-\-b, 

=  (^^  +  y)^^^  +  ^y)=(2x  +  y)(a:  +  2y). 

(x  -  y)2  4-  4(x2  -  y2)  -  21(x  +  y)2 

=  [(a^  -  y)+  7(a:  +  y)][(x  -  y)-  3(x  +  y)] 
=  (8x  4- 6y)(- 2x-4y)  =  - 4(4x4- 3 y)(a; 4-2 y). 
(a  -  6)»  4-(c  -  d)«  =:[a-6H-c-(l][(a-6)a-(a-6)(c-d)4-(c-d;2]. 

8.      12x8y-12xy8  =  12 xy(x  4- y) (x  -  y) 
2x2(x  +  y)2  =  2  x2(x  4-  y)(x  +  y) 

3ygxa,63^8  4,3y4^3y2(a;^y)(g^y) 

.-.  L.  C.  M.  =12  x2y2(«  +  y)^ix  -  y)a. 

4.    (\^  4-  v^)( v^-  \/a2^  -f  v^)  =  (a*  4-  6*)(o*  -  ah^  4-  6*) 

=  a2  4-  62. 

6.  V2x4-5~Vx^^  =  2. 

Transposing,  V2x4-5  =  Vx  -  1  4-  2. 


Squaring,  2 x  4-  6  =  x  — J_4-_4  Vx  —14-4. 

Transposing,  etc.,  x4-2  =  4\/x— 1. 

Squaring,  x*  4-  4  x  4-  4  =  16  x  —  16. 

Transposing,  etc.,  x2  -  12  x  +  20  =  0. 

Solving,  X  =  10  or  2. 

6.  rx8  4-y»  =  19,  (1) 

1  X  4-  y  4-Vx4-y  =  2.  (2) 

Completing  the  square  in  (2),  x  4-  y  -f-  Vx  4- y  -fi=24-l  =  i. 

Extractii}g  the  square  root,  Vx  4- y  -f  i  =  ±  }• 

Transposing  and  squaring,  x  4-  y  =  1  or  4.             (3) 

Dividing  (1)  by  (3),  x2  -  xy  4-  y2  =  19  or  y.         (4) 

Squaring  (3),  x2  4-  2  xy  4-  y*-^  =  1  or  16.           (5) 

Subtracting  (4)  from  (6),  3  xy  =  -  18  or  ^. 

xy=— 6orJ^«^.       (6) 

Subtracting  (6)  from  (4),  x2  -  2xy  4-  y2  =  26  or  1. 

Extracting  the  square  root,  x  —  y  =  i  6  or  ±  1.     (7) 

.     From  (3)  and  (7),  x  =      3,  —  2,  f,  f ; 

and  y  =  -2,      3,  f,f. 

I  y  =  f  J  i»  do  not  verify  and  are  rejected. 

7.  Since  there  are  12  4-  1  terms,  the  middle  term  is  the  (6  4-  l)th. 
7th  term  =  ^\' ^o    o^  .^  ^^  '  ^  (mi)i2-6(-.  2  m~hy  =  69,136  m-^xs. 
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8.  Given, 

a  _c 
b     d 

By  alternation, 

a_b  ^ 
c     d 

, 

By  Prin.  9,  §  484, 

By  composition, 

a2  +  c2_  62  +  ^2 

C2                    CP 

By  alternation. 

«2  +  c2  _  C2 
62  ^  ^2       d2 

By  Prin.  9,  §  484, 

Va2  -h  c2  _  c 

V62  +  d2        d 

Ax.  5, 

Va2  4.c2_a_ 

V62  +  (fi      & 

Hence, 

a_c  _  Va2  4-  c^ 
b     d     y/i-z  4.  ^2 

9.  Let 

v^  +  Vy=V29  +  12V6. 

0) 

Then,  §  361, 

V^-v^=V29-12\/6. 

(2) 

Multiplying  (1)  by  (2), 

x-y=V841-720=V121, 

or 

x-y  =  ll. 

(3) 

Squaring  (1), 

X  +  2Vxy  +  y  =  29  +  12  V5. 

Therefore,  §  360, 

a;  +  y  =  29. 

(4) 

Solving  (3)  and  (4), 

a;  =  20,  y  =  9. 
.-.  v^  =  V20,  Vy=\/9. 

Hence,  from  (1), 

V29  +  12\/6  =  >/20  +  V9  =  2V6  +  3. 

j^           3V2-4__(3v^ 

.4)(3V2-4)_34-24V2_^^      ^^^/^ 

3v^+4      (3V2 
=  17-( 

+  4)(3\/2-4)               2 

12  X  1.414)=  17  -  16.968  =  .032,  or  .03. 

11.  Let 

X  =  the  larger  number. 

and 

y  =  the  smaller  number. 

Then, 

xy  =  30, 

(1) 

and 

aj2_y2  =  221. 

(2) 

Assume 

X  =  vy. 

(3) 

Substituting  (3)  in  (1), 
Substituting  (3)  in  (2), 

t?y2  =  30. 

ii} 

t,2y2_y2^221. 

(5) 

From  (4)  and  (6), 

2_30_    221 

(«) 

Clearing,  etc.,                30' 

1)2  -  221  r  -  30  =  0. 

Solving, 

1?  =  -y-  or  -  tV 

Substitutmg  ^  for  v  in  (6),                      y  =  2  or  -  2, 

whence,  by  (3), 

05  =  16  or  —  16. 

Substituting  —  ^^  f or  v  in 

(6),                  y  =  15\/-  1  or  -  16V-  1 

» 

whence,  by  (3), 

a;  =  -2V-lor2V-l. 

Hence,  f  x  =  16,  -  16,  -  2  V^,        2V-1; 
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12.   The  roots  of  the  equation  x^  +  2(i(;  +  2)x  +  9  A;  =  0  will  be  equ 
if  the  discriminant  equals  zero,  that  is,  if 

4(A;  +  2)2  -  4  . 1 .  9  A;  =  0, 
or,  solving,  if  A;  =  4  or  1. 

18.   Let  X  =  number  of  25-cent  piece 

and  y  =  number  of  5-cent  pieces. 

Then,  26  x  +  6  y  =  1600,  ( : 

and  X  +  y  =r  80.  h 

Dividing  (1)  by  5,  6  x  +  y  =  320.  (i 

Subtracting  (2)  from  (3),  4  x  =  240 ;  .-.  x  =  60. 

Substituting  60  for  x  in  (2),  y  =  20. 

Hence,  the  man  paid  the  bill  with  60  26-cent  pieces  and  20   5-cerj 
pie 
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